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PREFACE
This text targets Units Three and Four of the West 
Australian course Mathematics Specialist, a course that 
is organised into four units altogether, the first two for 
year eleven and the last two for year twelve.

This West Australian course, Mathematics Specialist, 
is based on the Australian Curriculum Senior 
Secondary course Specialist Mathematics. With 
only very slight differences between the Unit Three 
content of these two courses this text is also suitable 
for anyone following Unit Three of the Australian 
Curriculum course, Specialist Mathematics. For Unit 
Four, the West Australian course omits some topics 
that are in the Australian Curriculum, these being the 
inverse trigonometric functions, integration by parts, 
exponential random variables, and some applications 
involving force. Integration by parts is included in 
this text as an extension activity and the companion 
volume for Mathematics Methods Unit Four includes 
some questions involving exponential random 
variables. The inverse trigonometric functions feature 
in this text in one question of a Miscellaneous Exercise. 
The applications involving force are not included in 
this text.

The book contains text, examples and exercises 
containing many carefully graded questions.  
A student who studies the appropriate text and  
relevant examples should make good progress  
with the exercise that follows.

Each unit commences with a section entitled 
Preliminary work. This section briefly outlines 
work of particular relevance to the unit and that 
students should either already have some familiarity 
with from the mathematics studied in earlier years, or 
for which the brief outline included in the section may 
be sufficient to bring the understanding of the concept 
up to the necessary level.

A Miscellaneous exercise features at the end  
of each chapter and includes questions involving  
work from preceding chapters, and from the 
Preliminary work section.

A few chapters commence with, or contain, 
a ‘Situation’ or two for students to consider.  
Answers to these situations are generally not included 
in the book. Students should be encouraged to discuss 
their solutions and answers to these situations.

At times in this series of books I have found it 
appropriate to go a little beyond the confines of the 
syllabus for the unit involved. In this regard, when 
considering the absolute value function, and to meet 
the syllabus requirement to ‘use and apply’  x  and 
the graph of y =  x ,  I include solving equations and 
inequalities involving absolute values. With vectors, 
when considering whether two moving objects meet, 
or whether their paths cross, I also consider the  
closest approach situation. In Unit Four, when using  
a substitution to integrate expressions, I do not limit 
such considerations to expressions of the form  
f (g(x))g′(x). For integration by numerical methods 
I mention the Trapezium rule and Simpson’s rule and 
when considering differential equations I include 
Euler’s method. With sampling I include mention  
of a significant difference at the 5% level.

I leave it up to the readers, and teachers, to decide 
whether to cover these aspects.
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IMPORTANT 
N TE
This series of texts has been written based on 
my interpretation of the appropriate Mathematics 
Specialist syllabus documents as they stand at the time 
of writing. It is likely that as time progresses some 
points of interpretation will become clarified and 
perhaps even some changes could be made to the 
original syllabus. I urge teachers of the Mathematics 
Specialist course, and students following the course, 
to check with the appropriate curriculum authority 
to make themselves aware of the latest version of 
the syllabus current at the time they are studying 
the course.
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UNIT THREE PRELIMINARY W RK
This book assumes that you are already familiar with a number of mathematical ideas from your mathematical 
studies in earlier years.

This section outlines the ideas which are of particular relevance to Unit Three of the Mathematics Specialist 
course and for which familiarity will be assumed, or for which the brief explanation given here may be sufficient 
to bring your understanding of the concept up to the necessary level.

Read this ‘Preliminary work’ section and if anything is not familiar to you, and you don’t understand the brief 
mention or explanation given here, you may need to do some further reading to bring your understanding of 
those concepts up to an appropriate level for this unit. (If you do understand the work but feel somewhat ‘rusty’ 
with regards to applying the ideas, some of the chapters afford further opportunities for revision, as do some of 
the questions in the miscellaneous exercises at the end of chapters.)

•	 Chapters in this book will continue some of the topics from this preliminary work by building on the 
assumed familiarity with the work.

•	 The miscellaneous exercises that feature at the end of each chapter may include questions requiring an 
understanding of the topics briefly explained here.

•	 Much of the content of this preliminary work section is from Units One and Two of the Mathematics 
Specialist course. It is assumed that students embarking on this Unit Three of Mathematics Specialist will have 
successfully completed these two prior units, will also have successfully completed Units One and Two of 
Mathematics Methods and will also be taking Unit Three of Mathematics Methods, probably at the same time 
as studying this unit.

Number
In the real number system, ¡, it is assumed that you are familiar with, and competent in the use of, positive and 
negative numbers, recurring decimals, square roots and cube roots and that you are able to choose levels of 
accuracy to suit contexts and distinguish between exact values, approximations and estimates.

Numbers expressed with positive, negative and fractional powers should also be familiar to you.

An ability to simplify expressions involving square roots is also assumed.
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The absolute value
The absolute value of a number is the distance on the number line that the number is from the origin.

The absolute value of x is written  x 	and	 equals x when x is positive, 
	 and	 equals -x when x is negative.

Thus  3  = 3,  −3  = 3,  4  = 4,  −4  = 4.

Just as  x  is the distance x is from the origin,  x a−  tells us the distance x is from the number a.

Function
It is assumed that you are familiar with the idea that in mathematics any rule that takes any input value that it 
can cope with and assigns to it a one, and only one, output value is called a function.

Familiarity with the function notation f (x) is also assumed.

It can be useful at times to consider a function as a machine. A box of numbers (the domain) is fed into the 
machine, a certain rule is applied to each number, and the resulting output forms a new box of numbers, the range.

In this way f (x) = x2 + 3, with domain {1, 2, 3, 4, 5}, could be ‘pictured’ as follows:

1,   2,   3,   4,   5

4,   7,   12,   19,   28

Input

OutputThe
square it and add 3
function machine

If we are not given a specific domain, we assume it to be all the real numbers that the function can cope with, 
sometimes referred to as the natural domain of the function.

Thus the function f (x) =  x − 3  has a domain of all the real numbers greater than or equal to 3, i.e., {x ∈ ¡: x ≥ 3}.

For this domain the function can put out all the real numbers greater than or equal to zero. Thus the range of 
the function will be all real numbers greater than or equal to 0, i.e., {y ∈ ¡: y ≥ 0}.

It is assumed you are particularly familiar with linear and quadratic functions, their characteristic equations and 

their graphs, and have some familiarity with the graphs of y = x3, y =  x  and y = 
x
1

.

It is further assumed that how the graph of y = af [b(x - c)] + d changes as the values of a, b, c and d are altered 
is something you have previously considered for various functions.

Remember that linear and quadratic functions are members of the larger family of functions called polynomial 
functions. These are functions of the form

f (x) = an x
n + an – 1 x

n – 1 + an – 2 x
n – 2 + … + a2 x

2 + a1 x + a0

where n is a non-negative integer and an, an – 1, an – 2, … are all numbers, called the coefficients of xn, xn – 1,  
xn – 2, etc.
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The highest power of x is the order of the polynomial.

Thus	 linear functions, y = mx + c, are polynomials of order 1, 
	 quadratic functions, y = ax2 + bx + c, are polynomials of order 2, 
	 cubic functions, y = ax3 + bx2 + cx + d, are polynomials of order 3, etc.

Though not an idea you would necessarily be familiar with, but one that should seem reasonable, is that of using 
the output from one function as the input of a second function. In this way we form a composite function, also 
referred to as a function of a function.

Suppose that f (x) = x2 and g(x) = x + 3.

If we feed the set of numbers {-3, -2, -1, 0, 1, 2, 3} into f and then feed the output into g what numbers will g output?

IN OUT

f (x) = x2

IN OUT

g (x) = x + 3−3 −2 ?−1
10 2 3

With the domain stated, combining the functions f and g in this way will give a final output of {3, 4, 7, 12}:

{-3, -2, -1, 0, 1, 2, 3}    f x →( )     {0, 1, 4, 9}    g x →( )     {3, 4, 7, 12} 

We write this combined function as	 g [ f (x)] 
or as	 g o f (x)    or    g  f (x)    for ‘g of f of x’ 
or as	 g f (x).

Note that though our ‘machine diagram’ above shows the ‘f function’ first we write the combined function as 
gf (x). This is to show that the ‘f function’, being closest to the ‘(x)’, operates on the x values first.

Algebra
It is assumed that you are already familiar with manipulating algebraic expressions, in particular:

•	 Expanding and simplifying:

	 For example	 4(x + 3) - 3(x + 2)	 expands to	 4x + 12 - 3x - 6
			   which simplifies to 	 x + 6
		  (x - 7)(x + 1)	 expands to	 x2 + 1x - 7x - 7
			   which simplifies to	 x2 - 6x - 7
		  (2x - 7)2, i.e. (2x - 7)(2x - 7)	 expands to	 4x2 - 28x + 49

•	 Factorising:

	 For example 	 21x + 7	 factorises to	 7(3x + 1)
		  15apy + 12pyz - 6apq 	 factorises to	 3p(5ay + 4yz - 2aq)
		  x2 - 6x - 7	 factorises to	 (x - 7)(x + 1)
		  x2 - 9	 factorises to	 (x - 3)(x + 3)

	 the last one being an example of the difference of two squares result:

	 x2 - y2	 factorises to	 (x - y)(x + y)
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•	 Solving equations

	 In particular:	 linear equations,      simultaneous equations,
	 quadratic equations, including use of the formula x = 

− ± − 4
2

,
2b b ac
a	 exponential equations (e.g. 2x + 3 = 35),

	 trigonometrical equations (e.g. sin x = 0.5 for 0 ≤ x ≤ 360°),

	 and in the use of your calculator to solve equations.

•	 Completing the square

	 To express x2 - 6x + 10, for example, in ‘completed square form’:

	 create a gap to allow the square of half the coefficient of x to be inserted,

	 x2 - 6x + 10  =  x2 - 6x	 + 10
	 insert (and subtract)	 =  x2 - 6x + 9 + 10 - 9
	 factorise	 =  (x - 3)2 + 1

•	 Inequalities

	 It is assumed that you are familiar with the meaning and use of the symbols <, ≤, > and ≥, can solve simple 
linear inequalities and display the solutions as points on a number line. For example:

	 Given	 5x - 3  <  7	 Given	 1 - 3x  ≤  13
		  5x   <  10		  -3x  ≤  12
			  x   <  2		  3x  ≥  -12
					    x  ≥  -4

	

Note especially	 •	 in the example above right, how multiplying by -1 ‘reverses’ the inequality

	 •	 the significance of the open and filled circles.

Vectors
Quantities which have magnitude and direction are called vectors.

Common examples of vector quantities are:

	 Displacement, e.g. 5 km south.	 Velocity, e.g. 5 m/s north.
	 Force, e.g. 6 Newtons upwards.	 Acceleration, e.g. 5 m/s2 east.

Quantities which have magnitude only are not vectors. Such quantities are called scalars. Common examples of 
scalar quantities are:

	 Distance, e.g. 5 km.	 Speed, e.g. 5 m/s.
	 The magnitude of a force, e.g. 6 Newtons.	 Energy, e.g. 50 joules.
	 The magnitude of the acceleration, e.g. 5 m/s2.

We represent vector quantities diagrammatically by a line segment in the given direction and whose length 
represents the magnitude of the vector.

−8 −6 −4 −2 0 2 4 6 8 −8 −6 −4 −2 0 2 4 6 8
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For example, the diagram on the right shows a vector of  
magnitude 5 units and in direction due east.

We write this vector as AB  or 
→ 
AB .

The order of the letters indicates the direction, i.e. from A to B.

Vectors are also written using lowercase letters and in such cases  
bold type or underlining is used.

For the magnitude of vector a, we write  a  or  a  or simply a.

Vectors are equal if they have the same magnitude and the same direction.

a = b
Same magnitude, 

same direction.

c ≠ d
Same magnitude, 

different directions.

e ≠ f
Same direction, 

different magnitudes.

e

f

c

d

a

b

If for some positive scalar k, b = ka, then b is in the same direction as a and k times the magnitude. 
If k is negative then b will be in the opposite direction to a and  k  times the magnitude.

Two vectors are parallel if one is a scalar multiple of the other. 
If the scalar multiple is positive the vectors are said to be like parallel vectors, i.e. in the same direction.  
If the scalar multiple is negative the vectors are said to be unlike parallel vectors, i.e. in opposite directions.

To add two vectors means to find the single, or resultant, vector that could  
replace the two. We add the vectors using a vector triangle in which the 
two vectors to be added follow ‘nose to tail’ and form two of the sides of the 
triangle. The resultant is then the third side of the triangle with its direction 
‘around the triangle’ being in the opposite sense to the other two.

This vector addition is sometimes referred to as the parallelogram law.

N

BA
S

5 units due east
EW

p

q

p

p

q

q

r = p + q

r = p + q
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To give meaning to vector subtraction we consider a - b as a + (-b) and then use our technique for adding vectors.

If we add a vector to the negative of itself we obtain the zero vector. 
The zero vector has zero magnitude and an undefined direction.

Given the vector statement ha = kb we can conclude that some scalar multiple of a has the same magnitude and 
direction as some scalar multiple of b. If this is the case then either
	 a and b are parallel (because one is a scalar multiple of the other), 
or	 h = k = 0.

Thus if a and b are not parallel and we have a vector expression of the form

	 pa + qb  =  ra + sb        (for scalar p, q, r and s)� ← equation [1] 
i.e.	 (p - r)a  =  (s - q)b, 
then	 p  =  r    and    s  =  q.

Thus in equation [1], with a and b not parallel, we can equate the coefficients of a, and we can equate the 
coefficients of b.

Vectors can be expressed in terms of their horizontal and vertical components.  
With i and j representing unit vectors horizontally and vertically respectively, the 
vectors a, b, c, d and e shown in the diagram can be written:

	 a = 2j 	 b = 3i
	 c = i + 2j	 d = -i + 2j
	 e = 2i + j

Expressed in this component form the vector arithmetic is straightforward:

	 c + e  =  (i + 2j) + (2i + j) 
	 =  3i + 3j

With	 p  =  ai + bj

the magnitude, or modulus, of p is given by

	 p   =  a b+2 2

and θ, see diagram, is found using tan θ = 
b
a

.

The vector ai + bj is sometimes written as an ordered pair	 (a, b), 
	 or perhaps	 <a, b>,

and sometimes as a column matrix .






a
b

bc

d

e

a

e

c 3i 
+ 3

j

p = ai 
+ bj

θ

b units

a units
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In the diagram on the right 
→ 
OP , 

→ 
AB  and 

→ 
CD are each 3i + j. Such vectors are  

sometimes referred to as displacement vectors as they give the displacement of P 
from O, B from A and D from C respectively.

However with O as the origin, only point P has the position vector 3i + j.

Point A has position vector i + 2j,
point B has position vector 4i + 3j,
point C has position vector 4j,
point D has position vector 3i + 5j.

Position vectors give the position of a point relative to the origin. Hence the  
position vector of point H on the right is i + 3j.

If instead we want to give the position of H relative to point E we write:

	 HrE  = 
→ 
EH 

	 =  -3i + 2j.

Similarly	 GrE  =  -2i + 3j,      FrH  =  4i + j,      ErG  =  2i - 3j.

It follows that	 PrQ  = 
→ 
QP  

	 =  -rQ + rP

i.e PrQ = rP - rQ

Similarly we can talk of AvB, the velocity of A relative to B. This means the velocity of A as seen by an  
observer on B.

To view the situation from the point of view of an observer on B we need to imagine a velocity of -vB is imposed 
on the whole system. It will then seem as though B is reduced to rest and the velocity A has in this system  
(= vA - vB) will equal the velocity of A as seen by an observer on B. i.e. AvB = vA - vB.

A

B

A

B

A

B

vA vA

AvB

−vB
−vB

vB vB

(All velocities are relative to something. When we write vA we usually mean the velocity of A relative to the earth.)

1

2

3

4

5 D

C

B

A

P

O 1 2 3 4 5

1

2

3

4

5

G

O 1 2 3 4 5

H

E

F

O

P

QrP

rQ
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We define the scalar product of two vectors a and b to be the magnitude of a multiplied by the magnitude of b 
multiplied by the cosine of the angle between a and b. We write this product as a . b and say this as ‘a dot b’. For 
this reason the scalar product is also referred to as the ‘dot product’.

Thus a . b =  θcosa b where θ is the angle between a and b.

•	 ‘a cos θ’ is the projection of a onto b, or the resolved part  
of a in the direction of b.

	 Similarly we can refer to ‘b cos θ’ as the projection of b 
onto a, or the resolved part of b in the direction of a.

•	 Remember that the angle between two vectors refers to the angle between the vectors when they are either 
both directed away from a point or both directed towards it.

Angle between
the vectors

is 40°.

Angle between
the vectors

is 150°.

Angle between
the vectors

is 60°.

Angle between
the vectors

is 145°.

35°
40° 150°

120°

•	 It follows, from the definition of the scalar product of two vectors, that if a and b are perpendicular to each 
other then a . b = 0.

•	 It can be shown that the following algebraic properties of the scalar product follow from the definition of a . b.

a . b = b . a      a . (λb) = (λa) . b = λ(a . b)      a . a = a2

a . (b + c) = a . b + a . c      (a + b) . c = a . c + b . c

(a + b) . (c + d) = a . c + a . d + b . c + b . d

•	 It also follows that:

If    a = x1i + y1j    and    b = x2i + y2j    then    a . b = x1x2 + y1y2

	 It is assumed that you are familiar with using the above statement to determine the angle between two 
vectors, given the vectors in component form.

It is assumed that from your previous study of vectors you are familiar with using the above ideas to prove 
various geometrical results.

Projection
of a onto b.

Projection

of b onto a.

aa

bb
θθ
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Complex numbers
You should be familiar with the idea of a complex number as one that is written in the form a + bi (sometimes 
written a + ib) where a and b are real and i =  1.−

For some students the first encounter with i representing  1−  is when they use their calculator to solve 
a quadratic equation that has ‘no real roots’. For example when solving the quadratic equation

x2 + 6x + 13 = 0.

If we attempt to solve this equation using a calculator we may be given a message indicating there are no 
solutions, or we may be given solutions that involve ‘i ’, dependent upon whether our calculator is set to solve  
for real solutions or complex solutions. See the displays below.

+ ⋅ + =solve( 6 13 0, )
No Solution

2x x x + ⋅ + =
= − − ⋅ = − + ⋅

solve( 6 13 0, )
{ 3 2 , 3 2 }

2x x x
x i x i

 

The complex number a + bi consists of a real part and an imaginary part.

For	 z = a + bi	 we say that the real part of z is a:	 Re(z) = a 
		  and the imaginary part of z is b: 	 Im(z) = b.

Thus if	 z = 4 + 5i	 then	 Re(z) = 4 
		  and	 Im(z) = 5.

Complex numbers can be added to each other, subtracted from each other, multiplied together, divided by each 
other and multiplied or divided by a real number.

This is demonstrated below, and on the next page, for w = 2 + 3i and z = 5 - 4i. Note that in each case the answer 
is given in the form a + bi and especially note how this is achieved when one complex number is divided by 
another on the next page.

	 w + z  =  (2 + 3i ) + (5 - 4i )	 w - z  =  (2 + 3i ) - (5 - 4i ) 
	 =  7 - i	 =  2 + 3i - 5 + 4i 
		  =  -3 + 7i

	 3w - 2z  =  3(2 + 3i ) - 2(5 - 4i )	 wz  =  (2 + 3i ) (5 - 4i ) 
	 =  6 + 9i - 10 + 8i	 =  10 - 8i + 15i - 12i2 

	 =  -4 + 17i	 =  10 - 8i + 15i + 12 
		  =  22 + 7i
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w
z

  = 
i
i

+
−

(2 3 )
(5 4 )

	 	 \ 
w
z

  = 
i
i

i
i

+
−

+
+

(2 3 )
(5 4 )

(5 4 )
(5 4 )

	 	 = 
i i i
i i i

+ + +
+ − −

10 8 15 12
25 20 20 16

2

2

	 	 = 
i− +2 23

41

		  =  i− +2
41

23
41

Alternatively these answers can be obtained from a calculator.

If z = a + bi we say that a - bi is the conjugate of z (also referred to as the complex conjugate of z). We use the 
symbol z  for the conjugate of z.

Thus,	 if    z  =  2 + 3i	 then	 z   =  2 - 3i, 
	 if    z  =  5 - 7i	 then	 z   =  5 + 7i, 
	 if    z  =  -2 + 8i	 then	 z   =   -2 - 8i, 
	 if    z  =  -3 - 4i	 then	 z   =  -3 + 4i,    etc.

	For any complex number z (= a + bi), both the sum	 z + z
	 =	 (a + bi) + (a - bi)
	 =	 2a

	 and the product	 zz
	 =	 (a + bi)(a - bi)
	 =	 a2 + b2        are real.

(The fact that the product zz  is real was used to produce a real denominator when 
w
z

 was formed earlier 
on this page.)

If two complex numbers, w and z, are equal then

Re(w) = Re(z)      and      Im(w) = Im(z).

If we write the complex number a + bi as an ordered pair (a, b) this can be used like coordinates to represent the 
complex number as a point on a graph. Instead of x and y axes we have real and imaginary axes. Such a graphical 
representation is called an Argand diagram and the plane containing the real and imaginary axes is referred to 
as the complex plane. The complex number a + bi can be thought of as the point (a, b) on the Argand diagram 
or as the vector from the origin to the point (a, b).

	z2  =  (5 - 4i)(5 - 4i) 
	 =  25 - 20i - 20i + 16i2 
	 =  25 - 20i - 20i - 16 
	 =  9 - 40i
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The Argand diagram on the right shows the complex numbers

	 z1 = 6 + 4i, 
	 z2 = -7 + 6i, 
	 z3 = -6 - 3i, 
and	 z4 = 4 - 3i.

Notice that we can then add complex numbers in the complex plane using the ‘nose to tail’ method of 
vector addition.

	 z2 + z3  =  (-7 + 6i ) + (-6 - 3i )	 z1 + z4  =  (6 + 4i ) + (4 - 3i ) 
	 =  -13 + 3i	 =  10 + i

z3

z2
z1

z4

Im

Re

−4
−3
−2

−1

1
2
3
4
5
6

−12 −10 −9 −8 −7 −6 −5 −4 −3 −2 1 2 3 4 5 6 7 8 9 10

z1 + z4

z2 + z3

Circles
The reader is reminded of the following:

	 x2 + y2  =  r2	 is the equation of a circle centre (0, 0) and radius r, 
	 (x - p)2 + (y - q)2  =  r2	 is the equation of a circle centre (p, q) and radius r.

Given the equation:	 x2 + y2 + 6y  =  10x

Create gaps	 x2 - 10x + … + y2 + 6y + …  =  0

Complete the squares	 x2 - 10x + 25 + y2 + 6y +  9  =  0 + 25 + 9

i.e.	 (x - 5)2 + (y + 3)2  =  34 

Thus x2 + y2 + 6y = 10x is the equation of circle, centre (5, -3) and radius  34.

By way of practice confirm that the equation 2x2 + x + 2y2 - 5y = 3 is that of a circle centre (-0.25, 1.25) and 

radius 
5 2

4
.  (Hint: Divide through by 2 first.)

z4

z1

z3

z2

−7 −6 −5 −4 −3 −2 −1 1 2 3 4 5 6 7

−4
−3
−2

1
2
3
4
5
6

Im

Re
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Differentiation
It is assumed that you are familiar with the idea of the gradient, or slope, of a line and, in particular, that whilst 
a straight line has the same gradient everywhere, the gradient of a curve varies as we move along the curve.

To find the gradient at a particular point, P, on a curve y = f (x) we choose  
some other point, Q, on the curve whose x-coordinate is a little more than  
that of point P.

Suppose P has an x-coordinate of x and Q has an x-coordinate of (x + h).

The corresponding y-coordinates of P and Q will then be f (x) and f (x + h).

Thus the gradient of PQ = 
f x f x+ −h

h
( ) ( )

.

We then bring Q closer and closer to P, i.e. we allow h to tend to zero, and we determine the limiting value of 
the gradient of PQ.

i.e.  Gradient at P = limit of 
f x f x+ −h

h
( ) ( )

 as h tends to zero.

This gives us the instantaneous rate of change of the function at P.

The process of determining the gradient formula or gradient function of a curve is called differentiation.

Writing h, the small increase, or increment, in the x coordinate, as δx, where ‘δ’ is a Greek letter pronounced 
‘delta’, and f (x + h) - f (x), the small increment in the y coordinate as δy, we have:

Gradient function = 
y
xx

δ
δδ →

lim
0

This derivative is written as 
dy
dx

 and pronounced ‘dee y by dee x’.

This ‘limiting chord process’ gives the following results:

If    y = x2	 then  
dy
dx

 = 2x.

If    y = x3	 then  
dy
dx

 = 3x2.

If    y = x4	 then  
dy
dx

 = 4x3.

If    y = x5	 then  
dy
dx

 = 5x4.

The general statement is:

If    y = axn    then  
dy
dx

 = anxn – 1.

P

f (x + h)

f (x)

Q

h

x + hx
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You should also be familiar with the following points:

•	 If y = f (x) then the derivative of y with respect to x can be written as 
dy
dx

,  
df
dx

 or 
d
dx

f x( ).

•	 A shorthand notation using a ‘dash’ may be used for differentiation with respect to x. Thus if y = f (x) we can 

write 
dy
dx

 as f ′(x) or simply y′ or f ′.

•	 If y = f (x) ± g(x) then 
dy
dx

 = f ′(x) ± g′(x).

Whenever we are faced with the task of finding the gradient formula, gradient function or derivative of some 
‘new’ function, for which we do not already have a rule, for example if we wanted to determine the gradient 
function for y = sin x, we simply go back to the basic principle: 

Gradient at P(x, f (x)) = 
f x f xh

hh

+ −
→

lim
( ) ( )

0

Sketching graphs
The use of differentiation to determine the gradient  
function of a curve can give useful information about the 
nature of the graph and assist us in making a sketch of the 
graph. Whilst we would not expect to be able to read 
values from the sketch of a graph with any great accuracy, 
the sketch should still be neatly drawn and should show 
the noteworthy features of the graph. In relation to graph 
sketching it is assumed that you are already familiar with, 
and understand, the following terms:

Turning points.

Stationary points.

Local and global maxima and minima.

Horizontal, and non-horizontal, points of inflection.

Intercepts with the axes.

Asymptotes.

Concavity.

Symmetry. Sh
ut

te
rs

to
ck

.c
om

/
as

tro
sk

ep
tic
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Antidifferentiation
Antidifferentiation is, as its name suggests, the opposite of differentiation. 

Given the derivative, or gradient function, 
dy
dx

,  antidifferentiation returns us to the function, or primitive.

However there are a many functions that differentiate to 2x, for example:

If	 y = x2	 then	
dy
dx

 = 2x.

If	 y = x2 + 1	 then	
dy
dx

 = 2x.

If	 y = x2 - 3	 then	
dy
dx

 = 2x.      Etc.

Thus we say that the antiderivative of 2x is x2 + c where c is some constant. Given further information it may be 
possible to determine the value of this constant.

The general statement is: If  
dy
dx

 = axn    then    y = 
ax
n

n

+

+

1

1

 + c

Remembered as: ‘Increase the power by one and divide by the new power.’

(Clearly this rule cannot apply for n = -1. Such a situation is beyond the scope of this unit.)

Hence the antiderivative of 	 6x2 + 7	 is	
x x

c+ +6
3

7
1

3 1

		  i.e	 2x3 + 7x + c

It is also assumed that you are familiar with the fact that antidifferentiation is also known as integration.  
Instead of being asked to find the antiderivative of 6x2 + 7 we could be asked to integrate 6x2 + 7.

Integration uses the symbol ∫.

Hence the fact that the antiderivative of	 6x2 + 7	 is	 2x3 + 7x + c

could be written as	 x dx∫ +(6 7)2 	 =	 2x3 + 7x + c

the ‘dx’ indicating that the antidifferentiation, or integration, is with respect to the variable x.

Our general rule for antidifferentiating axn could then be written:

ax dx
ax
n

cn
n

∫ =
+

+
+

1

1
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Trigonometrical identities
It is assumed that you are already familiar with the following trigonometrical identities:

sin2 θ + cos2 θ  =  1      (Pythagorean identity.)

(Sometimes referred to as the first of the Pythagorean identities.)

	 sin (A ± B)  =  sin A cos B ± cos A sin B

	 cos (A ± B)  =  cos A cos B   sin A sin B

(From which sin 2A = 2 sin A cos A    and    cos 2A = cos2 A - sin2 A.)

It is also assumed that you are familiar with the fact that the reciprocals of sin θ, cos θ and tan θ,  

i.e. 
θ

1
sin

,  
θ

1
cos

 and 
θ

1
tan

 are given names of their own.

θ
1

cos
  =  sec θ      

θ
1

sin
  =  cosec θ      

θ
1

tan
  =  cot θ  = θ

θ






cos
sin

sec, cosec and cot being abbreviations for secant, cosecant and cotangent.

Pythagorean identities can be established for these reciprocal functions:

	 tan2 θ + 1  =  sec2 θ

	 1 + cot2 θ  =  cosec2 θ

Matrices
It is assumed that you are familiar with the ‘rows and columns’ presentation of information called a matrix.

Whilst the following ideas should all be familiar to you:

the size of a matrix,
a row matrix,

a column matrix,
equal matrices,

addition and subtraction of matrices,
multiplication of a matrix by a scalar,
multiplication of a matrix by a matrix,

square matrices,
the leading diagonal of a square matrix,

multiplicative identity matrices,
and	 the inverse of a 2 × 2 matrix,

for this unit, two ideas of particular relevance are:

the determinant of a 2 × 2 matrix
and	 solving simultaneous equations by matrix methods.

You are reminded of these two ideas on the next page.
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•	 For the 2 × 2 matrix A =  a b
c d









  the quantity (ad - bc) is the determinant of A.

•	 To solve the simultaneous equations 
x y
x y

− =
+ =







7
2 3 4

	 First write the equations in matrix form:  
x
y

−





















1 1
2 3

  = 










7
4

.

	 Then use the multiplicative inverse of  −









1 1
2 3

,  i.e. 
−











1
5

3 1
2 1

,  as shown below.

	 Given	  
x
y

−





















1 1
2 3

  = 










7
4

	 It follows that	  
−











1
5

3 1
2 1

x
y

−





















1 1
2 3

  = 
−











1
5

3 1
2 1

 










7
4

	 Hence	
x
y























1 0
0 1

  = 
−











1
5

3 1
2 1

 










7
4

		
x
y













  = 
−











1
5

3 1
2 1

 










7
4

		  = 
−











1
5

25
10

	 Thus, x = 5 and y = -2.

Use of technology
You are encouraged to use your calculator, computer programs and the internet whenever appropriate during 
this unit.

However you should make sure that you can also perform the basic processes without the assistance of such 
technology when required to do so.

Note:	 The illustrations of calculator displays shown in the book may not exactly match the display from your 
calculator. The illustrations are not meant to show you exactly what your calculator will necessarily 
display but are included more to inform you that at that moment the use of a calculator could well 
be appropriate.
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A reminder
As the title suggests, this chapter serves as a reminder of the complex number work you are likely to 
have covered in earlier units, and that was mentioned in the complex number part of the Preliminary 
work section. However, as we will see later, the chapter also introduces two further ideas, namely the 
factor theorem and the remainder theorem. Before considering these theorems, first allow the chapter 
to serve its ‘reminder purpose’ and work through the following exercise involving complex numbers.

Exercise 1A

	 1	 Write each of the following in the form ai where a is real and i =  1.−

a	 64− 	 b	 8− 	 c	 10− 	 d	 63−

	 2	 For the complex number z = -5 + 3i state

a	 Re(z)	 b	 Im(z)

	 3	 For the complex number z = 12 - 5i state

a	 Re(z)	 b	 Im(z)

	 4	 Use the fact that if ax2 + bx + c = 0 then x = 
4

2

2b b ac
a

− ± −
 to determine the exact solutions of 

the following quadratic equations, giving your answers in the form d + ei where d and e are real 

numbers and i =  1.−
a	 x2 - 3x + 3 = 0	 b	 x2 + 4x + 7 = 0

c	 3x2 - x + 1 = 0	 d	 5x2 + 8x + 4 = 0

Simplify each of the following expressions.

	 5	 (3 + 7i) + (2 - i)	 6	 (1 - 2i) - (3 - 2i)

	 7	 12 + 4i - 2 - 5i	 8	 6 - i + 3 + 4i

	 9	 (1 + i) + (3 - 2i) + (4 - i)	 10	 2(5 - 2i) + 2(-5 + 3i)

	11	 7(1 - 3i) + 15i	 12	 5 + 3(4 + 2i)

	13	 Re(5 + 2i) + Re(-3 + 4i)	 14	 Im(-1 - 7i) + Im(3 + 2i)

	15	 (5 - 2i) (2 + 3i)	 16	 (3 + i) (3 + 2i)

	17	 (2 + i) (2 - i)	 18	 (-2 + 7i) (7 - 2i)

WS

Complex number 
operations
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Express each of the following in the form a + bi where a and b are real numbers.

	19	
2 3
1 2

i
i

−
+

	 20	
2 3
2 3

i
i

−
+

	21	
5 2
3 4

i
i

−
+

	 22	
2

i
i−

	23	 If w = 2 + 3i and z = 5 - i determine exactly

a	 w + z	 b	 w - z	 c	 5w - 4z

d	 wz	 e	 z2	 f	 w
z

	24	 If z = 4 - 7i and z  is the complex conjugate of z determine

a	 z 	 b	 z z+ 	 c	 zz 	 d	
z
z

	25	 Given that:		 z  =  5 + ai, 
			  w  =  b - 34i, 
		  a and b are real numbers, 
	 and		 z  =  w, 
determine a and b.

	26	 If (a + 5i)(2 - i) = b where a and b are real numbers, determine a and b.

	27	 a	 Use the quadratic formula to prove that if a quadratic equation has any non-real roots then 
it must have two and they must be conjugates of each other.

b	 One root of x2 + px + q = 0, for p and q real, is x = 2 + 3i. Find p and q.

c	 One root of x2 + dx + e = 0, for d and e real, is x = 3 - 2i. Find d and e.

	28	 First note the following statements:

•	 The complex number a + bi can be expressed as the ‘ordered pair’ (a, b).

•	 Each of the parts of this question use this ordered pair representation of a complex number. 

Simplify the following, giving answers in ordered pair form.

a	 (5, 1) + (-3, 2)

b	 (-2, 3) - (1, 3)

c	 (2, 0) × (2, 1)

d	 (5, -1) ÷ (-5, 12)

	29	 Find all possible real number pairs a, b such that 
14 5

4
i

a i
−

−
 = 2 + bi.
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Algebraic fractions
If a fraction has polynomial expressions for both numerator and denominator the fraction may be 
either ‘proper’ or ‘improper’.

Proper algebraic fractions have the order of the numerator (the top of the fraction) less than the order 
of the denominator (the bottom of the fraction).

For example:	
3

,2
x

x +
	

3 4
2 1

,
2

3
x x
x x

+ +
+ +

	
6 2 1

6

3 2

5
x x x

x
+ + +

−

Improper algebraic fractions have the order of the numerator equal to or greater than the order of 
the denominator.

For example:  
3 4

4
,

2x x
x
+ +

+
  

7 5 1
3

,
3 2x x x

x
+ + −

−
  

3 4
2 1

,
2

2
x x
x x

+ +
− +

  
6 1
3 2

3 2

2
x x
x x

+ +
+ −

Improper algebraic fractions can, with a bit of ‘algebraic juggling’, be rearranged to an expression 
involving a proper fraction.

For example:	
3 4

4

2x x
x
+ +

+
  = 

( 4) 4
4

x x x
x

+ − +
+

	 = 
( 4) ( 4) 8

4
x x x

x
+ − + +

+

	 =  1
8

4
x

x
− +

+

We could say that (x + 4), goes into x2 + 3x + 4, (x - 1) times, with a remainder of 8 still left over 
the x + 4.

	
7 5 1

3

3 2x x x
x

+ + −
−

  = 
( 3) 10 5 1

3

2 2x x x x
x

− + + −
−

	 = 
( 3) 10 ( 3) 35 1

3

2x x x x x
x

− + − + −
−

	 = 
( 3) 10 ( 3) 35( 3) 104

3

2x x x x x
x

− + − + − +
−

	 =  10 35
104

3
2x x

x
+ + +

−

We could say that (x - 3), goes into x3 + 7x2 + 5x - 1, (x2 + 10x + 35) times, with a remainder of 104 
still left over the x - 3.
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The remainder theorem
If a polynomial, f (x), is divided by (x - a) until the remainder is a constant (i.e. does not involve x), then 
this remainder is f (a). This is the remainder theorem.

Suppose f (x) = x2 + 3x + 4.

According to the remainder theorem, if we divide x2 + 3x + 4 by (x + 4), i.e. (x - -4), we should find that 
the remainder is f (-4).

Now if	 f (x)  =  x2 + 3x + 4 
	 f (-4)  =  (-4)2 + 3(-4) + 4 
	 =  16 - 12 + 4 
	 =  8

This is indeed the remainder we obtained when we divided x2 + 3x + 4 by (x + 4) on the previous page.

Suppose f (x) = x3 + 7x2 + 5x - 1.

According to the remainder theorem, if we divide x3 + 7x2 + 5x - 1 by (x - 3), we should find that the 
remainder is f (3).

Now if	 f (x)  =  x3 + 7x2 + 5x - 1 
	 f (3)  =  (3)3 + 7(3)2 + 5(3) - 1 
	 =  27 + 63 + 15 - 1 
	 =  104

Again this is the remainder we obtained when we divided x3 + 7x2 + 5x - 1 by (x - 3) on the 
previous page.

To prove the remainder theorem we express the polynomial f (x) as the product of (x - a) and some 
suitable chosen polynomial g(x), with some suitable chosen constant k added, 

i.e.	 f (x)  =  g(x)(x - a) + k.

Then, dividing f (x) by (x - a) will leave a remainder of k.

However, if we substitute x = a into	 f (x)  =  g(x)(x - a) + k 
we obtain	 f (a)  =  g(a)(a - a) + k 
i.e.	 f (a)  =  k

Hence the remainder, k, is equal to f (a), as required.

The factor theorem
From the remainder theorem it follows that for the polynomial f (x), if f (a) = 0 then dividing f (x) by 
(x - a) leaves no remainder, i.e. (x - a) must be a factor of f (x).

Remembering some of the logic symbols encountered in Unit One of the Mathematics Specialist course 
we can write:

If f (a) = 0 then (x - a) is a factor of f (x):		  f (a) = 0  ⇒  (x - a) is a factor of f (x). 
If (x - a) is a factor of f (x) then f (a) = 0:		  (x - a) is a factor of f (x)  ⇒  f (a) = 0. 
	 f (a) = 0	 ⇔	 (x - a) is a factor of f (x).

This is the factor theorem.
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EXAMPLE 1

a	 For f (x) = x4 - 6x3 + 10x2 + 2x - 15 determine f (1), f (-1), f (3) and f (-3).

b	 Without using the solve facility of some calculators, solve the following equation.

		  x4 - 6x3 + 10x2 + 2x - 15 = 0

Solution
a	 If	 f (x)  =  x4 - 6x3 + 10x2 + 2x - 15

		  f (1)  =  (1)4 - 6(1)3 + 10(1)2 + 2(1) - 15 
	 =  1 - 6 + 10 + 2 - 15 
	 =  -8

		  f (-1)  =  (-1)4 - 6(-1)3 + 10(-1)2 + 2(-1) - 15 
	 =  1 + 6 + 10 - 2 - 15 
	 =  0

		  f (3)  =  (3)4 - 6(3)3 + 10(3)2 + 2(3) - 15 
	 =  81 - 162 + 90 + 6 - 15 
	 =  0

		  f (-3)  =  (-3)4 - 6(-3)3 + 10(-3)2 + 2(-3) - 15 
	 =  81 + 162 + 90 - 6 - 15 
	 =  312

	 Hence, f (1) = -8, f (-1) = 0, f (3) = 0 and f (-3) = 312.

b	 With f (-1) = 0 and f (3) = 0 we know that (x + 1) and (x - 3) are factors of f (x).

∴	 f (x)  =  x4 - 6x3 + 10x2 + 2x - 15 
	 =  (x + 1)(x - 3)(ax2 + bx + c)

By inspection (consider the x4 term and the constant term, -15), a = 1 and c = 5.

∴	 f (x)  =  (x + 1)(x - 3)(x2 + bx + 5) 
	 =  (x2 - 2x - 3)(x2 + bx + 5)

Were we to expand the above expression the coefficient of x2 would be (5 - 2b - 3).

Thus	 5 - 2b - 3  =  10 
Giving	 b  =  -4 
Hence	 f (x)  =  (x + 1)(x - 3)(x2 - 4x + 5)

Thus if	 x4 - 6x3 + 10x2 + 2x - 15  =  0 
	 (x + 1)(x - 3)(x2 - 4x + 5)  =  0

	 x + 1  =  0 
	 x  =  -1

	 x - 3  =  0 
	 x  =  3

	or    x2 - 4x + 5  =  0

	 x  = 
4 16 4(1)(5)

2
± −

	 =  2 ± i

	 The required solutions are x = -1, x = 3, x = 2 + i, x = 2 - i.
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Exercise 1B

(In this exercise, when asked to solve an equation, give both real and complex solutions.)

	 1	 Given that (x - 1) is a factor of 2x3 + x2 + px + 35, determine p.

	 2	 Given that x3 + 3x2 - 2x - 16 = (x - a)(bx2 + cx + d ), determine a, b, c and d (all ∈ ¡).

	 3	 a	 Using the ‘algebraic juggling’ approach demonstrated on an earlier page, determine the 
remainder when x2 - 7x + 3 is divided by (x - 1).

b	 Use the remainder theorem to confirm your answer for part a.

	 4	 a	 Using the ‘algebraic juggling’ approach demonstrated on an earlier page, determine the 
remainder when 2x3 + 3x2 - 4x + 3 is divided by (x + 1).

b	 Use the remainder theorem to confirm your answer for part a.

	 5	 Find the remainder when x2 + 3x - 6 is divided by (x - 2).

	 6	 Find the remainder when x3 - 5x2 - 8x + 7 is divided by (x + 2).

	 7	 The function f (x) = 2x3 + ax2 + bx - 2 has (2x - 1) as a factor but a remainder of -6 is left when 
f (x) is divided by (x + 1). Find a and b.

	 8	 a	 For f (x) = x3 - 3x2 + 7x - 5 determine f (-1) and f (1).

b	 Without using the solve facility of some calculators, solve the equation:

	 x3 - 3x2 + 7x - 5 = 0

c	 Without using the solve facility of some calculators, solve the equation:

	 x4 - 3x3 + 7x2 - 5x = 0

	 9	 a	 For f (x) = x4 - 5x3 - x2 + 11x - 30 determine f (-2), f (2), f (-5) and f (5).

b	 Without using the solve facility of some calculators, solve the equation:

	 x4 - 5x3 - x2 + 11x - 30 = 0

	10	 a	 For f (x) = 2x3 - x2 + 2x - 1 determine f (1) and f (0.5).

b	 Without using the solve facility of some calculators, solve the equation:

	 2x3 - x2 + 2x - 1 = 0

	11	 Without using the solve facility of some calculators, solve the equation:

	 (x2 + 2x + 2)(x2 - 2x + 5) = 0

	12	 Without using the solve facility of some calculators, solve the equation:

	 2x3 - 3x2 + 9x - 8 = 0

	13	 Without using the solve facility of some calculators, solve the equation:

	 3x4 - 3x3 - 2x2 + 4x = 0
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Miscellaneous exercise one

This miscellaneous exercise may include questions involving the work of this chapter and the 
ideas mentioned in the Preliminary work section at the beginning of the book.

	 1	 Simplify each of the following.

a	 (7 + 3i)(7 - 3i)	 b	 (5 + i)(5 - i)

c	 (3 + 2i)(2 - 3i)	 d	 (1 - 5i)2

e	
3 2
2

i
i

−
+

	 f	 1 2
3 4

i
i

+
−

	 2	 Given that z = 3 - 4i and w = -4 + 5i determine

a	 z + w

b	 zw

c	 ,z  the conjugate of z

d	 z2

e	 zw

f	 z w

g	 the complex number q such that	 Re(q)  =  Re( )w  
	 and	 Im(q)  =  Im( ).z

	 3	 Express (1 + i)5 in the form a + bi.

	 4	 Determine Im[(1 - 3i)3].

	 5	 Find:

a	 Re(3 - 2i) × Re(2 + i)

b	 Re[(3 - 2i) × (2 + i)]

	 6	 Given that (x - 5) is a factor of x4 + qx3 - 14x2 - 45x - 50, determine q. 

	 7	 Given that 2x3 - x2 + 3x + 6 = (x - a)(bx2 + cx + d ), determine a, b, c and d (all real). 

	 8	 The function f (x) = x4 + 3x3 + px2 + qx - 30 has (x - 3) as a factor but a remainder of -48 is left 
when f (x) is divided by (x - 1). Find p and q.

	 9	 If a = 3i - j, b = 2i + 4j and c = di - 9j.

Find

a	 a vector in the same direction as a but twice the magnitude of a,

b	 a vector in the same direction as b but equal in magnitude to a,

c	 the possible values of d if c has the same magnitude as 3a,

d	 a . b

e	 the angle between a and b, to the nearest degree.
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	10	 With a as defined in the diagram below, express each of the vectors b, c, d, e, f and g in terms of a.

a

b

d

e

f

g

c

	11	 With p and q as defined in the diagram below, express each of the vectors r, s, t and u in terms of 
p and q.

p

q

s

r

u

t

	12	 Without using the solve facility of some calculators, solve the equation

	 x3 + 6x2 + 4x - 40 = 0.

	13	 For this question the non-zero vectors p, q, r and s are such that:

	 p = a(i + j),    q = 2i - b j,    r = c i + d j    and    s = e i + f j.

Find the possible values of a, b, c, d, e and f given that all of the following statements are true:

•	 p is perpendicular to q.

•	 p q= .

•	 q - 3r = 23i - 5j.

•	 s is in the same direction as q but equal in magnitude to r.
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Polar form of a complex number
The Preliminary work section at the beginning of this book reminded  
you of the idea of representing a complex number a + bi graphically on 
an Argand diagram, either as a point (a, b) or as a vector from the origin 
to the point (a, b).

If we write  z  for the magnitude of this vector, and if it makes an angle θ  
with the positive real axis, see diagram, then:    z � =  a + bi 

=  z i zθ + θcos sin  

=  z iθ + θ(cos sin )

This is the polar form of the complex number z.

(Some calculators may refer to this as the ‘Trig’ form.)

Note	 •	 The magnitude of the complex number,  z ,  is called the modulus of z, written mod  z. 
(The letter r is also used for the modulus of a complex number.)

•	 With z = a + bi,  z a b= + .2 2

	 z a b= +2 2  is the distance the point representing a + bi is from the origin.  
It is the magnitude of the vector representing a + bi.

•	 The angle θ, measured anticlockwise from the positive real axis, is said to be the argument 
of the complex number, written arg  z. 
Arg z is usually stated in radians but can be given in degrees. 
Arg z is not defined for the number (0 + 0i).

•	 With θ in radians we could also refer to (θ ± 2π), (θ ± 4π), (θ ± 6π), etc. as being the 
argument of a complex number that makes an angle θ with the positive real axis. To avoid 
this confusion we refer to the value -π < θ ≤ π (or in degrees -180° < θ ≤ 180°) as the 
principal argument of the complex number. The interval -π < θ ≤ π is sometimes written 
as (-π, π]. In this form, note carefully the significance of the type of bracket used.

WS

Modulus and 
argument

b

Im

Re
z = a + bi

(a, b)

a

b

Im

Re
θ

(a, b)

a

z

iS
to

ck
.c

om
/

Ki
lro

y7
9
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For the Argand diagram on the right:

z1 has modulus 5 and principal argument 
3

.
π

z2 has modulus 6 and principal argument 
3
4

.
π

z3 has modulus 3 and principal argument 
2

.− π

EXAMPLE 1

Express the complex number 3 + 4i in the form r(cos θ + i sin θ), for -π < θ ≤ π, and with θ given 
correct to four decimal places.

Solution
From the sketch on the right we see that

	 mod  z  =  3 42 2+  
	 =  5

and	 tan θ  = 
4
3

∴	 arg  z  =  0.9273 rads    (correct to 4 decimal places)

Thus	 z  =  5(cos 0.9273 + i sin 0.9273)

Alternatively we could use the ability of some  
calculators to

•	 determine mod  z and arg  z,

•	 to convert cartesian coordinates to polar 
coordinates direct.

Thus, as before, the complex number

	 z = 3 + 4i

has the polar form:

	 z = 5(cos 0.9273 + i sin 0.9273)

Note	 •	 z = a + ib is the rectangular or cartesian form of the complex number z.

	 This cartesian form is sometimes written as the ordered pair (a, b).

•	 In the polar form, z = r (cos θ + i sin θ), r and θ are real and it is usual to have

		  r ≥ 0 and -π < θ ≤ π.

	 This polar form can also be written as an ordered pair (r, θ), with squared brackets [r, θ] 
sometimes used to distinguish polar form.

Im

6 units 5 
un

its

z2

z3

z1

Re

rads
3
π

rads
4
π

3 units

Im

θ
Re

z = 3 + 4i4

3

i

i

+

+













∠






3 4
5

arg(3 4 )
0.927295218

toPol 3
4

5
(0.927295218)
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Exercise 2A

	 1	 Find  z  for each of the following, giving exact answers.

a	 z = 4 - 3i	 b	 z = 12 + 5i

c	 z = 3 + 2i	 d	 z = 3 - 2i

e	 z = 1 + 5i	 f	 z = 5i

	 2	 Find the principal argument of each of the following complex numbers, giving exact answers 
in radians.

a	 z = 2 + 2i	 b	 z = 2 - 2i

c	 z = -2 + 2i	 d	 z = -2 - 2i

e	 z = -2 +  i2 3 	 f	 z = 3 –  i3 3

	 3	 Express the complex numbers z1 to z12, given below, in the form

	 r(cos θ + i sin θ), with r ≥ 0 and -π < θ ≤ π.

z1 = 3 cos
13

6
sin

13
6

i
π + π



 	 z2 = 3(cos 3π + i sin 3π)

z3 = 4 cos
5
4

sin
5
4

i
π + π



 	 z4 = 2(cos (-π) + i sin (-π))

Im

z6

z7 z8

z12z11

z10

z9z5

Re

Im

Re
45°

30°

1 rad

5 units

6 units

7 units

2 rads

5 u
nit

s

4 units

5 units

6 u
ni

ts

8 units
rads

3
π

rads
4
π

	 4	 Express the complex numbers z13 to z26, given below, in the form

	 r(cos θ + i sin θ), with r ≥ 0 and -π < θ ≤ π
stating r exactly and θ correct to 4 decimal places (if rounding is necessary).

	 z17 = 5 + 12i	 z18 = 1 + 7i

	 z19 = 1 - 7i	 z20 = -7 + i

	 z21 = 5 3  + 5i	 z22 = 4i

	 z23 = 4	 z24 = -4

	 z25 = -3i	 z26 = 3

Im

z14

z13

z15 z16

Re

−5

5−5

5
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	 5	 Express z27 to z32 in the form a + bi, with a and b stated exactly.

z27 = 2 cos
4

sin
4

i
π + π



 	 z28 = 4 cos

5
6

sin
5
6

i
π + π





z29 = 4 cos
3

sin
3

i− π



 + − π











	 z30 = 6 cos
2
3

sin
2
3

i− π



 + − π











z31 = 5(cos 2π + i sin 2π)	 z32 =  cos
7
2

sin
7
2

i
π + π





The abbreviated form for cos θ + i sin θ
To save us having to write cos θ + i sin θ we can use the abbreviation cis θ.

cos θ   +   i sin θ

cis θ

Thus	 r(cos θ + i sin θ)  =  r cis θ.

e.g.	 5(cos 2 + i sin 2)  =  5 cis 2.

	 4 cis
3
π

  =  4 cos
3

sin
3

i
π + π





	 =  i2 2 3 .+

EXAMPLE 2

Express each of the following in the form r cis θ, with r ≥ 0 and -π < θ ≤ π.

a	 3 - 3i, 	 b	 3i,	 c	 -4.

Solution

a		 mod (3 - 3i)  =  3 ( 3)2 2+ −
		  =  3 2

		  arg (3 - 3i)  = 
4

− π

	 ∴	 3 - 3i  =  3 2 cis
4

− π





b	 3i = 3cis
2
π

c	 -4 = 4 cis π

WS

Complex number 
conversions

Im

Re
−3 −2 −1 1 2 3 4−4

3

2

1

−1

−2

−3
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Exercise 2B

	 1	 Express z1 to z8 shown below in the form r cis θ, with r ≥ 0 and -π < θ ≤ π.

Im

z2

z1

z8

z7

z4

z3

Re

60°

−60°

30°

−30°

54321

Im

Re

45°

−45°

54321

z6

z5

Express each of the following in the form r cis θ, with r ≥ 0 and -π < θ ≤ π.

	 2	 2 cos
10

sin
10

i
π + π



 	 3	 7 cos

5
8

sin
5
8

i
π + π





	 4	 9(cos 30° + i sin 30°)	 5	 3(cos 330° + i sin 330°)

	 6	 5 cos
3
2

sin
3
2

i
π + π



 	 7	 4 cos

8
3

sin
8
3

i
π + π





	 8	 2 cos
5
3

sin
5
3

i− π



 + − π











	 9	 2(cos (-3π) + i sin (-3π))

Simplify:

	10	 7 cis
2
π

	 11	 5cis
2

− π



 	 12	 cis π	 13	 3 cis 2π

Express each of the following in the form a + bi, with exact values for a and b.

	14	 10 cis
4
π

	 15	 4 cis
2
3
π

	 16	 4 cis
2
3

− π



 	 17	 12cis

4
3

− π





Express each of the following in the form r cis θ, for -π < θ ≤ π. Give r (≥ 0) as an exact value and, 
if rounding is necessary, give θ correct to 4 decimal places.

	18	 -7 + 24i	 19	 -5 + 12i	 20	 1 + 2i	 21	 5i

	22	 If z = a + bi we define  ,z  the complex conjugate of z, as z  = a - bi.

a	 Make a copy of the Argand diagram shown on the right and 
include z  and  .w

b	 If	 z  =  r1 cis α, -π < α ≤ π, 
and	 w  =  r2 cis β, -π < β ≤ π, 
express z  and w  in ‘cis form’.

Im
z

w

Re
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Find the complex conjugates of the following, giving your answers in polar form, r cis θ°, with r ≥ 0 
and -180 < θ ≤ 180.

	23	 2 cis 30°	 24	 7 cis 120°

	25	 4 cis 390°	 26	 10 cis (-200°)

Find the complex conjugates of the following, giving answers in polar form, r cis θ, with r ≥ 0 and 
-π < θ ≤ π.

	27	 2 cis
2
π

	 28	 5 cis
3
4

− π





	29	 5 cis 0.5	 30	 5cis
7
2
π

Multiplying and dividing complex numbers 
expressed in polar form
Suppose that	 z  =  r1 cis α	 and	 w  =  r2 cis β 
	 =  r1(cos α + i sin α)		  =  r2(cos β + i sin β)

Then	 zw  =  (r1 cis α)(r2 cis β) 
	 =  r1r2(cos α + i sin α)(cos β + i sin β) 
	 =  r1r2[(cos α cos β - sin α sin β) + i(sin α cos β + cos α sin β)] 
	 =  r1r2[cos (α + β) + i sin (α + β)] 
	 =  r1r2 cis (α + β)

Or, using the ‘square bracket’ notation:    [r1, α][r2, β] = [r1r2, α + β]

Thus:	 When we multiply two complex numbers we multiply the moduli and add the arguments 
(adding or subtracting multiples of 2π to ensure -π < arg ≤ π).

The reader is left to confirm that if	 z  =  r1 cis α          and      w  =  r2 cis β

then	
z
w

  =  1

2

r
r

cis (α - β).

I.e:	 When we divide two complex numbers we divide the moduli and subtract the arguments 
(adding or subtracting multiples of 2π to ensure -π < arg ≤ π).

	 (Question: Is the order of subtraction of the angles important?)

WS

Polar complex 
number operations
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EXAMPLE 3

If z = 5 cis
3
4
π

 and w = 2 cis
3
π

 express each of the following in the form r cis θ with r ≥ 0 and 

-π < θ ≤ π.

a	 zw	 b	
z
w

	 c	 2z	 d	 iz

Solution

a		 zw  =  5 cis
3
4
π

· 2 cis
3
π

	 b	
z
w

  =  5cis
3
4
π



  ÷  2cis

3
π





		  =  10 cis
3
4 3
π + π



 		  = 

5
2

cis
3
4 3
π − π





		  =  10 cis
13
12

π
		  =  2.5 cis

5
12
π

		  =  10 cis
11
12

− π





c		 2z  =  2 cis 0 · 5 cis
3
4
π

	 d	 iz  =  1 cis
2
π

 · 5 cis
3
4
π

		  =  10 cis
3
4
π

		  =  5 cis
3
4

− π





Geometrical interpretation
If	 z  =  r1 cis α                and                w  =  r2 cis β

then	 wz  =  r1r2 cis (α + β).

Thus the effect of multiplying z by w is to rotate z anticlockwise about the origin by an angle β, and 
increase the length of z by a factor  w .

For example suppose that	 z  =  3 cis 80°        and        w = 2 cis 50°.

It follows that	 zw  =  (3 cis 80°)(2 cis 50°) 
	 =  6 cis 130°,

i.e. a 50° anticlockwise rotation of z about the origin with a doubling of length, as shown below.

z
w

zw

Re Re Re

Im

3 units

2 units

6 units

80° 50°
130°

Im Im

WS

Multiplication  
in the plane

WS

Division  
in the plane
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Exercise 2C

Determine zw for each of the following, giving your answer in the same form as z and w are given.

	 1	 z = 2 + 3i,	 w = 5 - 2i.	 2	 z = 3 + 2i,	 w = -1 + 2i.

	 3	 z = 3 cis 60°,	 w = 5 cis 20°.	 4	 z = 3 cis 120°,	 w = 3 cis 150°.

	 5	 z = 3 cis 30°,	 w = 3 cis (-80°).	 6	 z = 5 cis
3

,
π

	 w = 2 cis
4

.
π

	 7	 z = 4 cis
π



4

, 	 w = 2 cis
3
4

.− π





	 8	 z = 2 (cos 50° + i sin 50°),	 w = cos 60° + i sin 60°.

	 9	 z = 2(cos 170° + i sin 170°),	 w = 3(cos 150° + i sin 150°).

Determine 
z
w

 for each of the following, giving your answer in the same form as z and w are given.

	10	 z = 6 - 3i,	 w = 3 - 4i.	 11	 z = -6 + 3i,	 w = -3 + 4i.

	12	 z = 8 cis 60°,	 w = 2 cis 40°.	 13	 z = 5 cis 120°,	 w = cis 150°.

	14	 z = 3 cis (-150°),	 w = 3 cis 80°.	 15	 z = 2 cis
3
5

,
π

	 w = 2 cis
2
5

.
π

	16	 z = 4 cis
π



4

, 	 w = 2 cis
3
4

.− π





	17	 z =  i5 cos
3
4

sin
3
4

,
π + π











    w =  i2 cos
2

sin
2

.
π + π





	18	 z = 2(cos 50° + i sin 50°),	 w = 5(cos 50° + i sin 50°).

Use the following diagrams to determine the complex number w in the form r cis θ for  
r ≥ 0 and with -180° < θ ≤ 180°.

	19	 	 20	
zw

z

Re

Im

30°
40°

= 
2

z
w 

= 1z

z

zw

Re

Im

50° 30°

= 3

zw

= 1
z
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	21	 	 22	

	23	 	 24	

	25	 	 26	

	27	

	28	 If z = 6 cis 40° and w = 2 cis 30° determine

a	 2z	 b	 3w	 c	 zw	 d	 wz

e	 iz	 f	 iw	 g	
w
z

	 h	
1
z

	29	 If z = 8 cis
2
3
π

 and w = 4 cis
3
4
π

 determine

a	 zw	 b	 wz	 c	
w
z

	 d	
z
w

e	 z 	 f	 w 	 g	
1
z

	 h	
i
w

z

zw

Re

Im

60°

30°

= 2
 zw

= 1
z

Re

Im

110°

50°

= 2

z
w

= 1
 z

z

zw

zw

z

Re

Im

110°

= 1zw

= 1
 z

zw

z

Re

Im

110°

30°

= 2
zw

= 1
 z

z

Re

Im

30°30°

= 2
z =z

w

z
w

2

z

Re

Im

70°
30°

= 2
z

=z
w 1

z
w

Re

Im

70°

30°

z

z

w

=z
w 1

= 2
z
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Regions in the complex plane
We know that we can represent the complex number z = a + ib as a point (a, b) on an Argand diagram. 
If we are then given some condition or rule that z must obey, the set of all such z’s obeying the rule will 
form a set of points on our Argand diagram. For example, any complex number, z, obeying the rule

z k=

will be a distance of k from the origin. The set of all complex numbers, z, obeying this rule, written 
z z k={ : }  and read as ‘the set of all z such that mod z equals k’ would together form a circle, centre at 

the origin and radius k.

We say that the locus of  z k=  is a circle centre the origin and radius k.

Examples:

Re

Im

−5

−5 5

5

= 4z:z

Re

Im

−5

−5 5

5

≤ 4z:z

Re

Im

−5

−5 5

5

< 4z:z

Now consider  z z w k{ : }.− =  The Preliminary work section at the beginning of this book reminded us 
that  x a−  is the distance the number x is from the number a. Similarly, for complex numbers z and w, 
z w−  is the distance between z and w in the complex plane (see the diagrams below).

	 Vector justification	 Coordinate justification

	
Re

Im
w

z

Length = z − w

Re

Im
w = p + iq

p a

z = a + ibb

q

	

z w a p b q i

z w a p b q
z w

( ) ( )

( ) ( )
distance between and .

2 2

− = − + −

− = − + −
=

Thus the complex numbers, z, for which  z w k,− =  would together form a circle, centre at w and 
radius k. We say that the locus of  z w k− =  is a circle centre w and radius k.

For example, the Argand diagram on the right shows the locus of all points  
in the complex plane for which

	 z i− +(1 2 )  ≤ 3.

i.e. it shows the set	 z z i− +{ : (1 2 )  ≤ 3}

WS

Complex plane graphs

Re

Im

−2
−2 5

5
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EXAMPLE 4

a	 Represent  z z i− − ={ : 2 3}  on an Argand diagram.

b	 If z = x + iy determine the cartesian equation for the set of points in a.

Solution
a	 z z w k− ={ : }  is a circle centre w and radius k.

	 Thus  z z i− + ={ : (2 ) 3}  is a circle centre (2 + i) and radius 3.

	 This is shown in the diagram on the right.

b	 Now	 z i− −2   =  3

	 Thus if    z  =  x + iy	 x iy i+ − −2   =  3

		  x i y− + −( 2) ( 1)   =  3

	 ∴	 (x - 2)2 + (y - 1)2  =  9

Note:	 As we were reminded in the Preliminary work section at the beginning of this book, cartesian 
equations of the form

(x - p)2 + (y - q)2 = a2

are those of circles, centre (p, q) and radius a. Hence our answer for part b, above, confirms our 
answer for part a.

EXAMPLE 5

a	 Represent  z z i z− = −{ : 2 4 }  on an Argand diagram.

b	 If z = x + iy determine the cartesian equation for the set of points in a.

Solution
a	 z w−  is the distance from z to w.

	 Thus	 z i− 2 	 is the distance from z to 0 + 2i,

	 and	 z − 4 	 is the distance from z to 4 + 0i.

	 Thus  z z i z− = −{ : 2 4 }  is the set of all points equidistant from 2i 
and 4. It is the perpendicular bisector of the line joining 2i and 4.

	 This is shown in the diagram on the right.

b	 Now	 z i− 2   =  z − 4

	 Thus if    z  =  x + iy	 x iy i+ − 2   =  x iy+ − 4

		  x2 + (y - 2)2  =  (x - 4)2 + y2

	 Which simplifies to	 y  =  2x - 3

	 The required cartesian equation is	 y  =  2x - 3

Re

Im

−2
−2 5

5

Re

Im

−5

5

−2 5
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EXAMPLE 6

Represent  : arg
6

z z = π







 on an Argand diagram.

Solution

If arg  z = 
6
π

 then z makes an angle of 
6
π

 with the positive x-axis,  

measured anticlockwise. Thus  : arg
6

z z = π







 is the set of points 

forming the ‘half line’ shown in the diagram on the right. 

Note that the point 0 + 0i is not included because arg(0 + 0i) 
is undefined.

EXAMPLE 7

Show that the set of all points z in the complex plane that are such that

z i− +(8 )  =  z i− +2 (2 4 )

together form a circle in the complex plane and find the centre and radius of the circle.

Solution
Given:	 z i− +(8 )   =  z i− +2 (2 4 )

Thus if    z  =  x + iy	 x iy i+ − +(8 )   =  + − +2 (2 4 )x iy i

	 (x - 8)2 + (y - 1)2  =  22[(x - 2)2 + (y - 4)2]

	 x2 - 16x + 64 + y2 - 2y + 1  =  22[x2 - 4x + 4 + y2 - 8y + 16]

Which simplifies to	 0  =  3x2 + 3y2 - 30y + 15

i.e.	 0  =  x2 + y2 - 10y + 5

Create gaps: 	 x2 + y2 - 10y +       =  -5

Complete the square	 x2 + y2 - 10y + 25  =  -5 + 25

Hence	 x2 + (y - 5)2  =  20

A circle, centre (0, 5) and radius 2 5.

Note that points in the complex plane such that

z i− +(8 )  =  z i− +2 (2 4 )

are the points for which the distance to the point (8 + i) 
is twice that of the distance to the point (2 + 4i).

We would expect two such points to be 4 + 3i and 
-4 + 7i (see diagram). The reader should confirm 
that, for z = x + iy, such points do indeed satisfy the 
equation x2 + (y - 5)2 = 20.

Re

Im

6
π

−4 + 7i
2 + 4i

8 + i4 + 3i

Re

Im

−3

9

−5 8
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Exercise 2D

For each of the following sets, choose the appropriate diagram from those labelled A to P below.

	 1	 { : Im( ) 3}z z = 	 2	 { : Re( ) 3}z z =

	 3	 { : arg 45 }z z = − ° 	 4	 { : arg 135 }z z = °

	 5	 z z ≤{ : 3} 	 6	 z z i− + ={ : 3 3 3}

	 7	 z z z i+ = −{ : 8 4 } 	 8	 z z i z i+ + = − +{ : 2 3 4 }

−5

5

−5 5

Re

ImA

−5

5

−5 5

Re

ImB

−5

5

−5 5

Re

ImC

−5

5

−5 5

Re

ImD

−5

5

−5 5

Re

ImE

−5

5

−5 5

Re

ImF

−5

5

−5 5

Re

ImG

−5

5

−5 5

Re

ImH

−5

5

−5 5

Re

ImI

−5

5

−5 5

Re

ImJ

−5

5

−5 5

Re

ImK

−5

5

−5 5

Re

ImL

−5

5

−5 5

Re

ImM

−5

5

−5 5

Re

ImN

−5

5

−5 5

Re

ImO

−5

5

−5 5

Re

ImP
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Represent each of the following sets of points diagrammatically as lines or regions in the complex plane 
and, with z = x + iy, determine the cartesian equation of each.

	 9	 { : Re( ) 5}z z = 	 10	 { : Im( ) 4}z z = −

	11	 : arg
3

z z = π







	 12	 : arg
3

z z = − π







	13	 + ={ : Re( ) Im( ) 6}z z z 	 14	 z z ={ : 6}

	15	 z z i− ≤{ : 4 3} 	 16	 z z i− + ={ : (2 3 ) 4}

	17	 z z i− + ={ : 2 3 4} 	 18	 z z z− = −{ : 2 6 }

	19	 z z i z− = −{ : 6 2 } 	 20	 z z i z i− + = − −{ : (2 ) (4 5 ) }

	21	 z z≤ ≤{ : 3 5} 	 22	 :
6

arg
3

z z
π ≤ ≤ π








	23	 { : Im( ) 2Re( ) 1}z z z≥ + 	 24	 { : Im( ) 2 Re( )}z z z< −

	25	 For  z z i+ − ={ : 3 3 2}  determine:

a	 the minimum possible value of Im(z),

b	 the maximum possible value of  zRe( ) ,

c	 the minimum possible value of  z ,

d	 the maximum possible value of  z ,

e	 the maximum possible value of  .z

	26	 For  z z i− + ={ : (4 3 ) 2}  determine:

a	 the minimum possible value of Im(z),

b	 the maximum possible value of Re(z),

c	 the maximum possible value of  z ,

d	 the minimum possible value of  z ,

e	 the minimum possible value of arg(z), giving your answer in radians correct to 
two decimal places,

f	 the maximum possible value of arg(z), giving your answer in radians correct to 
two decimal places.

	27	 Show that the set of all points z in the complex plane that are such that 

	 z i z i− + = − −(2 3 ) 2 (5 3 )

together form a circle in the complex plane and find the centre and radius of the circle.

	28	 Show that the set of all points z in the complex plane that are such that

	 z i z i− + = − −(10 5 ) 3 (2 3 )

together form a circle in the complex plane and find the centre and radius of the circle.



ISBN 9780170395274 2. Polar form of a complex number 27

The cube roots of 1
Suppose we are asked to solve the equation	 x3  =  1, 
i.e.	 x3 - 1  =  0

We could use a calculator to obtain the three solutions:

	 x  =  1

	 x  = 
1
2

3
2

i− −

and	 x  = 
1
2

3
2

.i− +

Alternatively these three solutions can be obtained algebraically by first using the fact that

	 x3 - 1 = (x - 1)(x2 + x + 1)	� (The reader should check the truth of 
this statement by expanding the right 
hand side.)

Then, if	 x3 - 1  =  0

	 (x - 1)(x2 + x + 1)  =  0

Thus either	 x - 1  =  0	 or	 x2 + x + 1  =  0

giving	 x  =  1	 or	 x  = 
1 1 4(1)(1)

2(1)

2− ± −

			   = 
1
2

3
2

i− ±

Thus the three cube roots of 1 are:		 1,

		
1
2

3
2

i− +

	 and	
1
2

3
2

.i− −

These three cube roots of 1 are shown as z1, z2 and z3 in the  
Argand diagram on the right.

In ‘cis’ form	 z1 = 1 cis 0

	 z2 = 1 cis
2
3
π

	 z3 = 1 cis
2
3

− π





=

= = − − ⋅ = − + ⋅











solve( 1, )

1, 1
2

3
2

, 1
2

3
2

3x x

x x i x i

z3

z1

z2

60°
60°

1 unit

1 unit

1 
un

it

Re

Im
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Notice that the three roots are each of unit length and divide the  
unit circle into three equal size regions. (The reasonableness of this 
should become apparent when you remember the rotational effect 
of complex number multiplication.)

This division into equal size regions can be used to determine other 
roots of 1, as the following example shows.

EXAMPLE 8

Find the fifth roots of 1, giving exact answers in the form r cis θ with r ≥ 0 and -π < θ ≤ π.

Solution
We must solve	 z5 = 1.

One solution is	 z = 1	� and this and the 4 others will divide the unit circle into 
five equal-sized regions (see diagram).

Thus the roots are	 z1  =  1 cis 0

	 z2  =  1 cis
2
5
π

	 z3  =  1 cis
4
5
π

	 z4  =  1 cis
4
5

− π





	 z5  =  1 cis
2
5

− π





Nth roots of a non-zero complex number
If we know one of the roots of a complex number we can locate all the other roots using this idea of 
dividing the complex plane into equal size regions. This is demonstrated in the next two examples.

Note
Again your calculator may be able to determine the roots of complex numbers directly using its equation 
solving capabilities or other programmed routines. Whilst you are encouraged to explore the capability of 
your calculator in this regard make sure you understand the methods set out in the following examples and 
can use them when required.

z3

z1

z2

60°
60°

1 unit

1 unit

1 
un

it

Re

Im

z2

z1

z4

z3

z5

Re

Im

5
2π

5
2π
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EXAMPLE 9

Use your calculator to confirm that (1 + i)6 is -8i.

By displaying the sixth roots of -8i on an Argand diagram determine all six roots, expressing each 
in the form r cis θ° with r ≥ 0 and -180 < θ ≤ 180.

Solution
The display shown on the right confirms that  
(1 + i)6 is -8i.

Placing (1 + i) on an Argand diagram and dividing  
the complex plane into six equal size regions  
allows the six roots to be determined:

z1  =  2 cis 45°

z2  =  2 cis 105°

z3  =  2 cis 165°

z4  =  2 cis (-135°)

z5  =  2 cis (-75°)

z6  =  2 cis (-15°)

EXAMPLE 10

Use your calculator to confirm that (3 + i)4 is 28 + 96i. Show (3 + i) and the three other fourth 
roots of 28 + 96i on an Argand diagram and express each in the form a + bi.

Solution
The display shown on the right confirms that (3 + i)4  
is 28 + 96i.

Placing (3 + i) on an Argand diagram and dividing  
the complex plane into four equal size regions  
allows the four roots to be determined:

	 z1  =  3 + i

	 z2  =  -1 + 3i

	 z3  =  -3 - i

	 z4  =  1 - 3i

+
− ⋅

(1 )
8

6i
i

z1 = 1 + i

z6

z5

z4

z3

z2

60° 60°

60°
60°

60°
45°

Re

Im

+
+ ⋅

(3 )
28 96

4i
i

z2

z3

z4

z1 = 3 + i

Re

Im
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Exercise 2E

	 1	 Find the six solutions to the equation z6 = 1 giving exact answers and all in the form r cis θ with 
r ≥ 0 and -π < θ ≤ π.

	 2	 Find the eight solutions to the equation z8 = 1 giving exact answers and all in the form r cis θ° 
with r ≥ 0 and -180 < θ ≤ 180.

	 3	 Find the seven solutions to the equation z7 = 1 giving exact answers and all in the form r cis θ 
with r ≥ 0 and -π < θ ≤ π.

	 4	 Use your calculator to confirm that ( 3 )6i+  is -64. By displaying the sixth roots of -64 on an 
Argand diagram determine all six roots, expressing each root in the form r cis θ with r ≥ 0 and 
-π < θ ≤ π.

	 5	 Given that one solution to the equation z5 = -4 + 4i is z = 1 - i, display all five solutions on an 
Argand diagram and express each in the form r cis θ° with r ≥ 0 and -180 < θ ≤ 180.

	 6	 Use your calculator to confirm that (2 + 3i)4 is -119 - 120i. Show (2 + 3i) and the three other 
fourth roots of -119 - 120i on an Argand diagram and express each in the form a + bi.

	 7	 Without the assistance of a calculator, express	 a	 (2 + i)2

	 and	 b	 (2 + i)4    in the form a + bi.

c	 Display on an Argand diagram the four values of z for which

		  z4 = -7 + 24i

d	 Hence give the solutions to the above equation in the form a + bi.

	 8	 z1 shown in the diagram on the right is one solution to the  
equation z5 = k, for complex k. 

Find k and the other four solutions to the equation, giving 
all answers in the form r cis θ° for r ≥ 0 and -180 < θ ≤ 180.

	 9	 z1 shown in the diagram on the right is one solution to the  
equation z4 = k, for complex k.

Find z2, z3 and z4, the other three solutions to the equation,  
giving all answers in the form a + bi.

Im

Re

z1

20°
2 units

Im

Re

z1 = 2 + 4i

−4

−4 −2 2 4
−2

2

4



ISBN 9780170395274 2. Polar form of a complex number 31

De Moivre’s theorem
From	 (r1 cis θ)(r2 cis α)  =  r1r2 cis (θ + α)

it follows that	 cis θ cis α  =  cis (θ + α)

and hence	 (cis θ)2  =  cis (θ + θ)	 =  cis (2θ).

Continuing this idea:	 (cis θ)3  =  cis (θ + θ + θ)	 =  cis (3θ)

	 (cis θ)4  =  cis (θ + θ + θ + θ)	 =  cis (4θ).

	 	 	 

	 (cis θ)n  =  cis (θ + θ + θ + …)	 =  cis (nθ).

i.e. (cos θ + i sin θ)n  =  cos nθ + i sin nθ

This result is called de Moivre’s theorem and, whilst we have obtained it by considering positive 
integer values of n, it can be applied for all rational values of n.

Thus, with	 z  =  z θcis

it follows that	 zn  =  z nn θcis ( )

i.e. z n( cis )θ   =  z nn θcis ( )

an alternative statement of de Moivre’s theorem.

In your study of Mathematics Specialist Unit Two you encountered the method of proof by induction.

(If you have forgotten the technique, do a bit of revision to refresh your understanding of it.) 

Use the method of proof by induction to prove that

(cos θ + i sin θ)n = cos nθ + i sin nθ,

i.e. de Moivre’s theorem, is true for positive integer values of n.

The next three examples show how de Moivre’s theorem can be used:

•	 to obtain expressions for cos nθ and sin nθ in terms of cos θ and sin θ (example 11)

•	 to find powers of a complex number (example 12)

•	 to find the nth roots of a complex number (example 13).

WS

Using de Moivre’s 
theorem
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EXAMPLE 11

Use de Moivre’s theorem to express cos 4θ and sin 4θ in terms of cos θ and sin θ.

Solution
By de Moivre’s theorem

	 cos 4θ + i sin 4θ  =  (cos θ + i sin θ)4� [1]

The right hand side of this statement expands to give:

	 (cos θ)4 + 4(cos θ)3(i sin θ) + 6(cos θ)2(i sin θ)2 + 4(cos θ)(i sin θ)3 + (i sin θ)4 

=	 cos4 θ - 6 cos2 θ sin2 θ + sin4 θ + i(4 cos3 θ sin θ - 4 cos θ sin3 θ)

Equating real parts of equation [1] gives:

	 cos 4θ  =  cos4 θ - 6 cos2 θ sin2 θ + sin4 θ

and equating imaginary parts of equation [1] gives:

	 sin 4θ  =  4 cos3 θ sin θ - 4 cos θ sin3 θ

EXAMPLE 12

Use de Moivre’s theorem to determine  i(2 2 3 ) ,4+  giving your answer in exact polar form.

Solution
First change  i2 2 3+  to ‘cis form’.

	 i2 2 3+   =  4 cis
3
π

Thus	 i(2 2 3 )4+   =  4 cis
3

4π





	 =  44 cis
4
3
π

      (from de Moivre’s theorem)

	 =  256 cis
2
3

− π





Note
The next example uses the fact that whilst we normally write the polar form of a complex number, z, as 
r cis θ, with r ≥ 0 and -π < θ ≤ π, we could write z as z = r cis (θ + 2kπ), for r ≥ 0 and k an integer.

2
θ

Im

Re

z

32
=

θ = π
z 4

3
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EXAMPLE 13

Use de Moivre’s theorem to determine the three cube roots of (4 3 4 ),i+  giving your answer in 
exact polar form.

Solution

	 4 3  + 4i  =  8 cis
6

2k
π + π



 	 for integer k.

Thus we require z such that

	 z3  =  8 cis
6

2k
π + π





\	 z  =  k8cis
6

2

1
3π + π











	 =  8 cis
18

2
3

3 kπ + π



 	 (by de Moivre’s theorem) 

	 =  2 cis 
18

2
3
kπ + π





If	 k = 0	 we have:	 2 cis
π



18

	 (Sometimes referred to as the principal root.)

	 k = 1	 gives:	 2 cis
π





13
18

	 k = 2	 gives:	 2 cis
π





25
18

	 i.e. 2 cis
11
18

.− π





Thus the three cube roots of 4 3 4i+  are 2 cis
π



18

,  2 cis
π





13
18

 and 2 cis
11
18

.− π





Wondering what happens if we continue the above process by letting k = 3, 4, etc.? Are there more 
than three cube roots? If you are not sure what will happen try it and see.

EXAMPLE 14

The complex number z is such that z = r cis θ, with r > 0 and 0 ≤ θ ≤ 
2

.
π

Express	 a	 z 	 b	 -z	 c	 z2

in the form a cis β where a > 0 and -π < β ≤ π.

Solution
a	 If	 z  =  r cis θ 

	 =  r cos θ + ir sin θ
	 then	 z   =  r cos θ - ir sin θ 

	 =  r cis (-θ).        (See diagram.)

θ

Im

Re

z

4

34

=

θ = π
z 8

6

θ
θ

Im

Re

z

z
r

r
r sin θ

r sin θ

r cos θ
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b	 If	 z  =  r cis θ 
	 =  r cos θ + ir sin θ 
then	 -z  =  -r cos θ - ir sin θ 
	 =  r cis (-π + θ)	 (See diagram.) 
	 =  r cis (θ - π)

	 Or, using the fact that -1 can be written as 1 cis π:

		  -z  =  -1 × z 
	 =  (1 cis π) × (r cis θ) 
	 =  r cis (π + θ)

	 But (π + θ) will be outside the -π to π requirement, so subtract 2π to give

		  -z  =  r cis (π + θ - 2π) 
	 =  r cis (θ - π), 	 as before.

c	 If	 z  =  r cis θ 
	 z2  =  (r cis θ)2 

	 =  r2 cis (2θ)	 (by de Moivre’s theorem).

Exercise 2F

	 1	 Prove that de Moivre’s theorem, (cos θ + i sin θ)n = cos nθ + i sin nθ, is true for n = -1.

	 2	 If z =  icos
6

sin
6

π + π
 determine z4 in exact polar form.

	 3	 If z = 2 cis
6
π

 determine z5 in exact polar form.

	 4	 If z =  i3 cos
3

sin
3

π + π



  determine z5 in exact polar form.

	 5	 Use de Moivre’s theorem to express cos 2θ and sin 2θ in terms of sin θ and cos θ.

	 6	 Use de Moivre’s theorem to express cos 3θ and sin 3θ in terms of sin θ and cos θ.

Hence determine cos 3θ in terms of cos θ.

	 7	 Use de Moivre’s theorem to express cos 5θ and sin 5θ in terms of sin θ and cos θ.

θ
θ

Im

Re

z

r sin θ

r sin θ
r cos θ

r

r

r cos θ

−z
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	 8	 Use de Moivre’s theorem to determine (1 + i)6, giving your answer in exact polar form. 

	 9	 Use de Moivre’s theorem to determine  +( 3 ) ,5i giving your answer in exact polar form.

	10	 Use de Moivre’s theorem to determine  i( 3 3 3 ) ,4− +  giving your answer in exact polar form.

	11	 Use de Moivre’s theorem to determine the three cube roots of  i(4 4 3 ),−  giving your answers 
in exact polar form.

	12	 Use de Moivre’s theorem to solve the equation z4 = 16i, giving your answers in exact polar form.

	13	 Use de Moivre’s theorem to solve the equation z4 =  8 2 8 2 ,i− +  giving your answers in exact 
polar form.

	14	 Use de Moivre’s theorem to solve the equation z4 + 4 = 0, giving your answers in exact polar form.

	15	 Express z1 and z2 in exact polar form, where	 z1 = 
2 6

2
,

i+
 and z2 = 

6 2
2

.
i+

Hence simplify  1
6

2
3

3
4

z z
z

given that z3 = 2 cis
8

.
π

	16	 The complex number z is such that z = r cis θ, with r > 0 and 0 ≤ θ ≤ 
2

.
π

Express each of the following in the form a cis β where a > 0 and -π < β ≤ π.

a	 z−

b	
1
z

c	
1
z

−

d	
1
2z

−

Abraham de Moivre (1667–1754)

Im
ag

ef
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k/
Fi

ne
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rt 
Im
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Miscellaneous exercise two

This miscellaneous exercise may include questions involving the work of this chapter, the 
work of any previous chapters, and the ideas mentioned in the Preliminary work section at 
the beginning of the book.

	 1	 If the complex numbers z and w are such that		 z  =  3 - 4i 
	 and	 w  =  2 + 3i 
express each of the following in the form a + bi.

a	 z + w	 b	 z - w	 c	 zw

d	 z2	 e	
z
w

	 f	 w
z

	 2	 The diagram on the right shows the 

parallelogram OABC with		
→ 
OA     =  a

	 and	
→ 
OC     =  c.

D is a point on AB such that AD : DB = 1 : 3.

E is a point on AB produced such that AB : BE = 2 : 1.

Express each of the following in terms of a and/or c.

a	
→ 
AB   	 b	

→ 
AD   	 c	

→ 
DB   	 d	

→ 
DE   

e	
→ 
OB	 f	

→ 
OD	 g	

→ 
CE   	 h	

→ 
OE

	 3	 Express exactly	 a	 3 3 3i− − 	 in polar form, 

		  b	 8 cis
5
6

− π



 	 in cartesian form.

	 4	 Express each of the following in the form (a, b) where (a, b) represents the complex number a + bi.

a	 2 cis
π



2

	 b	 5 cis π	 c	 4 cis
3
4

− π





	 5	 If z = 1 + i and w = -1 + i express z, w, zw and 
z
w

 in polar form.

	 6	 With cis θ defined as cos θ + i sin θ, where i =  1,−  prove that:

a	 cis 0 = 1	 b	 cis α cis β = cis (α + β)

	 7	 (Without the assistance of your calculator.)

a	 For f (x) = 4x3 - 18x2 + 22x - 12, determine f (-3) and f (3).

b	 Determine all values for x, real and complex, for which f (x) = 0.

A D B

Cc

a

O

E
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One-to-one and many-to-one
As the Preliminary work suggested, you should already be familiar with the idea that in mathematics, 
a rule that takes one element from one set and assigns to it one, and only one, element from a second 
set, is called a function. You should also be familiar with the associated terms domain, natural domain 
and range.

From your earlier studies you may also be familiar with the idea that a function may be one-to-one, 
or many-to-one. These terms, and a few others, are explained below.

In the function diagram shown on the right the domain is the  
set {a, b, c}.

We say that each element from the first set, the domain, maps 
onto an element of the second set, the co-domain, {d, e, f, g}. 
Those elements of the co-domain that the elements of the first 
set map onto, form the range, in this case {d, e, g}.

With each element of the domain mapped onto a different 
element of the range this function is said to be one-to-one.

Contrast the above situation with that shown in the new  
diagram on the right.

Now more than one element of the domain map onto the  
same element of the range. In this case a → d and b → d.

We call such functions many-to-one.

One-to-many relationships can occur, as shown on the right,  
but under the requirement that a function takes one element 
from the domain and assigns to it one, and only one, element 
of the range, a one-to-many relationship would not be called  
a function.

Note
Whilst the diagrams above show letters as the elements of the domain and range the functions we will deal 
with in this chapter will have domains and ranges consisting only of real numbers, i.e. numbers from ¡, the 
set of real numbers.

Functions whose values are real numbers, are sometimes referred to as real-valued functions.

d
a

e
b

f
c

g

d
a

e
b

f
c

g

d
a

e
b

f
c

g
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You should also be familiar with the fact that our requirement that a function takes one element 
from the domain and assigns to it one and only one element from the range, means that the graph 
of a function must be such that:

If a vertical line is moved from the left of the domain  
to the right it must never cut the graph in more than one place.

This is called the vertical line test.

y

x

y

x

y

x

y

x

A function Not a function A function Not a function

We could use a similar horizontal line test to determine whether a function is a one-to-one function 
or not. Thus of the two graphs shown above that show functions, only the first would pass the 
horizontal line test.

y

x

y

x

A one-to-one function A many-to-one function

To be a one-to-one function the graph needs to pass both the vertical line test (to be a function), and 
the horizontal line test (to be one-to-one).

Combining functions
We can use the basic operations of +, –, × and ÷ to combine functions.

For example, if f (x) = x + 1 and g(x) = x - 1 then

	 f (x) + g(x)  =  (x + 1) + (x - 1)	 f (x) - g(x)  =  (x + 1) - (x - 1) 
	 =  2x	 =  2

	 f (x) × g(x)  =  (x + 1)(x - 1)	 f (x) ÷ g(x)  =  (x + 1) ÷ (x - 1)

	 =  x2 - 1	 = 
x
x

+
−

1
1
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However we do have to be careful when considering the domain and range of each of these new 
functions formed by combining f (x) and g(x). The functions f (x) and g(x) defined on the previous 
page each have domain ¡ and range ¡ but this does not mean that the functions formed by combining 
f (x) and g(x) will necessarily have domain ¡ and range ¡.

For example:

•	 f (x) - g(x) = 2 and therefore has range {y ∈ ¡: y = 2}.

−3 −2 −1 0 1 2 3

Remember
•	 Reading ‘∈’ as ‘is a member of’, and ‘:’ as ‘such that’, then {y ∈ ¡: y = 2} can be read as:

	 y is a member of the set of real numbers such that y equals 2.

•	 We could use any letter to define the range and the domain but we will tend to use x when defining 
a domain and y when defining a range.

•	 f (x) × g(x) = x2 - 1 and therefore has range {y ∈ ¡: y ≥ -1}. i.e: 

−3 −2 −1 0 1 2 3

•	
f x
g x

( )
( )

 = 
x
x

+
−

1
1

 is undefined for x = 1.

Thus 
f x
g x

( )
( )

 does not exist as a function unless we restrict the domain of g(x) to {x ∈ ¡: x ≠ 1}.

With this restriction in place 
f x
g x

( )
( )

 does exist and has domain {x ∈ ¡: x ≠ 1} and range {y ∈ ¡: y ≠ 1}.

The display of y = 
x
x

+
−

1
1

 shown on the right suggests  

agreement with these facts. The function seems 
to have x = 1 as a vertical asymptote and y = 1 as 
a horizontal asymptote suggesting that the function 
can cope with x values close to 1, but not 1 itself, 
and it can output values close to 1, but not 1 itself.
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Using the output from one function as the input 
of another
The section in the Preliminary work on function mentioned the idea of using the output from one 
function as the input of a second function.

IN OUT

f (x) = x2

IN OUT

g (x) = x + 3−3 −2 ?−1
10 2 3

With the domain stated, combining the functions f and g in this way will give a final output of {3, 4, 7, 12}:

As the Preliminary work mentioned:

We write this combined function as	 g [ f (x)] 
	 or as	 g o f (x)    or    g o f (x)    for ‘g of f of x’ 
	 or as	 g f (x),

and, though our ‘machine diagram’ above shows the ‘f function’ first, we write the combined function 
as g f (x), to show that the ‘f function’, being closest to the ‘(x)’, operates on the x values first.

EXAMPLE 1

With f (x) = 2x - 3, g(x) = (x + 1)2 and with an initial domain of {0, 1, 2, 3, 4}, determine the range of

a	 g f (x),

b	 fg(x),

c	 gg(x).

Solution

a	 {0, 1, 2, 3, 4}	 f x →( ) 	 {-3, -1, 1, 3, 5}	 g x →( ) 	 {0, 4, 16, 36}

	 The range is {0, 4, 16, 36}.

b	 {0, 1, 2, 3, 4}	 g x →( ) 	 {1, 4, 9, 16, 25}	 f x →( ) 	 {-1, 5, 15, 29, 47}

	 The range is {-1, 5, 15, 29, 47}.

c	 {0, 1, 2, 3, 4}	 g x →( ) 	 {1, 4, 9, 16, 25}	 g x →( ) 	 {4, 25, 100, 289, 676}

	 The range is {4, 25, 100, 289, 676}.
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EXAMPLE 2

Given that f (x) = 3x - 2, g(x) = 2x + 1 and h(x) = x2 express each of the following functions in 
a similar way (i.e. in terms of x).

a	 g o f (x)	 b	 f o f (x)	 c	 f o h(x)	 d	 h o f (x)

Solution
a	 g o f (x)  =  g[f (x)]	 b	 f o f (x)  =  f [f (x)] 
	 =  g[3x - 2]		  =  f [3x - 2] 
	 =  2(3x - 2) + 1		  =  3(3x - 2) - 2 
	 =  6x - 3		  =  9x - 8

c	 f o h(x)  =  f [h(x)]	 d	 h o f (x)  =  h[f (x)] 
	 =  f [x2]		  =  h[3x - 2] 
	 =  3x2 - 2		  =  (3x - 2)2

Domain and range of functions of the form f  o g(x)
If we are not told a specific domain for a composite function we assume it to be the natural or implied 
domain, i.e. all the real numbers for which the composite function is defined. However care needs to be 
taken because the natural domain of f [g(x)] may not simply be the natural domain of g(x).

EXAMPLE 3

State the natural domain and the corresponding range of each of the following functions given that 

f (x) = x - 5 and g(x) = 
x −

1
1

. 	 a	 g o f (x),	 b	 f o g(x).

Solution
a	 First identify the natural domain and range of f (x) and g(x).

¡ → f (x) = x - 5 → ¡ {x ∈ ¡: x ≠ 1} → g(x) = 
x −

1
1

→ {y ∈ ¡: y ≠ 0}

	 For g(x) to cope with the output from f (x) we must ensure that the output does not include 1. 
Hence we must exclude 6 from the domain of f (x).

	 Thus g o f (x) has natural domain {x ∈ ¡: x ≠ 6} and range {y ∈ ¡: y ≠ 0}.

b	 First identify the natural domain and range of g(x) and f (x).

{x ∈ ¡: x ≠ 1} → g(x) = 
x −

1
1

→ {y ∈ ¡: y ≠ 0} ¡ → f (x) = x - 5 → ¡

	 f (x) can cope with the output from g(x) but note that 0 will not be in this output. Thus -5 will 
not be in the output from f (x).

	 Thus f o g(x) has natural domain {x ∈ ¡: x ≠ 1} and range {y ∈ ¡: y ≠ -5}.
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The displays below confirm these domains and ranges  
for the composite functions g o f (x) and f o g(x), with 
f (x) and g(x) as defined on the right.

I.e.,	 g o f (x) 	 has natural domain	 {x ∈ ¡: x ≠ 6} 
		  and range	 {y ∈ ¡: y ≠ 0}. 
	 f o g(x) 	 has natural domain	 {x ∈ ¡: x ≠ 1} 
		  and range	 {y ∈ ¡: y ≠ -5}

y1 = g(f(x))
y2 = f(g(x))
y3:
y4:
y5:
y6:
y7:

      

y1 = g(f(x))
y2 = f(g(x))
y3:
y4:
y5:
y6:
y7:

We could have approached the previous example by expressing each composite function in terms 
of x and determining the domain and range of the resulting expression:

a	 g o f (x)  =  g(x - 5)

		  = 
x − −

1
( 5) 1

		  = 
x −

1
( 6)

	 Domain	 {x ∈ ¡: x ≠ 6}
	 Range	 {y ∈ ¡: y ≠ 0}

b	 f o g(x)  =  f
x −







1
1

		  = 
x −

−1
1

5

	 Domain	 {x ∈ ¡: x ≠ 1}
	 Range	 {y ∈ ¡: y ≠ -5}

However this approach must be used with caution. In some cases the fact that the final expression 
has come from a combination of functions means that the domain and range will not be the same 
as the final expression considered in isolation. The next example, in which 

	 f (x) =  x ,  g(x) = x2	 and	 g o f (x) = g x( )  
			   = x,         is of this type.

= −

=
−

f x x

g x
x

Define ( ) 5
done

Define ( ) 1
1

done
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EXAMPLE 4

Determine the natural domain and the corresponding range of g o f (x) given that 

f (x) =  x  and g(x) = x2.

Solution
First identify the natural domain and range of f (x) and g(x).

{x ∈ ¡: x ≥ 0} → f (x) =  x → {y ∈ ¡: y ≥ 0} ¡ → g(x) = x2 → {y ∈ ¡: y ≥ 0}

g(x) can cope with the output from f (x) but note that the output from g(x) consists of only the  
non-negative numbers.

Thus g o f (x) has natural domain {x ∈ ¡: x ≥ 0} and range {y ∈ ¡: y ≥ 0}.

The display below confirms this domain and range of g o f (x) with	 f (x)  =  x  
	 and	 g(x)  =  x2,
	 (and	 real values only).

y1 =
y2 = (y1(x))2

y3:
y4:
y5:
y6:
y7:

Real

x

Note that for real values, this domain and range is not what we would have obtained had we wrongly 
considered g o f (x) to be the same as h(x) = x which has domain ¡ and range ¡.
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EXAMPLE 5

Given that f (x) = 2x and g(x) =  x − 2  explain why f [g(x)] is a function for the natural domain of 
g(x) whereas g[f (x)] is not a function for the natural domain of f (x).

Solution

{x ∈ ¡: x ≥ 2} → g(x) =  x − 2 → {y ∈ ¡: y ≥ 0} ¡ → f (x) = 2x → ¡

f (x) can cope with the all the numbers in the range of g(x) because the range of g(x) is contained 
within the domain of f (x). 
Thus f [g(x)] is a function for the natural domain of g(x).

¡ → f (x) = 2x → ¡ {x ∈ ¡: x ≥ 2} → g(x) =  x − 2 → {y ∈ ¡: y ≥ 0}

There are some numbers in the range of f (x) that g(x) will not be able to cope with. In this case the 
range of f (x) contains elements that are outside the domain of g(x). 
Thus g[f (x)] is not a function for the natural domain of f (x).

Note:	 g[f (x)] is a function if we restrict the domain of f (x) to give an output that g(x) can cope with.

Thus the natural domain of g[f (x)] is {x ∈ ¡: x ≥ 1} with corresponding range {y ∈ ¡: y ≥ 0}.

Exercise 3A

	 1	 With f (x) = x + 1, g(x) = 2x - 3 and with an initial domain of {0, 1, 2, 3, 4}, determine the range of

a	 g f (x),

b	 fg(x),

c	 gg(x).

	 2	 With f (x) = x + 3, g(x) = (x - 1)2, h(x) = x3, and with {1, 2, 3} as the initial domain, determine the 
range of

a	 g f (x),

b	 fgh(x),

c	 hg f (x).

	 3	 If f (x) = x + 5 and g(x) = x - 5 determine the natural domain and range of each of the following.

a	 f (x)	 b	 g(x)	 c	 f (x) + g(x)

d	 f (x) - g(x)	 e	 f (x) · g(x)	 f	
f x
g x

( )
( )
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	 4	 Given that f (x) = 3x + 2, g(x) = 
x
2

 and h(x) =  x ,  express each of the following functions in terms 

of some or all of f, g and h.

a	
x +

2
3 2

	 b	 x +3 2 	 c	
x

+6
2

d	 x +3 2 	 e	
x

2
	 f	

x
2

g	 9x + 8	 h	 x0.25	 i	 27x + 26

	 5	 Given that f (x) = 2x - 3, g(x) = 4x + 1 and h(x) = x2 + 1, express each of the following functions in 
a similar way (i.e. in terms of x), simplifying where possible.

a	 f o f (x)	 b	 g o g(x)	 c	 h o h(x)

d	 f o g(x)	 e	 g o f (x)	 f	 f o h(x)

g	 h o f (x)	 h	 g o h(x)	 i	 h o g(x)

	 6	 Given that f (x) = 2x + 5, g(x) = 3x + 1 and h(x) = 
x

+1
2

,  express each of the following functions in 

a similar way (i.e. in terms of x), simplifying where possible.

a	 f o f (x)	 b	 g o g(x)	 c	 h o h(x)

d	 f o g(x)	 e	 g o f (x)	 f	 f o h(x)

g	 h o f (x)	 h	 g o h(x)	 i	 h o g(x)

For each of questions 7 to 12, g[f (x)] is not a function for the natural domain of f (x). State the minimal 
restriction necessary on the natural domain of f (x) for g[f (x)] to be defined for this domain.

	 7	 f (x) = x - 4,	 g(x) =  x 	 8	 f (x) = 4 - x,	 g(x) =  x

	 9	 f (x) = 4 - x2,	 g(x) =  x 	 10	 f (x) = 4 –  x , 	 g(x) =  x

	11	 f (x) = x + 3,	 g(x) =  x − 5 	 12	 f (x) = x - 6,	 g(x) =  x + 3

	13	 If f (x) = x2 + 3 and g(x) = 
x
1

 find:

a	 f (3)	 b	 f (-3)	 c	 g(2)	 d	 fg(1)	 e	 g f (1)

f	 the natural domain and corresponding range of f

g	 the natural domain and corresponding range of g

h	 the natural domain and corresponding range of g f (x)

	 (Check your answer using a graphic calculator with Y1 = X2 + 3 and Y2 = 1 ÷ Y1.)

i	 the natural domain and corresponding range of fg(x)
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	14	 If f (x) = 25 - x2 and g(x) =  x  find:

a	 f (5)	 b	 f (-5)	 c	 g(4)	 d	 fg(4)	 e	 g f (4)

f	 the natural domain and corresponding range of f

g	 the natural domain and corresponding range of g

h	 the natural domain and corresponding range of g f (x)

i	 the natural domain and corresponding range of fg(x)

	15	 State the natural domain and the corresponding range of each of the following functions given 

that f (x) = x + 2 and g(x) = 
x −

1
3

.

a	 g o f (x)	 b	 f o g(x)

	16	 State the natural domain and the corresponding range of each of the following functions given 
that f (x) =  x  and g(x) = 2x - 1.

a	 g o f (x)	 b	 f o g(x)

17	 State the natural domain and the corresponding range of each of the following functions given  

that f (x) = 
x
1
2  and g(x) =  x .

a	 g o f (x)	 b	 f o g(x)

	18	 Given that f (x) = x + 3 and g(x) =  x  explain why f [g(x)] is a function for the natural domain of 
g(x) whereas g[f (x)] is not a function for the natural domain of f (x).

	19	 Given that f (x) = x + 3 and g(x) = 
x −

1
5

 explain why f [g(x)] is a function for the natural domain 

of g(x) whereas g[f (x)] is not a function for the natural domain of f (x).

	20	 State the natural domain and the corresponding range of each of the following functions given 

that f (x) = x2 - 9 and g(x) = 
x
1

.

a	 g o f (x)	 b	 f o g(x)
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Inverse functions
If a function f (x) maps the domain {a, b, c} onto the range {g, h, i } such that

	 f (a) = g	 f (b) = h	 f (c) = i

then the inverse function, f -1(x), will map {d, e, f } back to {a, b, c} such that

	 f -1(g) = a	 f -1(h) = b	 f -1(i ) = c

a

b

c

Domain of
f (x)

f (x)
g

h

i

Range of
f (x)

g

h

i

Domain of
f −1(x)

f −1(x)
a

b

c

Range of
f −1(x)

Thus	 the range of f (x) is the domain of f -1(x)

and	 the domain of f (x) is the range of f -1(x).

To determine the inverse of a function we can

•	 construct the function as a sequence of steps and then reverse the process: see method one 
in the next example,

or	 •	 rearrange the function rule: see method two in the next example.

EXAMPLE 6

Find the inverse of the function f (x) = 2x + 3.

Solution
Method One: Reversing the flow chart

Write the function as a flow chart with input x and output 2x + 3.

x → × 2 → + 3 → 2x + 3

Reverse the flow chart, writing the inverse of each operation.

← ÷ 2 ← – 3 ←

For an input of x this reversed flow chart will output the inverse function.

x − 3
2

← ÷ 2 ← – 3 ← x

Thus f -1(x) = 
x − 3

2
.     [Check: f (5) = 13, f -1(13) = 5.]

WS

Inverse functions
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Method Two: Rearranging the formula

If	 y  =  2x + 3
	 y - 3  =  2x

and so	 x  = 
y − 3

2

Thus given y we can output x using x = 
y − 3

2

\	 f -1(x) = 
x − 3

2

EXAMPLE 7

Find the inverse of the function f (x) = 
x

+
+

1
1

3

Solution
Method One: Reversing the flow chart

Write the function as a flow chart with input x and output 1 + 
x+

1
3

.

x → + 3 → Invert → + 1 →
x +

+1
3

1

Reverse the flow chart, writing the inverse of each operation.

← - 3 ← Invert ← - 1 ←

For an input of x this reversed flow chart will output the inverse function.

x −
−1

1
3 ← – 3 ← Invert ← – 1 ← x

Thus f -1(x) = 
x −

−1
1

3. 	 [Check: f (2) = 1.2, f -1(1.2) = 2.]

Method Two: Rearranging the formula

If	 y  = 
x

+
+

1
1

3

then	 y - 1  = 
x+

1
3

	 3 + x  = 
y −

1
1

	 x  = 
y −

−1
1

3

Thus given y we can output x using x = 
y −

−1
1

3

\	 f -1(x)  = 
x −

−1
1

3

= +

= −








y x x

x y
solve( 2 3, )

2
3
2

= +
+







= − ⋅
−

+
−









solve 1 1
3

, 

3
1

4
1

y
x
x

x y
y y
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Graphical relationship between a function and 
its inverse
Consider some function f (x) and its inverse function f -1(x).

For every point (a, b) that exists on the graph of y = f (x) there will exist a point (b, a) on the graph of  
y = f -1(x).

Thus the graph of y = f -1(x) will be that of y = f (x) reflected in the line y = x.

This is illustrated below for the functions of the previous two examples:

	 f (x) = 2x + 3, f -1(x) = 
x − 3

2
	 and	 g(x) = 

x
+

+
1

1
3

,  g-1(x) = 
x −

−1
1

3.

y =
 x

y =
 2

x 
+ 

3

−8
−7
−6
−5
−4
−3
−2
−1

1
2
3
4
5
6
7
8

−8 −7 −6 −5 −4 −3 −2 1 2 3 4 5 6 7 8

y

x

y =
 x

−8
−7
−6
−5
−4
−3
−2
−1

1
2
3
4
5
6
7
8

−8 −7 −6 −5 −4 −3 −2 1 2 3 4 5 6 7 8

y

x

= +
+

y

=y
x

1
1

3

=
−

−y
x

1
1

−x
2

3

3

Condition for the inverse to exist as a function
Under our requirement that a function  
maps each element of the domain onto 
one and only one element of the range 
it follows that only one-to-one functions 
can have inverses that are functions.

Thus for f (x) to have an inverse that is a 
function, the graph of y = f (x) must pass 
the horizontal line test.

If the graph of the function is such that 
any horizontal line placed on the graph 
cuts the function no more than once, 
the function will be one-to-one and will 
therefore have an inverse function.

WS

One-to-one functions

a

b

c

f (x)
a one-to-one

function

g

h

i

p

q

r

g (x)
a many-to-one

function

s

t

g

h

i

f −1(x)
a one-to-one

function

a

b

c

p

q

r

g−1(x)
one-to-many:
not a function

s

t
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EXAMPLE 8

If f (x) = 
x +

1
2

 state whether the inverse function, f -1(x), exists. If it does exist, determine a formula 

for f -1(x) and state its domain and range.

Solution
First view the graph of the function.

f (x) passes the horizontal line test and is therefore  
one-to-one for its natural domain {x ∈ ¡: x ≠ -2},  
and has range {y ∈ ¡: y ≠ 0}.

Thus f -1(x) exists and has domain given by  
{x ∈ ¡: x ≠ 0} and range {y ∈ ¡: y ≠ -2}.

If	 y = 
x +

1
2

    then	 x = 
y

−1
2

∴	 f -1(x) = 
x

−1
2. 	 Domain {x ∈ ¡: x ≠ 0} 

		  and range {y ∈ ¡: y ≠ -2}.

Note
Some calculators can display the inverse relationship automatically. See if your calculator can, and if so use 
it to confirm the domain and range for the above example.

However care needs to be taken in interpreting the display as being the inverse function. Some calculators 
display the inverse relationship and this may not itself be a function.

EXAMPLE 9

If f (x) =  x − 5  determine whether the inverse function, f -1(x), exists. If it does exist, determine 
a formula for f -1(x) and state its domain and range.

Solution
First view the graph of the function.

f (x) passes the horizontal line test and is therefore  
one-to-one for its natural domain, {x ∈ ¡: x ≥ 5}  
and has range {y ∈ ¡: y ≥ 0}.

Thus f -1(x) exists and has domain given by  
{x ∈ ¡: x ≥ 0} and range {y ∈ ¡: y ≥ 5}.

If	 y  =  x − 5     then	 x  =  y2 + 5
∴	 f -1(x)  =  x2 + 5.	 Domain {x ∈ ¡: x ≥ 0} and range {y ∈ ¡: y ≥ 5}.

If a function is not one-to-one we can restrict the domain of the function to one in which the function 
is one-to-one and then an inverse function can exist.
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EXAMPLE 10

The function f (x) is defined by f (x) = (x - 1)2.

a	 Explain why f (x) cannot have an inverse function for its natural domain.

b	 State a suitable restriction for the domain of f (x) so that, with this restriction applied, f (x) can 
have an inverse function.

c	 Determine this inverse function and state its domain and range.

Solution
a	 First view the graph of the function.

	 f (x) has natural domain ¡ and range {y ∈ ¡: y ≥ 0}.

	 The function is not one-to-one for this domain.

	 e.g.    f (0) = 1    and    f (2) = 1.

	 Thus f (x) cannot have an inverse function for its 
natural domain.

b	 If we restrict the domain of f (x) to x ≥ 1, or x ≤ 1, the function is one-to-one. Thus either of 
these would be suitable restrictions on the domain.

c	 If	 y  =  (x - 1)2	 then	 y±   =  x - 1

			   \	 x  =  y±1

	 Thus the inverse function f -1(x) will be either  x+1 or  x−1 .

	 For	 f (x)  =  (x - 1)2,	 with domain {x ∈ ¡: x ≥ 1} range {y ∈ ¡: y ≥ 0}

		  f -1(x)  =  ???	 with domain {x ∈ ¡: x ≥ 0} range {y ∈ ¡: y ≥ 1}

	 For the given range it follows that ??? must be  x+1  not  x−1 .

	 (This also follows if we consider the reflection of f (x), x ≥ 1, in y = x.)

	 Thus	 f -1(x)  =  x+1 	 with domain {x ∈ ¡: x ≥ 0} range {y ∈ ¡: y ≥ 1}

	 Alternatively:

	 For	 f (x)  =  (x - 1)2,	 with domain {x ∈ ¡: x ≤ 1} range {y ∈ ¡: y ≥ 0}

		  f -1(x)  =  x−1 	 with domain {x ∈ ¡: x ≥ 0} range {y ∈ ¡: y ≤ 1}.
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Exercise 3B

	 1	 Which of the following functions have inverse functions on their natural domains?

a	 f (x) = x	 b	 f (x) = 2x + 3	 c	 f (x) = 5x - 3

d	 f (x) = x2	 e	 f (x) = (2x - 1)2	 f	 f (x) = x2 + 4

g	 f (x) = 
x
1

	 h	 f (x) = 
x −

1
3

	 i	 f (x) = 
x
1
2

Find an expression for the inverse function of each of the following and state its domain and range.

	 2	 f (x) = x - 2	 3	 f (x) = 2x - 5	 4	 f (x) = 5x + 2

	 5	 f (x) = 
x −

1
4

	 6	 f (x) = 
x +

1
3

	 7	 f (x) = 
x −
1

2 5

	 8	 f (x) = 
x

+
+

1
1

2
	 9	 f (x) = 

x
−

−
3

1
1

	 10	 f (x) = 
x

+
−

4
2

2 1

	11	 f (x) =  x 	 12	 f (x) =  x + 1 	 13	 f (x) =  x −2 3

Given that f (x) = 2x + 5, g(x) = 3x + 1 and h(x) = 
x

+1
2

 express each of the following functions in this 
form (i.e. as expressions in terms of x).

	14	 f -1(x)	 15	 g-1(x)	 16	 h-1(x)

	17	 f o f -1(x)	 18	 f -1 o f (x)	 19	 f o h-1(x)

	20	 ( f o g)-1(x)	 21	 g-1 o f -1(x)	 22	 f o g-1(x)

	23	 For each of the following state whether the graph shown is a function.

For those that are functions state whether they are one-to-one or not.

For those that are one-to-one functions copy the diagram and add the graph of the inverse function.

a	 	 b	 	 c	

d	 	 e	 	 f	

WS

Composition 
of functions

2

2

y

x

2

2

y

x

2

2

y

x

2

2

y

x

2

2

y

x

2

2

y

x
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Each of questions 24 to 27 shows the graph of a function.

For each one, state a suitable restriction to the domain of f (x) so f -1(x) exists as a function (do not 
restrict the domain any more than is necessary) and state the inverse function together with its  
domain and range.

	24	 f (x) = x2 + 3	

	25	 f (x) = (x + 3)2	

	26	 f (x) = (x - 3)2 + 2	

	27	 f (x) =  x−4 2 	

y

x

5

10

(0, 3)

−3 3

y

x

5

(−3, 0) 2

y

x

5

10

(3, 2)

5

−3 −2 −1 1 2 3

y

x

−1

1

2

3
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The absolute value function
Consider the function f (x) shown on the right.

Suppose we want to graph	 y  =  ( )f x

Wherever f (x) ≥ 0 then	 f x( )   =  f (x)

So, any part of the graph of f (x) that lies above the x-axis will 
also feature on the graph of  f x( ) .

Any part lying below the x-axis indicates that f (x) is negative 
for these x values. Taking the absolute value will make these 
values positive, i.e. taking the absolute value of f (x) will 
reflect, in the x-axis, any parts of f (x) lying below the x-axis.

Hence the graph of y =  f x( )  will be as shown on the right.

Similar considerations of the graphs of y = x and y = x2 - 4, 
for example, allow us to draw the graphs of y =  x  and  
y =  x − 4 ,2  as shown below.

y

x

−4

−3

−2

−1

1

2

3

4

−4 −3 −2 −1 1 2 3 4

y =
 x

y

x

−4

−3

−2

−1

1

2

3

4

−4 −3 −2 −1 1 2 3 4

y

x

−4

−3

−2

−1

1

2

3

4

−4 −3 −2 −1 1 2 3 4

y

x

−4

−3

−2

−1

1

2

3

4

−4 −3 −2 −1 1 2 3 4

y = x2 − 4

=y
x

= −y x 42

−4

−5 −4 −3 −2 −1 1 2 3 4 5

−3

−2

−1

1

2

3

4
y

x

y = f (x)

−4

−5 −4 −3 −2 −1 1 2 3 4 5

−3

−2

−1

1

2

3

4
y

x

=y f x( )
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The absolute value of x as  2x
Earlier in this chapter, when considering using the output from one function as the input of another 
function, we considered the composite function g[f (x)] for f (x) =  x  and g(x) = x2.

We found that g[f (x)] has natural domain {x ∈ ¡: x ≥ 0} and range {y ∈ ¡: y ≥ 0}.

Now let us instead consider f [g(x)], for these same two functions.

First identify the natural domain and range of g(x) and f (x).

¡ → g(x) = x2 → {y ∈ ¡: y ≥ 0} {x ∈ ¡: x ≥ 0} → f (x) =  x → {y ∈ ¡: y ≥ 0}

f (x) can cope with the output from g(x) but note that the output from f (x) consists of only the 
non negative numbers.

Thus f [g(x)] has natural domain ¡ and range {y ∈ ¡: y ≥ 0}.

Formulating an algebraic rule for f [g(x)]:	 f [g(x)]  =  f [x2]

	 =  x2

	 =  x x
x x

for 0
for 0.

≥
− ≤





	 =  x

EXAMPLE 11

If f (x) =  x  + 3 and g(x) = (x + 1)2, draw the graph of f [g(x)].

Solution
	f [g(x)]  =  f [(x + 1)2]

	 =  x + +( 1) 32

	 =  x + +1 3

y

x
−1

1

2

3

4

5

6

7

8

−4 −3 −2 −1 1 2 3 4

1 3= + +y x

            

y1 =
y2 = 
y3:
y4:
y5:
y6:
y7:

(x + 1)2

+y x1( ) 3
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Solving equations involving absolute values
The Preliminary work section at the beginning of this book reminded us that the absolute value of 
a number x, written  x ,  is the distance the number is from the origin. For example:

5  is the distance from the point 5 to the origin, i.e. 5.

−3  is the distance from the point -3 to the origin, i.e. 3.

Similarly  x a−  tells us the distance x is from the point a.

For example:

−(5) (3)  is the distance from the point 5 to the point 3, i.e. 2.

+(5) (3) ,  i.e.  − −(5) ( 3) ,  is the distance from the point 5 to  
the point -3. i.e. 8.

Note	 •	 If	 x   =  a (a ≥ 0),	 then x is a units from the origin. 
Thus either	 x  =  a 
or	 x  =  -a

	 •	 If	 x   =  y 	 then x and y are equidistant from the origin. 
Thus either	 x  =  y 
or	 x  =  -y

Asked to solve equations like  x + 2  = 5 or  x x− = +2 6 ,  without the assistance of a calculator, 
we could proceed in a number of ways:

•	 Algebraically

•	 Using the number line

•	 Graphically

Note
Whilst the syllabus for this unit does not specifically mention solving equations involving absolute value 
functions, the topic is included here to further an understanding of the graphs of absolute value functions  
and to meet the syllabus requirement of being able to use and apply the absolute value of a real number.

5 units

−5 −4 −3 −2 −1 0 1 2 3 4 5

3 units

−5 −4 −3 −2 −1 0 1 2 3 4 5

2 units

−5 −4 −3 −2 −1 0 1 2 3 4 5

8 units

−5 −4 −3 −2 −1 0 1 2 3 4 5



ISBN 9780170395274 3. Functions 59

EXAMPLE 12

Determine the values of x for which  x + =2 5.

Solution
Algebraically

Either	 x + 2 = 5	 or	 x + 2 = -5 
\	 x = 3	 or	 x = -7

The required values are x = -7 and x = 3.

Using the number line

	 x + 2  = 5 
i.e	 x − −( 2)  = 5.

Thus x is 5 units from -2.

5 5

−10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10

The required values are x = -7 and x = 3.

Graphically

Given the graphs of	 y =  x + 2  
and	 y = 5 
the intersection of these lines is where 	 x + 2  = 5

The required values are x = -7 and x = 3.

5

y

x−5 5

= +y x 2

y = 5

The values determined above can be confirmed using  
the ability of some calculators to solve equations involving 
absolute values.

+ =
= − =

solve( 2 5, x)
{ 7, 3}

x
x x
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EXAMPLE 13

Solve  x x− = +2 6 .

Solution
Algebraically

Either	 (x - 2)  =  (x + 6)	 or	 (x - 2)  =  –(x + 6) 
\	 -2  =  6	 or	 x - 2  =  -x - 6
	 No solution	 or	 x  =  -2

The only solution is x = -2.

Alternatively, squaring both sides of the equation:

	 (x - 2)2  =  (x + 6)2 
	 x2 - 4x + 4  =  x2 + 12x + 36 
	 -16x  =  32 
i.e.	 x  =  -2

Check:	 If x = -2	 then	 x − 2   =  4 
		  and	 x + 6   =  4,    as required. (See note below.)

Note:	 The final check is necessary because squaring both sides of an equation can introduce 
‘false’ solutions.

For example consider the equation	 x  =  2.

Squaring gives	 x2  =  4 
which has solutions	 x  =  ±2.

However -2 is clearly not a solution to the equation x = 2.

Thus if the technique of ‘squaring both sides’ is used the validity of the solutions must 
be checked.

Using the number line

	 x − 2   =  x + 6  
i.e.	 x − 2   =  x − −( 6) .

The distance from x to the point 2 is the same as from x to the point -6.
Thus x must be midway between -6 and 2.
The only solution is x = -2.

Graphically

Considering the graphs of	 y  =  x − 2  
and	 y  =  x + 6
the intersection of these lines is where 	 x − 2   =  x + 6

The only solution is x = -2.

•	 Again the solution obtained above can be confirmed  
using the solve facility of some calculators.

10

5

y

x−10 −5 5 10

= +

= −

y x

y x

6

2
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Some equations involving absolute values, e.g.  x − 2  = 2x - 7, can be difficult to interpret from the 
idea of distances on a number line. These equations can also need special care if an algebraic approach 
is used. Indeed if we have to demonstrate our ability to solve such equations without simply using the 
solve facility on a calculator, the graphical approach is probably the one least likely to cause errors. 
It may not be the quickest method but you will probably reduce the number of errors you are likely 
to make. In the next example, algebraic and graphical approaches are shown.

EXAMPLE 14

Determine the values of x for which  x − 2  = 2x - 7.

Solution
Algebraically

•	 We could proceed as in example 13 and then check that the apparent solutions are valid:

		  x - 2   =  2x - 7	 or	 –(x - 2)   =  2x - 7 
\	 5   =  x	 or	 x   =  3

	 Check:	 −5 2   =  2(5) - 7		  −3 2   ≠  2(3) - 7

The only solution is x = 5.

•	 We could square both sides:

		  (x - 2)2  =  (2x - 7)2 
	 x2 - 4x + 4  =  4x2 - 28x + 49 
	 0  =  3x2 - 24x + 45 
i.e.	 x2 - 8x + 15  =  0

	 Giving	 x  =  3	 or	 x  =  5
	 Check:	 −3 2   ≠  2(3) - 7	 −5 2   =  2(5) - 7

The only solution is x = 5.

•	 Alternatively we could consider intervals of the number line separately:

	 If x ≥ 2:	 x - 2  =  2x - 7	 If x < 2:	 –(x - 2)  =  2x - 7 
	 x  =  5		  x  =  3

	 This is consistent with	 x  ≥  2	 This is inconsistent with	 x  <  2
	 \	 x  =  5	 \	 x  ≠  3

The only solution is x = 5.

Graphically

Consider the graphs of	 y  =  x − 2  
and	 y  =  2x - 7 
and determine their point of intersection.

The only solution is x = 5.

y

x

−10

−5

5

10

−5 5

= −y x 2

y = 2x − 7
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Solving inequalities involving absolute values
Check that you understand each of the following ideas.

•	 If x  < c, c > 0, then the distance from x to the origin is less than c,

	 \	 -c < x < c

•	 If x  > c, c > 0, then the distance from x to the origin is greater than c,

	∴ 	 either x < -c or x > c

•	 If x a−  < c, c > 0, then the distance from x to the point a is less than c,

	 \	 -c < (x - a) < c

	 i.e.	 a - c < x < a + c

As we did when solving equations involving absolute values, we will consider three ways of solving 
inequalities involving absolute values (other than using the solve facility of some calculators):

•	 Algebraic

•	 Using the number line

•	 Graphical

The following examples demonstrate these methods of solution.

You are encouraged to also explore the capability of your calculator to solve inequalities involving 
absolute values.

EXAMPLE 15

Determine the values of x for which x  > 4.

Solution
Algebraically

If    x  > 4    then either    x > 4    or    x < -4.

Thus the values of x are as shown:

This would be written:	 x < -4, x > 4 
or, using set notation:	 {x ∈ ¡: x < -4} ∪ {x ∈ ¡: x > 4} 
where the symbol ∪ means the two sets are united to give the complete set of values.

Using the number line

If    x  > 4    then x is more than 4 units from the origin.

Thus once again the values of x are:

WS

Absolute values

0−c +c

0−c +c

a − c a a + c

−8 −6 −4 −2 0 2 4 6 8

−8 −6 −4 −2 0 2 4 6 8
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Graphically

View the graphs of

	 y =  x     and    y = 4

and determine the values of x for which the graph of  
y =  x  lies ‘above’ that of y = 4.

Again the values of x are:

−8 −6 −4 −2 0 2 4 6 8

EXAMPLE 16

Determine the values of x for which  x − 2  ≤ 5.

Solution
Algebraically

If x − 2  ≤ 5	 then	 -5  ≤	 x - 2	 ≤  5 
	 \	 -5 + 2  ≤	 x	 ≤  5 + 2 
	 i.e.	 -3  ≤	 x	 ≤  7

Using the number line

If x − 2  ≤ 5 then the distance from x to 2 is less than or equal to 5 units.

Thus the values of x are as shown:

i.e. -3 ≤ x ≤ 7, as before.

Graphically

Consider the graphs of		 y  =  x − 2  
	 and	 y  =   5

and determine the values of x for which the graph  
of y =  x − 2  lies ‘below’ that of y = 5.

Thus again -3 ≤ x ≤ 7.

y

x

5

−5 5

y = 4

y = x

−8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8

5 5

y

x

y = 5

y = x − 2

−10 −5 5 10

10
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EXAMPLE 17

Show the graphs of		 y =  x −2 4  
	 and	 y =  x − 5  
on the same set of axes.

Hence determine the values of x for which  x x− ≥ −2 4 5 .

Solution
The graphs of		 y =  x −2 4  
	 and	 y =  x − 5  
are shown on the right.

Looking for where the graph of	 y =  x −2 4  
is ‘above’ the graph of 	 y =  x − 5  
we see that the inequality is true for:

	 x ≤ -1 and for x ≥ 3.

Exercise 3C

	 1	 (Use an x-axis from -5 to 5.)

On graph paper, or squared paper, draw the graph of y =  + 1 .x

	 2	 (Use an x-axis from -3 to 6.)

On graph paper, or squared paper, draw the graph of y =  x −2 2 .

	 3	 (Use an x-axis from -3 to 7.)

On graph paper, or squared paper, draw the graphs of y =  x − 2  and y =  x+ −3 2 .

	 4	 (Use an x-axis from -2 to 4.)

On graph paper, or squared paper, draw the graph of y =  x − −( 2) 1 .2

	 5	 The graph of y = f (x) is shown on the right.

Draw the graph of y =  f x( ) .

y

x

y = 2x − 4

y = x − 5

10

(−1, 6)

(3, 2)

5

−5 5 10

y

x

y = f (x)

−4

−5

−3

−2

−1

1

2

3

4

−4 −3 −2 −1 1 2 3 4 5 6 7
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	 6	 (Use an x-axis from -3 to 5.)

For this question draw all three graphs on the same set of axes.

a	 Draw the graph of y =  x .

b	 Draw the graph of y =  x − 3 .

c	 Hence draw the graph of y =  x x+ − 3 .

	 7	 The graph of y = f (x) is shown on the right.

Draw the graph of each of the following. 

a	 y =  f x( )

b	 y =  f x( )

	 8	 The graph of y = f (x) is shown on the right.

Draw the graph of each of the following.

a	 y =  f x( )

b	 y =  f x( )

	 9	 How will the graph of y = g x( )  relate to the graph of y = g(x)?

	10	 For this question f (x) =  x+2  and g(x) = (x + 1)2. 

a	 Explain why f [g(x)] is defined for all real x, and state the corresponding range.

b	 Obtain an expression for f [g(x)] in terms of x.

c	 Draw the graph of the composite function f [g(x)].

	11	 For this question f (x) =  x−1  and g(x) = (x - 2)2.

a	 Explain why f [g(x)] is defined for all real x, and state the corresponding range.

b	 Obtain an expression for f [g(x)] in terms of x.

c	 Draw the graph of the composite function f [g(x)].

y

x

−4

−4 −3 −2 −1 1 2 3 4

−3

−2

−1

1

2

3

4

y = f (x)

y

x

y = f (x)

−5

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6

−4

−3

−2

−1

1

2

3

4

5
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	12	 Use the diagram on the right to solve each of  
the following equations:

a	 x−10 2  = 4

b	 x − 2  = 4

c	 x−10 2  =  x − 2

	13	 (Use an x-axis from -8 to 8 and a y-axis from -1 to 9.)

Draw the graphs of	 y = 5,		  y =  x ,

	 y = 3 - 0.5x	 and	 y =  x +2 3 .

Hence solve the following equations.

a	 x +2 3  = 5

b	 3 - 0.5x =  x

c	 3 - 0.5x =  x +2 3

d	 x  =  x +2 3

	14	 (Use an x-axis from -5 to 6 and a y-axis from -1 to 11.)

For this question draw the graphs for parts a, b and c on the same set of axes.

a	 Draw the graph of y =  x + 2 .

b	 Draw the graph of y =  x − 3 .

c	 Hence draw the graph of y =  x x+ + −2 3 .

d	 Hence determine the values of x for which  x x+ + − ≤2 3 9.

Use any appropriate method, other than simply using the solve facility of a calculator, to determine the 
values of x for which:

	15	 x + =6 1	 16	 x − = −3 5 	 17	 x x− = −10 6

	18	 x x+ = −5 2 14 	 19	 x x− =3 2 	 20	 + + − =5 1 7x x

	21	 x x+ + − =5 3 8 	 22	 x x− = − −8 2 6 	 23	 x x− ≥ +3 5

	24	 x − ≥ −2 5 5 	 25	 x x− ≥ +11 5 	 26	 x x+ > +4 2

	27	 The diagram on the right shows  
all values of x for which

    x a+ ∗2 5   
where  ∗‘ ’  is one of <, ≤, >, or ≥, and a and b are constants.

Determine which of these symbols ∗  represents and find the values of a and b.

−5 5 10

5

10

= −y x 2

y = 4

y = 10 − 2x

0 3b
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	28	 The diagram on the right shows  
all values of x for which

    x x a− ∗ −3

where  ∗‘ ’  is one of <, ≤, >, or ≥, and a is a constant.

Determine which of these symbols ∗  represents and find the value of a.

	29	 The diagram on the right shows  
all values of x for which 

    x x a+ ∗ +2 5

where  ∗‘ ’  is one of <, ≤, >, or ≥, and a is a constant.

Determine which of these symbols ∗  represents and find the value of a.

30	 The graph below left shows the function	 y  =  x −0.5 1 .

The graph below right shows the function	 y  =  a x b−  + c, for constant a, b and c.

y

x

y

x

Given that the two graphs, if drawn on the same axes, would coincide for 2 ≤ x ≤ 8, and nowhere 
else, determine a, b and c.

The graph of y = 
f x

1
( )

The graph on the right shows the quadratic function

	 y  =  x2 - 2x - 3 
	 =  (x + 1)(x - 3).

The points marked A and B are the x-axis intercepts, 
point C is the y-axis intercept and point D is the 
minimum point of the function.

•	 Write down the coordinates of the points A, B,  
C and D.

•	 Before turning to the next page, try to sketch the 
graph of 

	 y  = 
x x+ −

1
( 1)( 3)

−2 −1 0 1 2 3 4 5 6 7 8

−5 −4 −3 −2 −1 0 1 2 3 4 5

y

x

D

C

BA

−4

−3

−2

−1

1

2

3

−3 −2 −1 1 2 3 4 5

y = (x + 1)(x − 3)
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The equation and graph of y = f (x) can tell us a lot about the graph of y = 
f x

1
( )

.

•	 Values of x for which f (x) = 0 will be values for which 
f x

1
( )

 will be undefined.

•	 Values of x for which f (x) is positive (or negative) also give positive (or negative) values for 
f x

1
( )

.

•	 The x-coordinate of any local minimum (or local maximum) point on y = f (x) will be the 

x-coordinate of a local maximum (or local minimum) point on y = 
f x

1
( )

.

How does your sketch of 

	 y = 
x x+ −

1
( 1)( 3)

compare with the graph on the right?

With the quadratic (x + 1)(x - 3) 
equalling zero when	 x = -1 
and when	 x = 3 
it follows that 

	 y = 
x x+ −

1
( 1)( 3)

will be undefined for	 x = -1 
and for	 x = 3, 
as shown in the graph.

We say that y = 
x x+ −

1
( 1)( 3)

 is not continuous at x = -1 and at x = 3.

Notice from the graph that as we travel along the curve approaching x = -1 from the left hand side the 
function heads off towards very large positive numbers.

We say that as x tends towards -1 from the left, y tends to positive infinity.

We write:	 As x → -1-	 then	 y → +∞.

If instead we approach x = -1 from the right hand side, the function heads off towards very large 
negative numbers.

I.e. 	 As x → -1+	 then	 y → –∞.

Similarly	 As x → 3-	 then	 y → –∞ 
and	 as x → 3+	 then	 y → +∞.

1 2

y

x

−4

−3

−2

−1

1

2

3

−3 −2 −1 3 4 5

=
+ −

y
x x

1
( 1)( 3)

( )−1, 1
4

( )−0, 1
3
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With access to a graphic calculator we can very quickly display the graph of a function. However 
there are often features of the graph that should be obvious to us as soon as we see the equation of 
the function.

For example, we should not need to view the graph of y = 
x −

1
1

 to realise that:

•	 The function is undefined for x = 1. (x = 1 will be a vertical asymptote.)

	 Indeed, as x approaches 1 from ‘the greater than 1 side’  
(imagine substituting x = 1.01, x = 1.001, x = 1.0001 etc) then y → +∞.

		  As x → 1+ then y → +∞.

	 and, as x approaches 1 from ‘the less than 1 side’  
(imagine substituting x = 0.99, x = 0.999, x = 0.9999 etc) then y → –∞.

		  As x → 1- then y → - ∞.

•	 There is no x value that gives y = 0 but,	 as x → +∞ then y → 0+ 
	 and	 as x → –∞ then y → 0-

These facts can be confirmed on the graph of 

y = 
x −

1
1

 

shown on the right.

The graph of y = f x
g x
( )
( )

 for f(x) and g(x) polynomials

The examples that follow involve sketching graphs of rational functions where both numerator and 
denominator are polynomials. Such functions are usually sketched by first considering some or all of

•	 intercepts with the axes,

•	 behaviour as x → ±∞.

•	 vertical asymptotes,

•	 turning points,

and any other relevant information apparent from the equation, for example symmetry.

Also, if the order of f (x) ≥ the order of g(x), i.e. if the algebraic fraction is improper, we may also 
consider rearranging the expression to ‘break down’ the improper fraction.

−2 −1 1 2 3

y

x

−10

−5

5

10

=
−

y
x

1
1
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Note	 •	 The behaviour of 
f x
g x

( )
( )

 as x → ±∞ can be determined by considering the ‘dominant powers’ 

of f (x) and g(x).

	 For example, consider y = 
x x
x x

+ −
− +

3 2 5
2 6

.
2

2     As x → ±∞,    y  → 
x
x

3
2

2

2

		  = 
3
2

.     (x ≠ 0)

	 The reader should check the correctness of this by viewing the graph of the function on 
a calculator. 

•	 Using calculus to determine any turning points on the graph of y = 
f x
g x

( )
( )

 will generally 

require use of the quotient rule for differentiation. It is assumed that you will have recently 
encountered this rule in your concurrent study of Unit Three of Mathematics Methods.

EXAMPLE 18

Make a sketch of the function with equation y = 
x
x

−
−

4
2

.

Solution
The given fraction is improper so we could consider breaking it down:

	 y  = 
x
x

−
−

4
2

	 = 
x

x
− −

−
2 2

2

		  = 
x

−
−

1
2

2

If	 x = 4,    y = 0.    Cuts x-axis at (4, 0).

If	 x = 0,    y = 2.    Cuts y-axis at (0, 2).

As	 x → ±∞,    y → 
x
x

,  i.e. 1.  = −
−

→ +∞ →

→ −∞ →

















−

+

Indeed, from 1
2

2
, as , 1 ,

and, as , 1 .

y
x

x y

x y

If	 x = 2,    y is undefined.    x = 2 is a vertical asymptote.  → → −∞

→ → +∞















+

−

Indeed, as 2 , ,

and as 2 , .

x y

x y

If	 y = 
x
x

−
−

4
2

,  using the quotient rule	
dy
dx

  = 
x x

x
− − −

−
( 2)(1) ( 4)(1)

( 2)2

		  = 
x −

2
( 2)2   ≠  0

There are no stationary points (and the gradient is always positive).

With this information (and even without the information bracketed above) a sketch can be 
completed. See the next page.
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(0, 2)

(4, 0)

(0, 2)

(4, 0)

y = 1

x 
= 

2

y = 1

x 
= 

2y

x

y

x

EXAMPLE 19

Make a sketch of the function with equation y = 
x

x x
−
+

2 1
( 4)

.

Solution
If	 x = 0.5,	 y = 0.	 Cuts x-axis at (0.5, 0).

If	 x = 0,	 y is undefined.	 x = 0 	 is a vertical asymptote.
			   Indeed, as x → 0+,	 (consider, for example, x = 0.01)	 y → –∞,
			   and as x → 0-,	 (consider, for example, x = -0.01)	 y → +∞.

If	 x = -4,	 y is undefined.	 x = -4 	 is a vertical asymptote.
			   Indeed, as x → -4+,	 (consider, for example, x = -3.9)	 y → +∞,
			   and as x → -4-,	 (consider, for example, x = -4.1)	 y → –∞.

As	 x → ±∞,	 y → 
x

x
2

,2  i.e. 
x
2

. 	 As x → +∞, y → 0+.    As x → –∞, y → 0-.

If	 y = 
x

x x
−
+

2 1
( 4)

,  using the quotient rule, and simplifying, gives 
dy
dx

  = 
− − +

+
2( 2)( 1)

( 4)2
x x
x x

There are stationary points when x = -1 and when x = 2.

When x = -1, y = 1. When x = 2, y = 0.25. Stationary points exist at (-1, 1) and (2, 0.25).

The nature of each of these can be determined by considering the gradients either side of x = -1 
and x = 2, or the sketch can be completed using the facts already determined.

(−1, 1)

(0.5, 0)

(2, 0.25)

Stationary points

x 
= 

−4

y

x

(−1, 1)

(0.5, 0)

(2, 0.25)

x 
= 

−4

x

y

Note:	 From the shape of the graph there must also be a point of inflection (not horizontal) to the 
right of the local maximum.
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EXAMPLE 20

Sketch the graph of the function y = 
x
x

−
−

4
1

.
2

Solution

Note that	 y  = 
x
x

−
−

4
1

2

	 and	 y  = 
x
x

−
−

4
1

2

	 = 
x x

x
+ −

−
( 2)( 2)

1
		  = 

x x x
x

− + −
−

( 1) 4
1

			   = 
x x

x
x

x
−

−
+ − −

−
( 1)

1
( 1) 3

1

			   =  x
x

+ −
−

1
3

1

If	 x = 2,	 y = 0.	 Cuts x-axis at (2, 0).

If	 x = -2,	 y = 0.	 Cuts x-axis at (-2, 0).

If	 x = 0,	 y = 4.	 Cuts y-axis at (0, 4). 

As	 x → ±∞,	 y → x + 1.	 The line y = x + 1 will be an oblique asymptote.

			   As x → +∞, y → (x + 1)-.	 As x → –∞, y → (x + 1)+.

If	 x = 1,	 y is undefined.	 x = 1 is a vertical asymptote.

			   As x → 1+, y → –∞.	 As x → 1-, y → +∞.

If	 y = 
x
x

−
−

4
1

,
2

 using the quotient rule	
dy
dx

  = 
x x x

x
( 1)(2 ) ( 4)(1)

( 1)

2

2
− − −

−

		  = 
x x

x
− +

−
2 4

( 1)

2

2

		  x2 - 2x + 4  =  0 has no real solutions.

		  Hence no stationary points. 

Placing this information on a graph, below left, the sketch can be completed, below right.

(−2, 0)

(0, 4)

(2, 0)

x 
= 

1

y =
 x 

+ 1

x

y

(−2, 0)

(0, 4)

(2, 0)

x 
= 

1

y =
 x 

+ 1

x

y
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EXAMPLE 21

Sketch the graph of the function y = 
x
x

+
+

3
3

.

Solution
The immediate reaction may be to simply ‘cancel the (x + 3)s’, to give y = 1.

However, if we do this, we must remember that the initial function is undefined for x = -3.

Thus	 y  = 
x
x

+
+

3
3

	 =  1,      x ≠ -3

The function is sketched on the right.

The open circle shows a point of discontinuity.  
The function is not defined for x = -3.

EXAMPLE 22

Sketch the graph of the function y = 
x

x x
−
−

4
( 2)

.
2

Solution

Note that	 y  = 
x

x x
−
−

4
( 2)

2

	 = 
x x

x x
− +

−
( 2)( 2)

( 2)

	 = 
x

x
+( 2)

	 x ≠ 2.

	 = 
x

+1
2

	 x ≠ 2

The graph will be that of y = 
x
1

 dilated  × 2,  

translated 1 unit ↑, with x ≠ 2.

Also note that if x = -2, y = 0.

Cuts x-axis at (-2, 0).

(−3, 1)

y = 1

x

y

= +
+

y
x
x

3
3

(−2, 0)

(2, 2)
y = 1

x

y

= −
−

y
x

x x
4

( 2)

2
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EXAMPLE 23

Make a sketch of the function y = 
x x

x
+ +

−
2 1

2
.

2

Solution

Note that	 y  = 
x x

x
+ +

−
2 1

2

2

	 and	 y  = 
x x

x
+ +

−
2 1

2

2

	 = 
x
x

+
−

( 1)
2

2

		  = 
x x x

x
− + − +

−
( 2) 4( 2) 9

2

			   =  x
x

+ +
−

4
9

2

If	 x = -1,	 y = 0.	 Cuts (or perhaps touches) x-axis at (-1, 0).
If	 x = 0,	 y = -0.5.	 Cuts y-axis at (0, -0.5). 
As	 x → ±∞,	 y → x + 4.	 The line y = x + 4 will be an oblique asymptote.
			   As x → +∞, y → (x + 4)+. 	 As x → –∞, y → (x + 4)-.
If	 x = 2,	 y is undefined.	 x = 2 is a vertical asymptote.
			   As x → 2+, y → +∞. 	 As x → 2-, y → –∞.

If	 y = 
x x

x
+ +

−
2 1

2
,

2

 using the quotient rule	
dy
dx

  = 
x x x x

x
− + − + +

−
( 2)(2 2) ( 2 1)(1)

( 2)

2

2

		  = 
x x

x
− −

−
4 5

( 2)

2

2

		  = 
x x

x
− +

−
( 5)( 1)

( 2)2

There are stationary points at (-1, 0) and at (5, 12). Their nature can be determined as shown 
below (or the sketch can be completed from the facts already determined).

Gradient either side of x = -1 Gradient either side of x = 5

x = -1.1 x = -1 x = -0.9 x = 4.9 x = 5 x = 5.1

x - 5 -ve -ve -ve -ve zero +ve

x + 1 -ve zero +ve +ve +ve +ve

− +
−

( 5)( 1)
( 2)2

x x
x

+ve zero -ve -ve zero +ve

/ — \ \ — /

Local maximum point at (-1, 0) and a local minimum point at (5, 12).

(0, −0.5)

(−1, 0)

(5, 12)

x 
= 

2

y = x + 4

x 

y

(0, −0.5)

(−1, 0)

maximum

minimum

(5, 12)

x 
= 

2

y = x + 4

x 

y
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Exercise 3D

For what values of x will the following functions have vertical asymptotes?

	 1	 y = 
x
2

	 2	 y = 
x −

5
1

	 3	 y = 
x x− −

5
( 3)(2 1)

	 4	 y = 
x
x

+
−

3
3

What values of y cannot be obtained from each of the following functions if x can take all real values 
for which the function is defined?

	 5	 y = 
x
3

	 6	 y = 
x

+2
3

	 7	 y = 
x +

1
1

	 8	 y = 
x
x

−
+

1
1

For each of the following, complete statements of the form: 
	 As x → +∞ then y → ???? 
	 and    as x → –∞ then y → ????.

	 9	 y = 
x −

1
5

	 10	 y = 
x
x

+
−

2
2

	 11	 y = 
x x

x
+ −

+
5 7 3

6

2

2 	 12	 y = 
x x
x

+
+

3 ( 2)
12

	13	 For y = 
x −

1
3

 copy and complete:

As x → 3+ then y → ????	 and	 as x → 3- then y → ????

	14	 For y = 
x−

1
1

 copy and complete:

As x → 1+ then y → ????	 and	 as x → 1- then y → ????

	15	 For y = 
x

x
+ 15

2  copy and complete:

As x → 0+ then y → ????	 and	 as x → 0- then y → ????

	16	 Given that the equations of each of the following sketch graphs are in the equations box below, 
select the appropriate equation.

a	 	 b	 	 c	

Equations Box

y = 
x+

1
(3 )2     y = 

x x+ −
1

( 3)( 3)
    y = 

x−
1

(3 )
    y = 

x x+ −
1

(3 )(3 )
    y = 

x −
1

( 3)2     y = 
x −

1
( 3)

x 

y

3 x

y

−3 3 x

y

3
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	17	 Sketch both y = (x + 2)(x - 2) and y = 
x x+ −

1
( 2)( 2)

on the same set of axes.

Once completed, check the correctness of your sketch by viewing the graphs of the functions on 
a graphic calculator.

18	 The graph of y = f (x) is shown on the right.

Produce a sketch of y = 
f x

1
( )

.

	19	 The graph of y = g(x) is shown on the right.

Produce a sketch of y = 
g x

1
( )

.

Without the assistance of a graphic calculator, make sketches of the graphs of the following functions.

	20	 y = 
x
x

+
−

3
1

	 21	 y = 
x
x

−
+

2 4
2

	22	 y = 
x
x

−
−

2( 4)
4

	 23	 y = 
x

x x
−
+

9
( 3)

2

	24	 y = 
x

x x
−
+

36(2 )
( 6)

	 25	 y = 
x

x x
−

+
1
( 3)

	26	 y = 
x

x − 12 	 27	 y = 
x x

x
− −

−
( 4)( 1)

2

	28	 y = 
x x

x
+
−

3
1

2

	 29	 y = 
x x

x x x
− −

− −
3 4

2 3

2

3 2

	30	 y = 
x x x− +

3
3 33 2 	 31	 y = 

x
x − 2

3

(0, b)
(c, d)

y = f (x)

(a, 0) (e, 0) x

y

(b, c)
(0, d)

(e, 0)

(i, 0)

(g, h)

(a, 0) x

y



ISBN 9780170395274 3. Functions 77

Absolute value – extension activity

How would you construct the graph of  x y+  = 8?

One approach is to consider each of the four quadrants in turn:

In the first quadrant x > 0 and y > 0 so we draw x + y = 8 in this quadrant:

In the second quadrant x < 0 and y > 0 so we draw -x + y = 8 in  
this quadrant:

Continuing in this way we would draw -x - y = 8 in the third  
quadrant and x - y = 8 in the fourth quadrant, to give the graph  
of  x y+  = 8.

Alternatively we could consider  x y+  = 8 as y = 
x y

x y

8 for 0

8 for 0
.

− ≥

+ <







Produce graphs of each of the following:

•	 x y− = 8 	 •	 x y+ =2 10

•	 x y− =3 2 24 	 •	 y x= −4 2

•	 x y x+ = 42 	 •	 x y x+ = 42

•	 y x x= + −2 82 	 •	 y x x= + −2 82

y

x

1st
Quadrant

2nd
Quadrant

4th
Quadrant

3rd
Quadrant

y

x−10 10

10

−10

y

x−10 10

10

−10

y

x−10 10

10

−10
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Rational functions – extension activity

The graph of f (x) = 
x

x x
−
+

3 2
( 2)

 is shown on the right.

Notice that there seems to be a horizontal band, 
shown shaded in the diagram, in which the 
function does not appear.

Using calculus, or a graphic calculator, to 
determine the coordinates of the turning points 
we can say that the range of f (x) includes y ≤ 0.5 
and also y ≥ 4.5, but excludes 0.5 < y < 4.5.

An alternative approach for determining this range of values y can take uses a quadratic equation 
approach and is shown below.

Let	 y  = 
x

x x
−
+

3 2
( 2)

Then for x ≠ 0 and x ≠ -2	 yx(x + 2)  =  3x - 2 
	 yx2 + 2yx  =  3x - 2 
	 yx2 + (2y - 3)x + 2  =  0� [1]

If y = 0 equation [1] reduces to -3x + 2 = 0, giving x = 
2
3

,  the x-axis intercept.

If y ≠ 0 equation [1] is a quadratic equation.

ax2 + bx + c has real solutions if 	 b2 - 4ac  ≥  0. 
Thus from [1], for real x,	 (2y - 3)2 - 4(y)(2)  ≥  0 
	 4y2 - 20y + 9  ≥  0 
	 (2y - 9)(2y - 1)  ≥  0

y < 0.5 0.5 < y < 4.5 y > 4.5

2y - 9 -ve -ve +ve

2y - 1 -ve +ve +ve

(2y - 9)(2y - 1) +ve -ve +ve

Thus for real x we must have y ≤ 0.5 or y ≥ 4.5 which agrees with the values mentioned earlier, 
found using calculus or a graphic calculator.

Before the availability of graphic calculators, the above method was used to give useful information 
about the range of a function. Whilst it is not suggested we would use it very often now when we 
can view the graph on a calculator so easily, do attempt the following by the above method and 
then check that your answers agree with the display from a graphic calculator.

	 1	 y = 
x

x x
−

+
9(2 1)

( 12)
	 2	 y = 

x
x x

+
+ +

2 2
12  	 3	 y = 

x
x x

+
+ +
8 7

2( 1)( 2)

	 4	 y = 
x

x x
−

− −
4

( 3)( 5)
	 5	 y = 

x
x x

−
− −
3 10

( 2)( 3)
	 6	 y = 

x
x x

+
+ +

3 2
(7 5 1)2

x 
= 

−2

x

y

3 2
( 2)

y
x

x x
= −

+
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Miscellaneous exercise three

This miscellaneous exercise may include questions involving the work of this chapter, the 
work of any previous chapters, and the ideas mentioned in the Preliminary work section at 
the beginning of the book.

	 1	 Without the assistance of your calculator find all values of x, real and complex, for which:

	 x3 + 7x2 + 19x + 13 = 0

	 2	 The graph on the right shows the function 

	 y = 
x x− +

1
( 1)( 3)

.

a	 State the values of a and b.

b	 By considering the coordinates of the 
turning point of

		  y = (x - 1)(x + 3)

	 find the coordinates of point C, the local 
maximum point.

	 3	 The graph on the right shows some function y = f (x).

Produce sketches of the graphs of each of the following:

a	 y = -f (x)	 b	 y = f (-x)

c	 y =  f x( ) 	 d	 y =  f x( )

	 4	 Sketch the graph of

a	 y =  x a− ,  a > 0,

b	 y =  x a−2 ,  a > 0.

Hence determine the values of x for which  x a x a− ≤ −2 .

	 5	 The graph on the right shows the function
f (x) = (x - 2)2 - 1

for a restricted domain.

a	 State the domain and range of f (x) shown in the diagram.

With the domain of f (x) as shown in the graph:

b	 state the domain and range of f -1(x),

c	 show f (x) and f -1(x) on a single sketch,

d	 find an algebraic expression for f -1(x).

x 
= 

a

x 
= 

b

x

y

C

x

y

(2, −1)

(3, 0)

(4, 3)

x

y

−1
−1 1 2 3 4

1

2

3
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	 6	 Find the values of the scalars p and q in each of the following cases given that a and b are  
non-parallel, non-zero vectors.

a	 pa = qb	 b	 (p - 3)a = qb

c	 (p + 2)a = (q - 1)b	 d	 pa + 2b = 3a - qb

e	 pa + qa + pb - 2qb = 3a + 6b	 f	 pa + 2a - 2pb = b + 5qb - qa

	 7	 If a = 2i + 4j and b = 5i - 3j express each of the following in the form pa + qb, where p and q are 
suitably chosen scalars.

a	 -9i + 21j	 b	 4i - 18j

c	 -7i + 12j	 d	 -34i + 23j

	 8	 a	 Determine, in exact cartesian form, the complex number z for which:

z
i

i
1 3 2 3

3 5 3
= − +

+

b	 Write the z of part a in exact polar form.

	 9	 Simplify 
− π





1

4 cis
6

 giving an exact answer in the form a + ib.

	10	 The four complex numbers z, p, q and w shown on the  
Argand diagram on the right all have the same magnitude  
and p is perpendicular to z, q is perpendicular to p, and w  
is perpendicular to q.

Express p, q and w in terms of z.

	11	 If z = 2 cis
π



4

 and w = 1 cis
π



6

 express each of the following in the form r cis θ with r ≥ 0 and  

-π < θ ≤ π.

a	 zw	 b	
z
w

	 c	 w2

d	 z3	 e	 w9	 f	 z9

	12	 Express  i− +( 3 )  in the form r cis θ with r ≥ 0 and -π < θ ≤ π.

Hence use de Moivre’s theorem to simplify  i− +( 3 ) .12

Im

Re

p

q

z

w
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Note
In this chapter we are considering two-dimensional vectors and lines, hence the mention of ‘in the x–y plane’ 
in the chapter title. The next chapter will consider similar concepts in three-dimensional space.

Situation

Two ships, A and B, have the following position vectors, r, and velocity vectors, v, at 7 a.m. one morning.

	 rA  =  (186i + 44j) km.	 vA  =  (8i + 12j) km/h.

	 rB  =  (228i + 58j) km.	 vB  =  (-16i + 4j) km/h.

At the same time a third vessel, C, has position and velocity vectors as follows.

	 rC  =  (215i + 101j) km.	 vC  =  (-12i - 16j) km/h.

Prove that if A and B continue with their stated velocities they will collide and find the time of collision 
and the position vector of its location.

At the moment of impact between A and B, vessel C, responding to a distress call, immediately changes 
direction and heads to the scene of the collision at one-and-a-half times its previous speed. How many 
minutes after the collision occurred does vessel C arrive on the scene?
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Interception/collision
Suppose that an object is at a point A, position vector a,  
and is moving along the path shown dashed in the diagram, 
with velocity v.

After a further t units of time the object will be at a point R, 
position vector r, where

	 r = a + tv	 [1]

r, the position vector of the object at time t, is a function of time. Substituting a particular value of t 
into equation [1] will give the position vector of the object at that time. Being a function of time we 
could write the position vector as r(t).

Did you use this idea to solve the situation on the previous page? Example 1 is similar to that situation 
and the method of solution uses the above idea. (This approach is not the only way of solving the 
situation and you may well have used a different method.)

EXAMPLE 1

At noon, boats P and Q have position vectors (r) and velocity vectors (v) as follows:

	 rP  =  -85i km.	 vP  =  (6i + 8j) km/h.

	 rQ  =  (-95i + 40j) km.	 vQ  =  (10i - 8j) km/h.

a	 Prove that if P and Q continue with these velocities they will collide and find the time of 
collision and the position vector of its location.

b	 How far from the scene of the collision is the nearest coastal heliport, position vector 
-56i + 68j, the helicopter base from which help will arrive?

Solution

a	 Position vector of P, t hours past noon:	 rP(t)  =  -85i + t(6i + 8j) 
	 =  (6t - 85)i + 8tj

	 Position vector of Q, t hours past noon:	 rQ(t)  =  -95i + 40j + t(10i - 8j) 
	 =  (10t - 95)i + (40 - 8t)j

	 The ships will collide if, for some value of t,	 rP(t)  =  rQ(t) 
i.e.	 (6t - 85)i + 8tj  =  (10t - 95)i + (40 - 8t)j

	 Equating the i components	 6t - 85  =  10t - 95 
	 t  =  2.5

	 Equating the j components	 8t  =  40 - 8t 
	 t  =  2.5

	 Thus when t = 2.5 the position vectors of P and Q have the same i components and the same 
j components. i.e. P and Q are in the same place at 2.30 p.m.

	 At this time	 rP  =  rQ 
	 =  -70i + 20j

	 P and Q will collide at 2.30 p.m. at position vector (-70i + 20j) km.

A v
R

a

r
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b	 The vector from the location of the collision, to the heliport  
will be 

→ 
CH (see diagram).

		
→ 

CH  = 
→ 
CO + 

→ 
OH 

		  =  – (-70i + 20j) + (-56i + 68j) 
		  =  14i + 48j 

	 \	
→ 

CH � =  +14 482 2  km 
=  50 km.

	 The scene of the collision is 50 km from the coastal heliport.

In the Preliminary work it was mentioned that the vector ai + bj is sometimes written as the ordered pair 

a b,  and sometimes as a column matrix 
a
b

.





The latter notation is used in the working of the next example.

EXAMPLE 2

The position vectors (r) and velocity vectors (v) of two ships A and B at certain times on a 
particular day were as follows:

At 9.00 a.m.	 rA  =  (30i + 50j) km.	 vA  =  (12i - 3j) km/h.

At 9.30 a.m.	 rB  =  (48i + 30j) km.	 vB  =  (8i + 2j) km/h.

Show that if the two ships continue with these velocity vectors they will not collide.

Solution

At t hours past 9 a.m.	 rA(t)  =  t
30
50

12
3







+ −






	 = 
t

t
30 12
50 3

+
−







	 rB(t)  =  t
48
30

0.5
8
2( )





+ − 





        (t ≥ 0.5)

	 = 
t
t

44 8
29 2

+
+







Position vectors of A and B will have same i component when	 30 + 12t  =  44 + 8t 
	 i.e. when	 t  =  3.5

Position vectors of A and B will have same j component when	 50 - 3t  =  29 + 2t 
	 i.e. when	 t  =  4.2

The same i component of position vector occurs at 12.30 p.m. but the same j component occurs 
at 1.12 p.m. Thus A and B do not collide.

O

Local heliport
H

Location of
collision

C
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Exercise 4A

	 1	 At the times stated, the position vectors (r) and velocity vectors (v) of bodies A, B, C, D, E and F 
are as follows:

	rA  =  (5i + 4j) km	 vA  =  (10i - j) km/h	 at 	 8 a.m.

	rB  =  (6i - 8j) km	 vB  =  (2i + 8j) km/h	 at 	 8 a.m.

	rC  =  (2i + 3j) km	 vC  =  (-4i + 3j) km/h	 at 	 8 a.m.

	rD  =  (9i - 10j) km	 vD  =  (10i + 6j) km/h	 at 	 7 a.m.

	rE  =  (16i + 7j) km	 vE  =  (-4i + 3j) km/h	 at 	 9 a.m.

	rF  =  (2i + 3j) km	 vF  =  (12i - 8j) km/h	 at 	 8.30 a.m.

In each case write, in the form f (t)i + g(t)j, an expression for the position vector of the body t hours 
after 8 a.m. (Assume each velocity continues unchanged.)

	 2	 A ship has a position vector (7i + 10j) km at 5 a.m. and is moving with velocity vector (3i + 4j) km/h. 
If the ship continues with this velocity what will be its position vector at

a	 6 a.m.?	 b	 7 a.m.?	 c	 9 a.m.?

d	 What is the speed of the ship?

e	 At 8 a.m, how far is the ship from a lighthouse, position vector (21i + 20j) km?

	 3	 With respect to an origin O a boat has position vector (9i + 36j) km at 10 a.m. and is moving with 
velocity (2i + 12j) km/h. Assuming that the boat had been travelling at that velocity for some hours 
what was its position vector at 9 a.m.? 
How far was the boat from O at

a	 9 a.m.?	 b	 8 a.m.?

	 4	 At 3 p.m. one day two ships A and B have position vectors, r km, and velocity vectors, v km/h, 
as follows:

	 rA  =  21i + 7j	 vA  =  10i + 5j

	 rB  =  25i - 6j	 vB  =  7i + 10j

Assuming both ships maintain these velocities, how far apart will the ships be at

a	 3 p.m.?	 b	 4 p.m.?	 c	 5 p.m.?

	 5	 At 8 a.m. one morning two ships A and B have position vectors, r km, and velocity vectors, v km/h, 
as follows:

	 rA  =  -5i + 13j	 vA  =  7i - 2j

	 rB  =  –3j	 vB  =  -3i + 2j

Assuming both ships maintain these velocities, how far apart will the ships be at

a	 9 a.m.?	 b	 10 a.m.?
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	 6	 At 8 a.m. one morning two ships A and B have position vectors, r km, and velocity vectors, v km/h, 
as follows:

	 rA  =  28i - 5j	 vA  =  -8i + 4j

	 rB  =  24j	 vB  =  6i + 2j

a	 Obtain an expression in the form f (t)i + g(t)j for the position vector of each ship t hours 
after 8 a.m.

b	 When will the ships be 25 km apart?

For each of the following determine whether the ships A and B will collide if they continue with the 
velocities given below. For those that do collide, find when this occurs and the position vector of the 
scene of the collision.

	 7		 rA  =  (12i + 61j) km	 vA  =  (7i - 8j) km/h	 at 	 8.00 a.m.

	rB  =  (57i - 29j) km	 vB  =  (-2i + 10j) km/h	 at 	 8.00 a.m.

	 8		 rA  =  (-11i - 8j) km	 vA  =  (7i - j) km/h	 at 	 8.00 a.m.

	rB  =  (-2i - 4j) km	 vB  =  (4i + 5j) km/h	 at 	 8.00 a.m.

	 9		 rA  =  (24i - 25j) km	 vA  =  (-3i + 4j) km/h	 at 	 8.00 a.m.

	rB  =  (-9i + 33j) km	 vB  =  (2i - 5j) km/h	 at 	 9.00 a.m.

	10		 rA  =  (-6i + 44j) km	 vA  =  (4i - 6j) km/h	 at 	 9.30 a.m.

	rB  =  (2i - 18j) km	 vB  =  (2i + 7j) km/h	 at 	 9.00 a.m.

	11		 rA  =  (-11i + 4j) km	 vA  =  (10i - 4j) km/h	 at 	 noon.

	rB  =  (3i - 5j) km	 vB  =  (7i + 5j) km/h	 at 	 12.30 p.m.

	12	 At 8 a.m. boats P, Q and R have position vectors (r) and velocity vectors (v) as follows:

	 rP  =  (-23i + 3j) km.	 vP  =  (18i + 4j) km/h.

	 rQ  =  (7i + 30j) km.	 vQ  =  (12i - 10j) km/h.

	 rR  =  (32i - 30j) km.	 vR  =  (2i + 14j) km/h.

a	 Prove that if the boats continue with these velocities two of them will collide, stating which 
two it will be, the time of collision and the position vector of its location.

b	 How far will the third boat be from the scene of the collision at the moment it occurs?
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Vector equation of a straight line in the x–y plane
Suppose a ship is at the point with position vector (2i + 5j) km and is moving with a constant velocity 
of (4i + j) km/h.

At a time t hours later the ship will be at the point with position vector r where

r = (2i + 5j) + t(4i + j).

Let us now remove the context of a moving ship and simply consider the line through point A, position 
vector 2i + 5j, and parallel to the vector 4i + j.

Consider points B, C and D on this line and let point O be the origin (see diagram).

B has position vector	
→ 
OB  = 

→ 
OA + 

→ 
AB 

	 =  (2i + 5j) + 1(4i + j) 
	 =  6i + 6j

C has position vector	
→ 
OC  = 

→ 
OA + 

→ 
AC 

	 =  (2i + 5j) + 2(4i + j) 
	 =  10i + 7j

D has position vector	
→ 

OD  = 
→ 
OA + 

→ 
AD 

	 =  (2i + 5j) + (-0.5)(4i + j) 
	 =  4.5j

The position vector of every point on the line through A, position vector 2i + 5j, and parallel to the 
vector 4i + j can be expressed in the form:

2i + 5j + λ(4i + j)    for a suitable choice of the scalar, λ.

For point A,  λ = 0,      for B,  λ = 1,      for C,  λ = 2,      for D,  λ = -0.5.

To generalise:	 Every point on the line through A, position vector a,  
and parallel to the vector b has a position vector that  
can be expressed in the form:

		  r = a + λb

The equation:	 r = a + λb

is	 the vector equation of the line parallel to b and 
through the point with position vector a.

Every point on the line has a position vector that can be expressed in the form a + λb for some suitable 
value λ, and furthermore, any point not lying on the line cannot be expressed in this form.

y

x

D

O

A

B

C

4i + j

2i
 +

 5
j

A

b

a
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EXAMPLE 3

a	 Find the vector equation of the line passing through the point A, position vector 2i + 3j, 
parallel to the vector 4i - 6j.

b	 Determine whether or not each of the following points lie on the line:

	 B, position vector 10i - 9j.    C, position vector 8i - 5j.

Solution
a	 The line through A, position vector a, and parallel to b has vector equation:

		  r  =  a + λb.

	 Thus the line through A, position vector 2i + 3j, and parallel to 4i - 6j 
has vector equation

		  r  =  2i + 3j + λ(4i - 6j). 
i.e.	 r  =  (2 + 4λ)i + (3 - 6λ)j

b	 If B, position vector 10i - 9j, lies on	 r  =  (2 + 4λ)i + (3 - 6λ)j  
there must exist some λ for which	 10i - 9j  =  (2 + 4λ)i + (3 - 6λ)j

	 i.e.	 10  =  2 + 4λ	 and	 -9  =  3 - 6λ 
	 λ  =  2	 and	 λ  =  2

	 Thus a suitable value of λ does exist. 
Point B does lie on r = 2i + 3j + λ(4i - 6j).

	 If C, position vector 8i - 5j, lies on	 r  =  (2 + 4λ)i + (3 - 6λ)j 
there must exist some λ for which	 8i - 5j  =  (2 + 4λ)i + (3 - 6λ)j

	 i.e.	 8  =  2 + 4λ	 and	 -5  =  3 - 6λ

		  λ  = 
3
2

	 and	 λ  = 
4
3

	 Point C does not lie on r = 2i + 3j + λ(4i - 6j).

It is important to realise that with the usual convention of i being a unit vector in the positive 
x direction and j a unit vector in the positive y direction, there is no conflict between:

•	 the vector equation of a straight line,	 r  =  a + λb

and	 •	 the cartesian equation of a straight line,	 y  =  mx + c.

The position vector, r, of any point on the line will obey the rule	 r  =  a + λb.

The cartesian coordinates (x, y) of any point on the line will obey	 y  =  mx + c.

This consistency between the vector equation of a line and the cartesian equation of the same line 
is demonstrated on the next page.

A

b

a
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Consider the line L shown on the right.

This line passes through A, position vector 2i + 2j 
and is parallel to the vector 2i - j.

Thus the vector equation of the line can be written:

	 r  =  2i + 2j + λ(2i - j) 
	 =  (2 + 2λ)i + (2 - λ)j

Now consider some general point P, cartesian 
coordinates (x, y), lying on this line. The position 
vector of P will be xi + yj.

But point P lies on the line and so	 xi + yj  =  (2 + 2λ)i + (2 - λ)j

	 Thus	 x  =  2 + 2λ� [1] 
	 and	 y  =  2 - λ� [2]

Eliminating λ from [1] and [2] gives	 y  =  x− +1
2

3.

This equation is exactly as we would expect for a line passing through (0, 3) and with gradient -0.5.

Thus, as stated, there is no conflict between the vector equation 	 r  =  a + λb 
	 and the cartesian equation	 y  =  mx + c.

Note	 •	 You may find it convenient for this work to write the vector ai + bj in the matrix form 
a
b

.





•	 Equations [1] and [2] above are called the parametric equations of the line and λ is 
called the parameter. It acts as a sort of ‘go-between’ linking x and y. It is the ‘interpreter’ 
through which they relate to each other.

•	 Letters other than λ may be used for the parameter. Indeed if time is involved it makes 
sense to use t rather than λ.

•	 We said that line L passed through A, position vector 2i + 2j and was parallel to  
2i - j and wrote the vector equation as:

		  r  =  2i + 2j + λ(2i - j).� [3]

	 We could equally well have said that the line passed through the point with position  
vector 4i + j and was parallel to 2i - j. We would then have written the vector equation as:

		  r  =  4i + j + λ(2i - j).� [4]

	 Though these equations may appear different both [3] and [4] define the same line. The 
position vector obtained by substituting a specific value of λ into [3] would be obtained 
by substituting (λ - 1) into [4].

	 e.g. � Substituting λ = 2 into equation [3] gives the position vector 6i. This same position 
vector is obtained when λ = 1 is substituted into [4].

	 Thus in some questions, when comparing your vector equation of a line with the one given 
in the answers, do not automatically assume that your answer, because it looks different, is 
wrong. It may simply be a different way, and equally acceptable way, of defining the same line.

1 2 3 4 5

y

x

1

2

3

4

A

L
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EXAMPLE 4

Find a the vector equation, b the parametric equations and c the cartesian equation,  

of the line through the point with position vector 
3
4

,−






 parallel to 
2
5

.





Solution

a	 The vector equation is    r  = 
3
4

2
5−







+ λ 





	 i.e 	 r  = 
3 2
4 5

.
+ λ

− + λ






b	 Considering the general point, position vector 
x
y :





	
x
y







  = 
3 2
4 5

+ λ
− + λ







	 Thus the parametric equations are 
x
y

3 2
4 5

= + λ
= − + λ







c	 Eliminating λ gives:	 x  =  3 + 
y +





2
4

5
	 i.e.	 2y  =  5x - 23.

	 The cartesian equation is 2y = 5x - 23.

	 Alternatively the cartesian equation could be found as follows:

	 If the line is parallel to 2i + 5j it must have gradient 
5
2

.

	 Therefore the equation is of the form	 y  =  2.5x + c

	 But line passes through (3, -4), thus	 -4  =  2.5(3) + c    i.e.  c = -11.5

	 The cartesian equation is y = 2.5x - 11.5.

EXAMPLE 5

Find the vector equation of the line passing through the point A,  
position vector 3i + 7j, and B, position vector 8i + 2j.

Solution

The line is parallel to 
→ 
AB.

Now	
→ 
AB  = 

→ 
AO + 

→ 
OB 

	 =  –
→ 
OA + 

→ 
OB 

	 =  –(3i + 7j) + (8i + 2j) 
	 =  5i - 5j

The line is parallel to 5i - 5j and passes through point A, position vector 3i + 7j. Thus the vector 
equation of the line is	 r = 3i + 7j + λ(5i - 5j). 
	 i.e.	 r = (3 + 5λ)i + (7 - 5λ)j

5

2

A

3i
 +

 7
j

8i + 2j
B

O
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In the previous example, instead of being given a vector parallel to the line and the position vector of 
a point on the line, we were given the position vectors of two points lying on the line.

The general situation is shown on the right with points A and B lying on the  
line, position vectors a and b respectively.

The line is parallel to 
→ 
AB, and	

→ 
AB  =  -a + b 

	 =  b - a

Thus the line passes through point A, position vector a, and is parallel to b - a.

The vector equation of the line through points A and B, position vectors a and b respectively is therefore:

	 r  =  a + λ(b - a)

The answer to the previous example could have been obtained by direct substitution of a = 3i + 7j and 
b = 8i + 2j into the above formula.

The equation: 	 r = a + λ(b - a)

is the vector equation of the line through points A and B, position vectors a and b respectively.

Exercise 4B

For questions 1 to 6 find the vector equation of the line parallel to b and through the point with 
position vector a.

	 1	 a = 2i + 3j,	 b = 5i - j.	 2	 a = 3i - 2j,	 b = i + j.

	 3	 a = 5i + 3j,	 b = -2j.	 4	 a = 5j,	 b = 3i - 10j.

	 5	 a = 
2
3

,−






	 b = 
1
4

.





	 6	 a = 
0
5

,





	 b = 
5
0

.





For questions 7 to 12 find the vector equation of the line passing through the point with position 
vector a and the point with position vector b.

	 7	 a = 5i + 3j,	 b = 2i - j.	 8	 a = 6i + 7j,	 b = -5i + 2j.

	 9	 a = 
6
3

−





	 b = 
2
4







	 10	 a = 
1
3−







	 b = 
3
1

−





	11	 a = 
1
4







	 b = 
1
9

−





	 12	 a = 
5
0







	 b = 
1
4

−
−







A

O

B

a
b
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13	 Points A, B and C lie on the line r = 2i + 3j + λ(i - 4j) and have position vectors given by λ = -1, 
λ = 1 and λ = 2 respectively.

Find	 a	
→ 
AB,	 b	

→ 
BC,	 c	

→ 
AB : 

→ 
BC.

	14	 Find a the vector equation, b the parametric equations and c the cartesian equation of the line 
passing through the point A, position vector 5i - j, and parallel to 7i + 2j.

	15	 Find a the vector equation, b the parametric equations and c the cartesian equation of the line 

passing through the point A, position vector 
2
1

,−






 and parallel to 
3
4

.
−





	16	 Find a the vector equation, b the parametric equations and c the cartesian equation of the line 

passing through point A, position vector 
0
3

,





 and parallel to 
7
8

.−






	17	 Find a the vector equation and b the cartesian equation of the line with parametric equations  
x = 2 - 3λ, y = -5 + 2λ.

	18	 Points D, E and F lie on the line r = 
2
1

1
3−







+ λ
−





 and have position vectors given by λ = -1, λ = 2 

and λ = 3 respectively.

Find	 a	
→ 
EF,	 b	

→ 
ED,	 c	

→ 
DE,

		  d	
→ 
DE : 

→ 
EF,	 e	

→ 
DE : 

→ 
FE,	 f	

→ 
DE : 

→ 
FE.

	19	 Find the vector equation of the line passing through the point A, which has position vector 7i - 2j, 
and which is parallel to the vector -2i + 6j.

Determine whether each of the following points lie on the line.

B, position vector i + 16j.	 C, position vector 2i + 13j.

D, position vector 8i - 7j.	 E, position vector -2i + 5j.

	20	 Find the vector equation of the line passing through the point F, position vector 
4
9

,−






and which 

is parallel to the vector 
1
2

.
−





Determine whether each of the following points lie on the line.

G, position vector 
5
9

.





      H, position vector 
0
1

.−






      I, position vector 
3
5

.
−




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	21	 All of the points A to F, with position vectors as given below, lie on the line

	 r = 
3
1

6
8

.−






+ λ 





A, position vector -3i + aj.	 B, position vector b i + 23j.

C, position vector <-9, c >.	 D, position vector <d, -21>.

E, position vector 
e

12
.





	 F, position vector 
f
f

.





Determine the values of a, b, c, d, e and f.

	22	 Find the vector equation of the line passing through the point with position vector 5i - 6j and 
parallel to the line r = (2 + λ)i + (3 - λ)j.

	23	 Find the vector equation of the line passing through the point with position vector 
6
5







 and 

parallel to the line r = 
2 3
1 4

.
+ λ
− λ







	24	 A ship travels with constant velocity (6i - 10j) km/h and passes through the point with position 
vector (2i + 12j) km. Find the cartesian equation of the path of the ship.

	25	 The line r = 2i + 8j + λ(i - 2j) cuts the x-axis at A and the y-axis at B. Find the position vectors of  
A and B.

	26	 The line r = 
5
4

2
1−







+ λ −






 cuts the x-axis at A and passes through B, position vector 
c

11
.





  

Find the position vector of A and the value of c.

	27	 Points A, B, C and D are collinear and have position vectors 2i + 3j, bi + 7j, 5i - 4j, and -2i + dj 
respectively. Find the vector equation of the line through the four points and the values of b and d.

	28	 The vector equations r = 
5
3

1
4







+ λ 





 and r = 
d c
9 2





+ µ 





 represent the same straight line.  

Find the values of c and d.

	29	 The vector equations r = i - 3j + λ(3i + 4j) and r = ei + 5j + μ(i + fj) represent the same straight 
line. Find the values of e and f.

	30	 Three sets of parametric equations are given below. Which is the ‘odd set out’ and why?

[1]  
x
y

= + λ
= λ +







1 2
3 	 [2]  

x
y

= λ −
= + λ







2 2
1 	 [3]  

x
y

= + λ
= + λ







8 2
6
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Use the concept of the scalar product of two vectors for each of the following questions. 
(See the Preliminary work section if you need to refresh your memory of this concept.)

	31	 Prove that the lines L1 and L2 are perpendicular given that:

L1 has equation r = 
2
4

1
3







+ λ
−





 and L2 has equation r = 
3
1

6
2

.
−





+ µ 





	32	 Line L1 has vector equation r = 
2
1

3
2

.−






+ λ 





 Find the vector equation of the line perpendicular 

to L1 and passing through the point A, position vector 
4
3

.





	33	 Find to the nearest degree the acute angle between the lines L1 and L2 if L1 has equation  

r = 
2
3

1
4







+ λ −






 and L2 has equation r = 
2
1

2
1

.−






+ µ 





Point of intersection of two straight lines
Consider the two lines

	 L1:    r = 
7

17
7
2

,





+ λ −






	 L2:    r = 
16

3
3
2







+ µ 





The lines are straight, and not parallel. (How do we know they are not parallel?) Therefore they must 
intersect somewhere.

The point common to both lines will be such that

	
7

17
7
2

16
3

3
2







+ λ −






= 





+ µ 





i.e.	
+ λ = + µ
− λ = + µ







7 7 16 3
17 2 3 2

Solving simultaneously gives 	 λ = 3 and μ = 4

With λ = 3 line L1 gives	 r  = 
7

17
3

7
2







+ −






	 i.e.	 r  = 
28
11

.





With μ = 4 line L2 gives	 r  = 
16

3
4

3
2







+ 





	 i.e.	 r  = 
28
11

.





Lines L1 and L2 intersect at the point with position vector 28i + 11j.

The next two examples show this same approach applied to determining whether two moving objects 
collide, a situation encountered at the beginning of this chapter.
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EXAMPLE 6

At time t = 0 seconds the position vectors (r m) and velocity vectors (v m/s) of two particles A and B 
are as follows:	 rA  =  4i + 20j	 vA  =  i - j 
	 rB  =  5i + 4j	 vB  =  i + 2j

Determine whether, in the subsequent motion, the paths of the particles cross (or meet). If they do, 
determine the position vector of this point and determine if a collision between the particles is involved.

Solution
At time t1, t1 > 0, particle A will have position vector	 r  =  t

4
20

1
1

.1






+ −






At time t2, t2 > 0, particle B will have position vector	 r  =  t
5
4

1
2

.2






+ 





For these position vectors to be equal:	 t
4

20
1
11







+ −





  =  t

5
4

1
22







+ 





i.e.	
t t
t t

+ = +
− = +







4 5
20 4 2

1 2

1 2

Solving simultaneously gives t1 = 6 and t2 = 5.

With t1 = 6 particle A has position vector	 r  = 
4

20
6

1
1







+ −






	 i.e.	 r  = 
10
14

.





With t2 = 5 particle B has position vector	 r  = 
5
4

5
1
2







+ 





	 i.e.	 r  = 
10
14

.





Thus particles A and B each pass through the point with position vector 10i + 14j, but at different 
times, both greater than zero.

Thus in the subsequent motion the paths of the particles cross at the point with position vector 
10i + 14j but a collision is not involved.

EXAMPLE 7

At time t = 0 seconds the position vectors (r m) and velocity vectors (v m/s) of two particles A and B 
are as given below:
	 rA  =  9i + 55j	 vA  =  -i - 3j

	 rB  =  24i - 5j	 vB  =  -2i + j

Determine whether, in the subsequent motion, the paths of the particles cross (or meet). If they do, 
determine the position vector of this point and determine if a collision between the particles is involved.

Solution
At time t1, t1 > 0, particle A will have position vector	 r  =  t

9
55

1
3

.1






+
−
−







At time t2, t2 > 0, particle B will have position vector	 r  =  t
24

5
2
1

.2−






+
−




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For these position vectors to be equal:	 





+
−
−







9
55

1
31t   =  −







+
−





24
5

2
12t

i.e.,	
t t
t t

− = −
− = − +







9 24 2
55 3 5

1 2

1 2

Solving simultaneously gives t1 = 15 and t2 = 15.

In the subsequent motion, i.e. t > 0, the paths of the particles meet.

With t1 = 15 particle A has position vector	 r  =  





+
−
−







9
55

15
1
3

	 i.e.	 r  = 
−





6
10

.

With t2 = 15 particle B has position vector	 r  =  −






+
−





24
5

15
2
1

	 i.e.	 r  = 
−





6
10

.

Thus particles A and B are each at the point with position vector -6i + 10j at time t = 15 seconds. 
A collision is involved.

Exercise 4C

	 1	 Find the position vector of the point of intersection of lines L1 and L2, vector equations,

L1:  r  =  14i - j + λ(5i - 4j)	 L2:  r  =  9i - 4j + μ(-4i + 6j)

	 2	 Find the position vector of the point of intersection of lines L1 and L2, vector equations,

L1:  r  = 
−





+ λ −






3
4

1
1

, 	 L2:  r  = 
−





+ µ
−





10
2

4
1

.

	 3	 Find the position vector of the point of intersection of lines L1 and L2, vector equations,

L1:  r  = 
−





+ λ −






1
0

4
10

, 	 L2:  r  = 
−
−







+ µ 





5
9

1
7

.

For each of questions 4, 5 and 6 the given information shows the position vectors (r m) and velocity 
vectors (v m/s) of two particles A and B at time t = 0 seconds.

In each case determine whether, in the subsequent motion, the paths of the particles cross (or meet), 
and, if they do, determine the position vector of this point and determine if a collision between the 
particles is involved, explaining your answer.

	 4		 rA  =  16i	 vA  =  3i + 2j

	rB  =  -i + 6j	 vB  =  2i - 3j

	 5		 rA  =  i + 4j	 vA  =  4i + 1j

	rB  =  37i - 20j	 vB  =  -2i + 5j

	 6		 rA  =  i + 19j	 vA  =  2i - j

	rB  =  3i + 8j	 vB  =  3i + j
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Scalar product form of the equation of a straight 
line in the x–y plane
•	 If we are given vector a, the position vector of one point lying on  

a straight line, and vector b, a vector parallel to the line, then the 
line is uniquely defined. This enabled us to write the equation of 
the line as

		  r  =  a + λb.

•	 If we are given the position vectors of two points lying on the line,  
the line is again uniquely defined.

	 This enabled us to write the equation of the line in the form

		  r  =  a + λ(c - a).

•	 A straight line in the i-j plane (or x–y plane) may also be uniquely  
defined by stating vector a, the position vector of one point lying  
on the line, and vector n, a vector in the i-j plane and perpendicular 
to the line.

	 If r is the position vector of a general point lying on the line then  
(r - a) is parallel to the line.

	 Thus	 (r - a) . n  =  0 
i.e.	 r . n - a . n  =  0 
giving	 r . n  =  a . n

	 With a and n known, a . n is a constant and the equation can be written r . n = c.

	 Any point having a position vector that satisfies the equation r . n = c will lie on the line.

In this chapter, where we are only considering coordinates and vectors in two-dimensional space then:

r . n = a. n (or r . n = c) is the vector equation of a line passing through the point with position 
vector a and perpendicular to the vector n.

r . n = a . n (or r . n = c) is the scalar product form of the vector equation of the line. It may also be 
referred to as the normal form of the vector equation of the line. Here the word normal is used 
because of its geometrical meaning of ‘perpendicular’ rather than its common meaning of ‘usual’.

However, as we will see in the next chapter, if we are considering three-dimensional space, this scalar 
product form defines a plane, not a line.

A

a
b

A

C

c

a

A

n

r
a
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EXAMPLE 8

Find	 a	 the vector equation in scalar product form,

and	 b	 the cartesian equation,

of a line perpendicular to 5i - j and passing through point A, position vector 2i + 3j.

Solution
a	 The vector equation of a line passing through the point with position vector a and 

perpendicular to the vector n is:

		  r . n  =  a . n.

	 Thus the vector equation of a line passing through the point with a position vector of 2i + 3j 
and perpendicular to 5i - j is:

		  r . (5i - j)  =  (2i + 3j) . (5i - j) 
	 =  (2)(5) + (3)(-1) 
	 =  7

	 The vector equation of a line perpendicular to 5i - j and passing through point A, position 
vector 2i + 3j, is r . (5i - j) = 7.

b	 If a general point on the line has position vector r = xi + yj then:

		  (xi + yj) . (5i - j)  =  7 
Thus	 (x)(5) + (y)(-1)  =  7 
i.e.	 5x - y  =  7

	 The cartesian equation of a line perpendicular to 5i - j and passing through point A, position 
vector 2i + 3j, is 5x - y = 7 (i.e. y = 5x - 7).

EXAMPLE 9

Find the cartesian equation of the line perpendicular to the vector 4i - 3j and passing through 
point A (1, 4).

Solution
The normal form of the vector equation is:	 r . (4i - 3j) � =  (i + 4j) . (4i - 3j) 

=  (1)(4) + (4)(-3) 
=  -8

Writing r as xi + yj we have	 (xi + yj) . (4i - 3j)  =  -8 
	 (x)(4) + (y)(-3)  =  -8 
	 4x - 3y  =  -8

The required cartesian equation is 4x - 3y = -8.
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Exercise 4D

	 1	 Find the normal form (i.e. scalar product form) of the vector equation of the line perpendicular 
to 3i + 4j and passing through point A, position vector 2i + 3j.

	 2	 Find the normal form (i.e scalar product form) of the vector equation of the line perpendicular 
to 5i - j and passing through point A, position vector -i + 7j.

	 3	 For each of the points A to F given below state whether or not the point lies on the line 
r . (i + 2j) = 12.

Point A, position vector 6j.	 Point B, position vector 6i + 3j.

Point C, position vector 10i.	 Point D, position vector 3i + 6j.

Point E, position vector -4i + 8j.	 Point F, position vector 14i - j.

	 4	 Each of the points U to Z given below lies on the line with vector equation:

	 





=
2
3

10.r .

Point U, position vector ui + 2j.	 Point V, position vector -10i + vj.

Point W, position vector wi - 4j.	 Point X, position vector xi - 2j.

Point Y, position vector 5i + yj.	 Point Z, position vector zi + 6j.

Determine u, v, w, x, y and z.

	 5	 A line is perpendicular to the vector 5i + 2j and passes through point A, position vector i + j.

Find	 a	 the vector equation of the line in scalar product form,

	 b	 the cartesian equation of the line.

	 6	 A line is perpendicular to the vector 2i + 5j and passes through point A, position vector 2i - j.

Find	 a	 the vector equation of the line in scalar product form,

	 b	 the cartesian equation of the line.

	 7	 Prove that r = 2i + 3j + λ(i - 4j) and r . (8i + 2j) = 5 are parallel lines.

	 8	 Find the cartesian equation of the line perpendicular to the vector 8i + 5j and passing through the 
point (-1, 3).

	 9	 Prove that lines L1 and L2 are perpendicular given that:

L1 has equation:	 r  =  5i + 2j + λ(3i - 2j).

L2 has equation:	 r . (6i - 4j)  =  -4.
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Vector equations of curves in the x–y plane
Earlier in this chapter we saw that the vector equation	 r = 2i + 2j + λ(2i - j)

leads to the parametric equations	
x
y

= + λ
= − λ







2 2
2

and, by eliminating λ, the cartesian equation	 y = x− +1
2

3,

the vector equation, the parametric equation and the cartesian equation all representing the same 
straight line.

Curves can be similarly represented as vector equations and parametric equations, and, by eliminating 
the parameter, the cartesian equations we are already familiar with.

For example, the vector equation	 r = (t + 2)i + 3t2j

leads to the parametric equations	
x t
y t

= +
=







2
3 2

and, by eliminating t, the cartesian equation	 y = 3(x - 2)2.

Some calculators can display the graphs of functions defined parametrically.

xt1=t+2
yt1=3 · t2

xt2:
yt2:

xt3:
yt3:

Vector equations of circles in the x–y plane
With a bit of thought, and especially considering the work of an earlier chapter with regard to regions 
in the complex plane, you should be able to predict the form of the vector equation of a circle.

The vector equation of a circle will be a rule involving r, the position vector of a point on the circle, 
that will be true for the position vectors of all points lying on the circle, and not true for the position 
vectors of any points not lying on the circle.

Consider some general point R lying on a circle, centre at the origin and  
radius a, and let the position vector of R be r. For R to lie on the circle 
it must be the case that

r  = a

R
r
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The vector equation  r  = a is the vector equation of the circle centre (0, 0), radius a.

If the point R has the general cartesian coordinates (x, y) then r = xi + yj.

Thus    x y+i j   =  a,    i.e. x2 + y2  =  a2

This is the cartesian equation of a circle centre (0, 0) and radius a.

Note:	 We can write the equation of a circle centre at (0, 0) and radius a in parametric form as:

= θ
= θ







cos
sin

x a
y a

.

The reader should confirm that using the trigonometric identity

	 sin2 θ + cos2 θ = 1

to eliminate the parameter θ, gives the cartesian equation x2 + y2 = a2.

Consider a circle, again with radius a, but now with its centre not at (0, 0),  
but instead at the point with position vector d (= pi + qj ).

Consider some general point R, position vector r, lying on the circle.  
We require a rule that will be true for the position vectors of all points  
lying on the circle and not true for points not lying on the circle.

If D is the centre of the circle then, for R to lie on the circle, we must have 
→ 

DR = a.

i.e. −r d   =  a

This is the vector equation of a circle of radius a and with its centre at the point with position vector d.

If the point R has the general cartesian coordinates (x, y) then r = xi + yj.

If the centre of the circle has coordinates (p, q) then d = pi + qj.

Thus	 x y p q+ − +( ) ( )i j i j   =  a

	 x p y q− + −( ) ( )i j   =  a

i.e. (x - p)2 + (y - q)2  =  a2 

This is the cartesian equation of a circle centre (p, q) and radius a (as the Preliminary work section, and 
chapter two, reminded us).

Note:	 We can write the equation of a circle centre at (p, q) and radius a in parametric form as:

		
x p a
y q a

= + θ
= + θ







cos
sin

Again the reader should confirm that using the trigonometric identity

	 sin2 θ + cos2 θ = 1

gives the appropriate cartesian equation.

O

R

D

r

d
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Remember:	 If we expand	 (x - p)2 + (y - q)2  =  a2 we obtain: 
	 x2 - 2px + p2 + y2 - 2qy + q2  =  a2 

i.e.	 x2 + y2 - 2px - 2qy  =  a2 - p2 - q2 

i.e.	 x2 + y2 - 2px - 2qy  =  (a constant)

	 In this expanded form the cartesian equation of a circle is characterised by:

	 •	 the coefficient of x2 being the same as the coefficient of y2,

	 •	 the only terms being those in x2, y2, x, y and a constant (and of these any two of the 
last three could be zero).

EXAMPLE 10

a	 Find the vector equation of the circle centre (0, 0) and radius 5 units.

b	 For each of the points A, B and C given below determine whether they lie inside, on or outside 
the circle centre (0, 0) and radius 5 units.

	 Point A, position vector 3i - 4j. Point B, position vector 2i + 3j. Point C, position vector 4i - 7j.

Solution
a	 The circle centre (0, 0) and radius a units has vector equation  r  = a.

	 Thus the circle centre (0, 0) and radius 5 units has vector equation  r  = 5.

b	 To lie on the circle, r must be such that  r  = 5.

	 To lie inside the circle, r must be such that  r  < 5.

	 To lie outside the circle, r must be such that  r  > 5.

	 For point A	 r   =  −3 4i j  
	 =  5. 	 Thus A lies on the circle.

	 For point B	 r   =  +2 3i j  
	 =  13 	 Thus B lies inside the circle.

	 For point C	 r   =  −4 7i j  
	 =  65 	 Thus C lies outside the circle.

EXAMPLE 11

Find the vector equation of the circle centre C, position vector 2i + 3j, and radius 5 units. 
Determine whether the point A, position vector 5i - j, lies inside, on or outside the circle.

Solution
The vector equation of a circle of radius a and with its centre at the point with position vector d is:

	 −r d   =  a .

Thus the vector equation of a circle of radius 5 and with its centre at the point with position vector 
2i + 3j is:	 r − +(2 3 )i j   =  5.

For point A	 − +(2 3 )r i j   =  − − +(5 ) (2 3 )i j i j

	 =  −3 4i j

	 =  5        Point A lies on the circle.
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EXAMPLE 12

(As in the Preliminary work, but now with mention of the vector equation.) 
Find the centre, radius and vector equation of the circle with cartesian equation

x2 + y2 + 6y = 10x.

Solution
Given	 x2 + y2 + 6y  =  10x

i.e.	 x2 - 10x + y2 + 6y  =  0

Create gaps: 	 x2 - 10x	 + y2 + 6y	   =  0

Complete the squares:	 x2 - 10x + 25 + y2 + 6y + 9  =  0 + 25 + 9

Hence	 (x - 5)2 + (y + 3)2  =  34

The given circle has its centre at (5, -3) and a radius of  34  units.

The vector equation of the circle is  − − =(5 3 ) 34.r i j

EXAMPLE 13

Find the position vectors of the points where the straight line r = 
−





+ λ 





6
2

1
2

 meets the circle 

− 





=
2
3

5 2.r

Solution
If point A, position vector rA, lies on both the line and the circle then

rA = 
−





+ λ 





6
2

1
2

    and    − 





=
2
3

5 2.r

Substituting the first expression into the second gives:

−





+ λ 





− 





6
2

1
2

2
3

  =  5 2.

λ −
λ −







8
2 1

  =  5 2.

Thus	 (λ - 8)2 + (2λ - 1)2  =  50

Solving:	 λ  =  1	 or	 λ  =  3.

If λ = 1,	 rA  = 
−





5
4

If λ = 3,	 rA  = 
−





3
8

These are the position vectors of the two points common to the line and circle, i.e. the points 
where the line meets the circle.

λ − + λ − = λ
λ = λ =

solve(( 8) (2 1) 50, )
{ 1, 3}

2 2
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Exercise 4E

	 1	 Find the cartesian equations for each of the following parametric equations.

a	
x t
y t

= +
=







4
2 	 b	

x t

y
t

=

=








1

c	 x t
y t

=
=





 2

2
	 d	

x t

y t

= −
=







1
2

	 2	 Find the cartesian equations for each of the following vector equations.

a	 r = (3 - t)i + (4 + 2t)j	 b	 r = (t - 1)i + 
t
1

j

c	 r = (t - 1)i + (t2 + 4)j	 d	 r = (2 + cos θ)i + (1 + 2 sin θ)j

	 3	 Vector equations of the form r = (a cos θ)i + (b sin θ)j define ellipses.

Determine the parametric equations and the cartesian equation of the ellipse with vector equation 
r = (2 cos θ)i + (3 sin θ)j.

Use a graphic calculator capable of displaying the graphs of functions defined parametrically 
to view the ellipse.

	 4	 Vector equations of the form r = (a sec θ)i + (b tan θ)j define hyperbolas.

Determine the parametric equations and the cartesian equation of the hyperbola with vector 
equation r = (-3 sec θ)i + (2 tan θ)j.

Use a graphic calculator capable of displaying the graphs of functions defined parametrically 
to view the hyperbola.

	 5	 Considering only the x–y plane, which of the following equations represent circles?

A:	 r = 2i	 B:	 r  = 6

C:	 r = 6i + 3j	 D:	 − −(5 4 )r i j  = 24

E:	 x2 + y2 + 4x - 8y = 5	 F:	 x2 + 8xy + y2 + 6y = 34

	 6	 a	 Find the vector equation of the circle with centre (0, 0) and radius 25 units.

b	 For each of the points A to D given below, determine whether the point lies inside, on,  
or outside the circle.

	 Point A, position vector 19i - 18j.	 Point B, position vector -20i + 15j.

	 Point C, position vector 14i + 17j.	 Point D, position vector -24i - 7j.

	 7	 Find the cartesian equation of a circle with vector equation  r  = 65.

If each of the following points lie on this circle determine a and b given that a is positive and  
b is negative.

Point A (-52, a).	 Point B (b, 25).

	 8	 Find the vector equation of the circle centre C, position vector -7i + 4j, and radius 4 5  units. 
Determine whether the point A, position vector i + 8j, lies inside, on or outside the circle.
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	 9	 Find the vector equation of each of the following circles.

a	 Centre (1, -5) and radius 9.	 b	 Centre (-3, 4) and radius 10.

c	 Centre (-12, 3) and radius 2 3. 	 d	 Centre (-13, -2) and radius 4.

	10	 Find the cartesian equation of each of the following circles, giving your answers in the form  
x2 + y2 + dx + ey = c.

a	 Centre has position vector 2i + 3j.	 Radius 5.

b	 Centre has position vector -4i + 2j.	 Radius  7.

c	 Centre has position vector 4i - 3j.	 Radius 7.

	11	 Find the radius and position vector of the centre of each of the following circles.

a	 − + =(6 3 ) 5r i j 	 b	 − + =2 3 6r i j

c	 x y− + + =( 3) ( 4) 3i j 	 d	 = 20r

e	 16x2 + 16y2 = 25	 f	 (x - 2)2 + (y + 3)2 = 49

g	 x2 + y2 - 6x - 18y + 65 = 0	 h	 x2 + y2 + 20x - 2y = 20

	12	 Find the distance between the centres of the two circles given below:

	 − − =( ) 6r i j   and  − − =6 11 7.r i j

	13	 The circle  − − =(2 5 ) 5r i j  has centre A and the circle  − + =(5 2 ) 3r i j  has centre B.  
Find the vector equation of the straight line through A and B.

	14	 Point A is the centre of the circle  − − =(3 2 ) 3r i j  and point B is the centre of the circle 
− + =(9 6 ) 7.r i j  Find 

→ 
AB.

Determine whether the circles have two points in common, just one point in common or  
no points in common and justify your answer.

	15	 Point A is the centre of the circle  − − =(3 ) 3r i j  and point B is the centre of the circle 
− + =(13 ) 7.r i j  Find 

→ 
AB.

Determine whether the circles have two points in common, just one point in common or no points 
in common and justify your answer.

	16	 Find the position vectors of the points where the straight line  =
−





+ λ −






10
15

7
3

r  meets the circle 

−
−





=
1
7

29.r

	17	 r = 10i - 9j + λ(4i - 5j) is a tangent to the circle  + − =7 2 41.r i j  Find the position vector of the 
point of contact.
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Closest approach
If two moving particles, each following straight line paths, are not on ‘collision course’ there will be 
a moment in time during the motion when they are closer to each other than at any other time (unless 
they are both travelling at the same velocity and thus constantly maintain the same distance apart).

The distance of closest approach can be determined in a number of ways, as the next example shows.

(If the closest approach occurs for t ≤ 0, then for t > 0, the particles are moving further apart.)

EXAMPLE 14

Suppose that at time t = 0 two particles, A and B have the following position vectors (r metres) and 
velocity vectors (v metres/second):

	 rA  =  10i + 30j	 vA  =  5i + 9j

	 rB  =  40i + 40j	 vB  =  -7i

If the particles continue with these velocities what will be the minimum distance they are apart in 
the subsequent motion?

Solution
Solution using calculus (or by viewing graph)

At time t, t > 0,	 rA  =  10i + 30j + t(5i + 9j) 
		  =  (10 + 5t)i + (30 + 9t)j

	 and	 rB  =  40i + 40j + t(-7i) 
		  =  (40 - 7t)i + 40j

The ‘separation vector’ from B to A at time t will be:

	 rA - rB  =  (-30 + 12t)i + (-10 + 9t)j

If  −A Br r  = d, d ≥ 0, then we require d to be a minimum.

But	 d2  =  (-30 + 12t)2 + (-10 + 9t)2 

	 =  225t2 - 900t + 1000

Viewing the graph of the quadratic function

	 y  =  225x2 - 900x + 1000

on a calculator, or using calculus techniques, we can determine that the minimum value of y,  
i.e. d2, occurs when x, i.e. t, is equal to 2. With d ≥ 0 this will also be when d is minimised.  
For this value of t we have dmin = 10.

The least distance between the particles in the subsequent motion is 10 metres (and occurs when t = 2).

10
i +

 3
0j

40
i +

 40
j

vA
vB

B

A

O
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Solution using relative velocities and trigonometry

From the diagram on the right

	
→ 
AB  =  –(10i + 30j) + (40i + 40j) 

	 =  30i + 10j

If we subtract vB from the velocity of each particle we view the 
situation as seen by an observer on particle B.

	 AvB  =  vA - vB 

	 =  (5i + 9j) - (-7i) 
	 =  12i + 9j

Showing this information in the second diagram we see that the 
minimum distance between A and B in the subsequent motion 
is given by CB.

Now	 sin (φ - θ)  = 
CB
AB

∴	 CB  =  AB sin (φ - θ)

	 =  + φ − θ30 10 sin ( )2 2

But	 tan θ  = 
10
30

  and  tan φ = 
9
12

By determining θ and φ and hence (φ - θ) we obtain CB = 10 km.

The least distance between the particles in the subsequent motion is 10 metres.

Solution using relative velocity and scalar product

Consider triangle ABC from the previous diagram.

Suppose the closest approach occurs at time t, t > 0.

	
→ 
CB  = 

→ 
CA  +  

→ 
AB 

	 =  –[t (12i + 9j)] + 30i + 10j 
	 =  (30 - 12t)i + (10 - 9t)j

→ 
CB is perpendicular to 12i + 9j.	 Thus	 (12i + 9j) . [(30 - 12t)i + (10 - 9t)j]  =  0 
	 ∴	 12(30 - 12t) + 9(10 - 9t)  =  0 
	 giving 	 t  =  2

When t = 2, 
→ 
CB = 6i - 8j and so 

→ 
CB = 10.

The least distance between the particles in the subsequent motion is 10 metres (and occurs  
when t = 2).

10
i +

 3
0j

40
i +

 40
j

vA
vB

B

A

O

10
i +

 3
0j

40
i +

 40
j

B

10

30

A
v B

 = 12i +
 9j

A

C

θφ

O

12i 
+ 9j

30i + 10j

B

A

C
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Distance from a point to a line

EXAMPLE 15

Find the perpendicular distance from the point A, position vector 34i + 12j, to the line L, vector 
equation r = 10i + 14j + λ(5i + 2j).

Solution
Suppose that the perpendicular from A to the line L meets the line at P.  
Suppose also that at P the value of λ is λ1.

Then	
→ 
OP  =  10i + 14j + λ1(5i + 2j)

Now	
→ 
AP  = 

→ 
AO + 

→ 
OP 

	 =  –(34i + 12j) + 10i + 14j + λ1(5i + 2j) 
	 =  (5λ1 - 24)i + (2λ1 + 2)j

Line L is parallel to 5i + 2j and so	(5i + 2j) .  
→ 
AP  =  0 

\	 5(5λ1 - 24) + 2(2λ1 + 2)  =  0 
giving	 λ1  =  4

Hence 
→ 
AP = -4i + 10j and so 

→ 
AP = 2 29.

The perpendicular distance from the point A to the line L is 2 29  units.

Exercise 4F

	 1	 The sketch on the right shows a ship travelling with constant  
velocity (10i + 5j) km/h.

The path of the ship will take it past a fixed offshore drilling 
platform P.

At 8 a.m. the situation is as shown in the sketch with the platform 
having a position vector of (25i + 15j) relative to the ship. How 
close does the ship come to the drilling platform and when does 
this closest approach occur?

	 2	 At time t = 0 seconds particles A and B are moving with velocities  
−

−






10
2

 m/s and 
−
−







2
6

 m/s respectively, the position vector of B 

relative to A being 
−





16
13

 m.

Assuming A and B maintain these velocities find the least distance  
of separation between the particles in the subsequent motion and  
the value of t for which it occurs.

A

O

P

Line L

P

(25i 
+ 15j)

 km

(10i + 5j) km/h

B

vB

vA

A

−16
13






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	 3	 With respect to the location of a mouse, a snake lies in wait at (5i + 6j) m. The mouse moves in 
a direction parallel to the vector i + 2j. The snake, being vectorially astute (!), makes its move when 
the mouse is at the point on its path that is closest to the snake. If this closest distance is x m then:

If	 x ≤ 1	 the snake is certain to catch the mouse. 
If	 1 < x < 2	 the snake is more likely to catch the mouse than miss it. 
If	 x ≥ 2	 the mouse is more likely to escape.

Calculate the value of x and state what is likely to happen.

	 4	 Particles A and B have constant velocities of (3i + 4j) cm/s and -3i cm/s respectively. When  
t = 0 seconds B’s position relative to A is (40i + 5j) cm. Find the least distance between the 
particles during the subsequent motion and the value of t for which it occurs.

	 5	 At 3 a.m. one day the position vectors (r km) and velocity vectors (v km/h) of two ships A and B 
are as follows:

	 rA  =  





30
10

	 vA  =  −






10
5

	 rB  =  −






54
19

	 vB  = 
−





8
7

If the ships continue with these velocities what will be the minimum distance they are apart in the 
subsequent motion?

	 6	 At time t = 0 seconds the position vectors (r m) and velocity vectors (v m/s) of two particles A and 
B are as given below:

	 rA  =  20i - 10j	 vA  =  4i + 5j

	 rB  =  16i + 23j	 vB  =  6i - 3j

If the particles continue with these velocities what will be the minimum distance they are apart 
in the subsequent motion?

	 7	 Find the perpendicular distance from the point A, position vector 14i - 3j, to the line L, vector 
equation r = -5i + 22j + λ(5i - 2j).

	 8	 Find the perpendicular distance from the point A, position vector 





11
18

,  to the line L, vector 

equation r =  −






+ λ 





3
1

3
4

.

	 9	 Find the perpendicular distance from the point A, position vector 
−





3
8

,  to the line L, vector 

equation r = 
−





+ λ −






3
0

2
2

.
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Miscellaneous exercise four
This miscellaneous exercise may include questions involving the work of this chapter,  
the work of any previous chapters, and the ideas mentioned in the Preliminary work section  
at the beginning of the book.

	 1	 Prove that the lines L1 and L2 are perpendicular given that

L1 has equation	 r = 2i + 7j + λ(10i + 4j)

and L2 has equation	 r = 3i - 4j + μ(-2i + 5j).

	 2	 Write the equations of each of the absolute value functions shown below.

a	 	 b	

c	 	 d	

	 3	 Find the radius and the cartesian coordinates of the centre of each of the following circles.

a	 − − =(7 ) 5r i j 	 b	 − − =7 6r i j

c	 x2 + y2 = 18	 d	 (x - 1)2 + (y + 8)2 = 75

e	 x2 + y2 + 2x = 14y + 50	 f	 x2 + 10x + y2 = 151 + 14y

	 4	 The graph of y = f (x) is shown on the right.

Produce sketch graphs of each of the following:

a	 y = -f (x)	 b	 y = f (-x)

c	 y =  f x( ) 	 d	 y =  ( )f x

	

5

−10 −5 5

10
y

x

5

10
y

x−5 5 10

10

5

−5 5

y

x

5

10

−5 5

y

x

5

5

−10 −5 5 10

y

x
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	 5	 a	 3x3 - 11x2 + 25x - 25 = (ax - b)(x2 + cx + 5) for real integers a, b and c. Determine a, b and c.

b	 Showing full algebraic reasoning, find all values of x, real and complex, for which  
3x3 - 11x2 + 25x - 25 = 0.

c	 Check your answers to b using a calculator.

	 6	 Given that f (x) = 
x

−
−

1
1

4
determine

a	 f (-21),	 b	 f [ f (3)].

Viewing the graph of f (x) on your calculator if you wish, determine

c	 the domain of f,	 d	 the range of f.

e	 State the domain and range of f -1 and find its rule.

	 7	 a	 Express the complex number z = 
π



2cis

6
 in cartesian form, a + ib.

b	 Express the complex number w = − −1 3i  in polar form, r cis θ, with r ≥ 0 and -π < θ ≤ π.

c	 Express zw in both polar and cartesian form.

d	 Express 
z
w

 in both polar and cartesian form.

	 8	 For each of the following determine whether the given straight line cuts the circle in two places, 
touches it tangentially or does not touch or cut it at all. For those parts in which the line and the 
circle do meet give the position vector(s) of the point(s) of contact.

a	 The line r = -10i + 24j + λ(5i + j)	 and the circle	 − + =(34 12 ) 2 130.r i j

b	 The line r = -i + 5j + λ(3i - j)	 and the circle	 − + =(3 ) 5.r i j

c	 The line r = -i + 7j + λ(i + 3j)	 and the circle	 − + =(4 2 ) 2 10.r i j

	 9	 Without simply using de Moivre’s theorem, prove that if cis θ = cos θ + i sin θ then

	
θ

1
cis

 = cis (-θ).

10	 a	 If z = cos θ + i sin θ use de Moivre’s theorem to prove that:

	 z
z

k
k+ 1

 = 2 cos (kθ)

b	 If k = 1 then it follows that z
z

+ 1
 = 2 cos θ

Use this fact and the result from a to prove:

	 i	 cos3 θ = 
θ + θcos (3 ) 3cos

4
	 ii	 cos4 θ = 

θ + θ +cos (4 ) 4 cos (2 ) 3
8
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The section on vectors in the Preliminary work section only involved vectors in  
two dimensions, as did the vector work of chapter 4. The unit vectors i and j  
were used to express such two-dimensional vectors in component form.

We take i and j to be unit vectors in the direction of the positive x- and  
y-axes as shown on the right.

To consider vectors in three dimensions we need a third unit vector, k,  
perpendicular to i and j and acting along a z-axis. The positive direction  
of this z-axis will either be into, or out of, the page.

To determine which of these directions to choose we use the ‘right  
hand screw’ convention. If we imagine a normal screw at the origin, 
perpendicular to the x-y plane, being screwed from x to y then the direction 
in which the screw will move gives the positive direction of the z-axis.

Alternatively, with your right hand, point your first finger (index finger) 
in the positive direction of the x-axis and your middle finger in the positive 
direction of the y-axis. Your thumb then gives the positive direction of 
the z-axis.

Thus with i and j as shown the third unit vector, k, will be as illustrated  
on the right, i.e. out of the page.

If we draw x and y axes differently then these right hand  
rules again allow the direction of the positive z-axis to 
be determined.

The vector ideas we have developed for vectors in two dimensions can simply be extended to 
three dimensions.

For example if     a  =  2i + 3j - 4k    and    b  =  5i - 2j + 7k    then:

	 a + b  =  (2i + 3j - 4k) + (5i - 2j + 7k)	 a - b  =  (2i + 3j - 4k) - (5i - 2j + 7k) 
	 =  7i + j + 3k	 =  -3i + 5j - 11k

	 2a  =  2 (2i + 3j - 4k)	 a . b  =  (2i + 3j - 4k) . (5i - 2j + 7k) 
	 =  4i + 6j - 8k	 =  (2)(5) + (3)(-2) + (-4)(7) 
		  =  -24

Which of the following will be  a :

+ + −(2) (3) ( 4)2 2 2       or       ?(2) (3) ( 4)3 3 33 + + −

Attempt the situation on the next page.

y
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j

y

z

x

y

x

j

i

j

i

k
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x
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y
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Situation (Challenging)
It was the year 2100 and, as coincidence would have it, that was also the time of day. Space travel was 
commonplace. The person-made space station located at (0, 0, 0) was the space traffic control point. 
The locations of other space stations, planets and space vehicles were then given with respect to (0, 0, 0).

Victor Lim was on space traffic control duty on space station (0, 0, 0) and was in radio contact with 
three Space Buses A, B and C.

Space Bus A was piloted by Captain Hector. 
Space Bus B was piloted by Captain Over. 
Space Bus C was piloted by Captain Rover.

‘What’s my vector, Victor? Over.’ said Hector.
‘You’re at 1000i - 1500j + 3000k, Hector’ replied Victor. ‘What’s your velocity? Over.’
‘Do you want it as a vector, Victor? Over.’
‘Yes, please. A vector, Hector. Over.’ said Victor, wondering how else Captain Hector thought he would 
give his velocity.
‘It’s 2500i + 3000j - 2000k, over.’
No sooner had Victor checked that the voice input device had correctly assimilated and confirmed 
the data contained in the conversation than the radio again crackled into life. It was Space Bus B and 
Captain Over.
‘Hi Victor, it’s Over, over?’
‘What’s over? Over.’ replied Victor.
‘Nothing’s over, Victor, it’s me Captain Over. I’m just confirming my velocity vector, Victor. 
It’s -2700i - 900j - 1800k, can you confirm my position vector, Victor? Over.’
‘It’s 2200i + 300j + 6600k, Over. Over.’
‘Thank you,’ said Over. ‘Over.’
‘Is that you, Rover? Over.’
‘Yes,’ said Rover. ‘My velocity vector is 3600i + 1800j - 450k, Victor. What’s my position vector? Over.’
‘It’s 100i - 600j + 6150k. Over.’
‘Thanks Victor. Over.’

Questions
Assume that all of the above vectors describe the situation at 2100 hours. 
Assume also that distances are in kilometres and velocities in km/h.

	 1	 How far was Hector from Victor at 2100 hours?

	 2	 How far was Hector from Over at 2100 hours?

	 3	 What was Rover’s speed at 2100 hours?

	 4	 On what vector from Hector is Rover at 2100 hours?

	 5	 Show that unless Over and/or Rover change course they will collide and find the time this would 
occur and the position vector of the location.

	 6	 What is the closest distance Hector comes to Victor and when does this closest distance occur? 
(Give distance to the nearest kilometre and time to the nearest minute.)

	 7	 When is Hector closest to Over? (Answer to the nearest minute and assume it was not Over that 
changed course to avoid collision with Rover.)
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Three-dimensional vectors
The previous situation rather ‘threw you in the deep end’ with regard to vectors in three dimensions. 
However the techniques involved are the same as we used for similar situations involving two 
dimensions, we simply extend these ideas to involve the third dimension. Well done if you managed  
the situation but do not be too worried if you found it challenging, as it was not an easy situation.

Whether you managed the previous situation or not, read through the following examples as they show 
how the two-dimensional vector ideas you are already familiar with can be extended to three dimensions. 
Note especially examples 2 and 4 which use the column matrix form of representing a vector.

In this form of representation the vector ai + bj + ck is written 
a
b
c

.












You may find this column matrix a particularly useful form of representation when three dimensions 
are involved.

EXAMPLE 1

If a = 14i - 5j + 2k and b = i + 2j + 3k find

a	 a + b	 b	 2a - b	 c	 a 	 d	 a unit vector parallel to a.

Solution
a		  a + b  =  (14i - 5j + 2k) + (i + 2j + 3k) 

	 =  15i - 3j + 5k

b	 2a - b  =  2(14i - 5j + 2k) - (i + 2j + 3k) 
	 =  (28i - 10j + 4k) - (i + 2j + 3k) 
	 =  27i - 12j + k

c		  a   =  i j k14 5 2− +

		  =  (14) ( 5) (2)2 2 2+ − +
		  =  15

d	 A unit vector parallel to a is  i j k
1

15
(14 5 2 ).− +

iS
to

ck
.c

om
/

m
ap

ic
ha

i
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EXAMPLE 2

Point A has position vector 












1
5
4

 and point B has position vector 
6
5
6

.
−













  

Find the position vector of the point P that divides AB internally in the ratio 2 : 3.

Solution
If P divides AB in the ratio 2 : 3 then 

→	
AP : 

→	
PB = 2 : 3, as shown in the  

diagram on the right.

	
→	
OP  = 

→	
OA + 

→	
AP

	 = 
→	
OA + 

2
5

→	
AB

But	
→	
OA  = 













1
5
4

	 and  
→	
AB  =  −













+
−













1
5
4

6
5
6

  = 
−













5
0

10

∴	
→	
OP  = 













+
−













1
5
4

2
5

5
0

10
  = 













3
5
0

The point that divides AB internally in the ratio 2 : 3 has position vector 












3
5
0

.

The angle between two lines
In two dimensions two lines that are not parallel must cut each other  
somewhere. This is not the case in three dimensions where two 
non-parallel lines may be such that they have no point in common. 
This is the case with the lines EA and BC in the square based 
pyramid ABCDE shown on the right. EA and BC do not intersect. 
They are said to be skew lines. Skew lines do not intersect and are 
not parallel.

We can still refer to the angle between skew lines but in this case 
we mean the angle between one of the skew lines and another line 
drawn parallel to the second skew line and intersecting the first.

Thus the angle between the skew lines EA and BC would be 
∠EAD because AD is parallel to BC and does meet EA.

A 2 3

O

P B

−6
5
6











4
5
1











E

BA

CD
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EXAMPLE 3

The diagram shows a rectangular prism ABCDEFGH.

AB = 6 cm, BC = 4 cm and CG = 3 cm.

Use vector techniques to find, in degrees and correct to  
one decimal place:

a	 ∠FDB,

b	 the acute angle between the skew lines DB and HE.

Solution
a	 Consider x, y and z-axes as shown on the right.

	 Then	
→	
DF  =  6i + 3j + 4k

	 and	
→	
DB  =  6i + 4k.

	 \	
→	
DF . 

→	
DB  =  (6)(6) + (3)(0) + (4)(4) 

	 =  52

	 \	 52  =  6 3 4 6 0 4 cos FDB2 2 2 2 2 2+ + + + ∠
	 giving	 ∠FDB  ≈  22.6°

b		
→	
DB  . 

→	
HE   =  (6i + 4k) . (4k) 

	 =  16

	 \	 16  =  6 4 (4) cos2 2+ θ  where θ is the required angle.
	 \	 θ  ≈  56.3°

	 The acute angle between the skew lines DB and HE is approximately 56.3°.

EXAMPLE 4

If a = 2i + j - k, b = 3i - 2j + 4k, c = i - 2j + k and d = 9i + 5j + 2k express d in the form λa + µb + ηc.

Solution

	












9
5
2

  =  λ
−













+ µ −












+ η −












2
1
1

3
2
4

1
2
1

Hence	 9  =  2λ + 3µ + η 
	 5  =  λ - 2µ - 2η 
	 2  =  -λ + 4µ + η
Solving simultaneously, with the assistance of  
a calculator, gives

λ = 3, µ = 2 and η = -3.

Thus	 d  =  3a + 2b - 3c.

Note:	 Chapter Six, Systems of linear equations, will consider the solution of three equations in three 
unknowns in more detail. For now, use your calculator to solve the equations simultaneously.

E

H G

F

C

B6 cm
4 cm

3 cm

A

D

E

H G

C

BA

D

y

z

x

F

= λ + µ + η
= λ − µ − η
= −λ + µ + η





 λ µ η

λ = µ = η = −

9 2 3
5 2 2
2 4 , ,

{ 3, 2, 3}
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Exercise 5A

	 1	 Copy each of the following and indicate on your drawing the direction of the positive z-axis.

a	 	 b	 	 c	

	 2	 If a = 2i + 6j + 3k and b = 3i + 8j - k find

a	 a + b	 b	 a - b	 c	 2a + b	 d	 2(a + b)

e	 a . b	 f	 b . a	 g	 a 	 h	 a b+

	 3	 If c = 
−











1
4
3

 and d = 












2
0
4

 find

a	 c + d	 b	 c - d	 c	 2c + d	 d	 2(c + d)

e	 c . d	 f	 d . c	 g	 c 	 h	 c d+

	 4	 If e = <1, 4, -3> and f = <-1, 2, 0> find

a	 e - f	 b	 e - 2f	 c	 2e + f	 d	 e + f

e	 e . f	 f	 (2e) . (3f )	 g	 (e - f ) . (e - f )	 h	 e f−

	 5	 A, B and C have position vectors 2i + 3j - 4k, 3i + 2j + k and -5i - j + k respectively.  
Express the following in the form ai + bj + ck.

a	
→	
AB 	 b	

→	
BC 	 c	

→	
CA	 d	

→	
AC 

	 6	 If  =












3
2
1

,p   = −












4
1
3

,q   =












2
0
1

r  and  =












4
1
3

s  find

a	 p + q	 b	 q + r	 c	 (p + q) . (q + r)

	 7	 If u = 3i - 2j + 6k and v = 2i + 14j + 5k find

a	 u 	 b	 v 	 c	 u . v	  
d	 the angle between u and v.

	 8	 Points A and B have position vectors i + j - k and 2i - j + 2k respectively, with respect to an 
origin O. Find the size of ∠AOB correct to the nearest degree.

y

x

y

x

y

x
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	 9	 Find the angle between p = -i + 2j + k and q = -i + j - 2k, giving your answer correct to the 
nearest degree.

	10	 Find the angle between  =
−













2
1
1

s  and  =












3
0
3

,t  correct to the nearest degree.

	11	 If r = 2i - 3j + 6k and s = 3i + 4k find

a	 a unit vector in the same direction as r,

b	 a vector in the same direction as r but equal in magnitude to s,

c	 a vector in the same direction as s but equal in magnitude to r,

d	 the angle between r and s (to the nearest degree).

	12	 For each of the following, state whether the given pair of vectors are parallel, perpendicular or 
neither of these.

a	 2i - 3j + k and 4i - 6j + 2k	 b	 3i + 2j - k and i - j + 3k

c	  <1, 3, -2> and <-2, 3, 1>	 d	 <1, 2, 3> and <3, 3, -3>

e	
−













3
2
1

 and  −












5
7
1

	 f	
−











2
6
8

 and  −












1
3
4

	 g	












3
1
5

 and 
−













6
2
4

	13	 Find the magnitude of the resultant of the three forces

F1 = (5i + 10j + 5k) N,    F2 = (3i + 5j + 5k) N    and    F3 = (-2i + 3j - k) N.

	14	 Point A has position vector 2i + 3j - 4k and 
→	
BA = -i + 3j + 4k. Find the position vector of B.

	15	 Find vectors a and b such that a + b = 












7
1
2

 and a - b = 
−













3
3
4

.

	16	 If a = 












2
3
1

,  b = 












4
6 ,
p

 c = 
−













7

2
q  and d = −













3
4
r

 find 	 p, q and r given that:

	 b is parallel to a,

	 c is perpendicular to a,

	 d is perpendicular to b.

	17	 A particle has an initial position vector of (-4i - 4j + 11k) m with respect to an origin O.  
The particle moves with constant velocity of (2i + 4j - 2k) m/s. What will be the position  
vector of the particle after	 a	 1 second?

		  b	 2 seconds?

c	 How far will the particle be from O after 3 seconds?

d	 After how many seconds will the particle be 15 metres from O?
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	18	 Points A, B and C have position vectors 7i + 5j, 3i + j - 4k and 2i - 5k respectively.  
Prove that A, B and C are collinear.

	19	 Points A and B have position vectors 












3
4
4

 and 
−

−













2
9
1

 respectively. Find the position vector of the 

point that divides AB internally in the ratio 2 : 3.

	20	 Points A and B have position vectors 3i + 2j - k and 4i - j + k respectively. Find the position vector 

of the point P if 
→	
AB = 

→	
BP  .

	21	 A and B have position vectors 5i - 2j + 3k and 9i + 6j - 9k respectively. Find the position vector of 

the point P if 
→	
AP : 

→	
AB = 3 : 4.

	22	 Points A, B and C have position vectors 2i + 3j + 2k, 3k and 4i - 3j + 2k respectively.  
Prove that nABC is right-angled.

	23	 Find the acute angles that the vector a = 2i + 3j - k makes with the x-, y- and z-axes.  
(Hint: Consider a . i.)

	24	 If a = i - 2j + 3k, b = 2i + j - k and c = 4i - j + 3k express each of the following in the form 
λa + µb + ηc.

d = 7i - 5j + 10k,	 e = i - 5j + 8k,	 f = 2j - 2k.

25	 A rectangular block ABCDEFGH is placed with DC  
along the x-axis, DA along the z-axis and DH along 
the y-axis (see diagram).

AB = 10 cm, BC = 4 cm and AE = 3 cm.

I is on HE and HI = 1 cm.

The unit vectors i, j and k are along the x-, y- and 
z-axes respectively.

a	 Find 
→	
DC , 

→	
DB  and 

→	
DI   in the form ai + bj + ck.

b	 Use vector techniques to determine ∠IDB to the nearest degree.

	26	 The right pyramid ABCDE is shown on the right  
with the coordinates of the vertices as indicated.

Use vector techniques to determine

a	 ∠OAE,

b	 the acute angle between the skew lines AE 
and DB.

y

z

A
10 cm

3 cm
4 cm

E
D

G

C

B

F
I

H

x

y

z

E (0, 0, 8)

B (−4, 2, 0)
C (−4, −2, 0)

O

A (4, 2, 0)(4, −2, 0) D
x
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	27	 Points A, B and C have position vectors 
−











3
1
2

,  












3
3
3

 and 












2
1
6

 respectively.

a	 Find 
→	
AB, 

→	
BC and 

→	
AC.

b	 Prove that nABC is isosceles.

c	 Find 
→	
AC  . 

→	
AC

d	 Find the angles of the triangle.

	28	 The diagram below left shows a cube OABCDEFG with
→	
OA = 1i + 0j + 0k,	

→	
OC = 0i + 1j + 0k,	

→	
OD = 0i + 0j + 1k.

G

D

O
B

F

EC

A

G

O
B

E

Prove that OBGE is a regular tetrahedron. (A regular tetrahedron has four congruent equilateral 
triangular faces.)

	29	 The diagram, right, shows a rectangular prism OABCDEFG with
→	
OA = a,    

→	
OC = c,      and    

→	
OD = d.

Prove that the diagonals OF, AG, BD and CE intersect at their mid-points.

	30	 The diagram, right, shows a tetrahedron OABC with
→	
OA = a,    

→	
OB = b,      and    

→	
OC = c.

The tetrahedron has three pairs of opposite edges:

	 OC and BA,    OB and CA,    OA and CB.

Prove that if any two of these pairs involve perpendicular sides, 
e.g. OC perpendicular to BA and OB perpendicular to CA, 
then the third pair also involves perpendicular sides, i.e. OA 
is perpendicular to CB.

E F

B
AGD

d a

c CO

B

C

A

O

a

b

c
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Vector product (cross product)
The point was made in the book for Unit One of the Mathematics Specialist course that the idea of 
forming a product of two vectors may initially seem rather confusing. How do we multiply together 
quantities which have magnitude and direction? Whilst we could define what we mean by vector 
multiplication in all sorts of ways there are two methods of performing vector multiplication that prove 
to be useful. One method of vector multiplication gives an answer that is a scalar. This is the scalar 
product, a concept we are already familiar with. A second method gives an answer that is a vector. 
We call this the vector product, a concept that we will consider now.

For vectors a and b the vector product is written a × b, is also referred to as the cross product and is a vector 
perpendicular to both a and b. We say that a × b is a vector normal to the plane containing a and b.

Suppose, for example, 	that	 a  =  2i + 3j - 5k, 
	 and	 b  =  i - 2j + 3k.

Using a calculator		  a × b  =  -i - 11j - 7k

The working below confirms that this vector is perpendicular  
to both a and b:

	 (2i + 3j - 5k) . (-i - 11j - 7k)  =  -2 - 33 + 35 
	 =  0

	 (i - 2j + 3k) . (-i - 11j - 7k)  =  -1 + 22 - 21 
	 =  0

The vector product of two vectors can be determined from the i-j-k components as follows.

If	 a  =  a1 i + a2 j + a3 k 
and	 b  =  b1 i + b2 j + b3 k 
then	 a × b  =  (a2b3 - a3b2)i - (a1b3 - a3b1)j + (a1b2 - a2b1)k

This formula may appear complicated but if we write  a b
c d

 to represent ad - bc (which you may 

recognise as the determinant of the 2 × 2 matrix) then:

a1
b1

a2
b2

a3
b3

−

a2
b2

a3
b3

i

a1
b1

a1
b1

a3
b3

+

− +

a2
b2

a3
b3

j

a1
b1

a1
b1

a2
b2

a2
b2

a3
b3

k

(a2b3 − a3b2)ia × b = (a1b3 − a3b1)j (a1b2 − a2b1)k

−

















−
















−
−
−

















crossP(
2
3
5

,
1
2
3

)

1
11
7
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EXAMPLE 5

With    c = 4i - j + 3k    and    d = -i + 2j - k    determine c × d and confirm that your 
answer is indeed a vector that is perpendicular to both c and d.

Solution
	 4	 -1	 3
	 -1	 2	 -1

	 c × d  =  (1 - 6)i - (-4 + 3)j + (8 - 1)k 
	 =  -5i + j + 7k

	 c . (-5i + j + 7k)  =  (4i - j + 3k) . (-5i + j + 7k) 
	 =  -20 - 1 + 21 
	 =  0	 -5i + j + 7k is perpendicular to c.

	 d . (-5i + j + 7k)  =  (-i + 2j - k) . (-5i + j + 7k) 
	 =  5 + 2 - 7 
	 =  0	 -5i + j + 7k is perpendicular to d.

Note	 •	 The syllabus for this unit, at the time of writing, says that students studying the unit should 
be able to ‘use the cross product to determine a vector normal to a given plane’. Whilst we will 
concentrate on such use in this book it is also worth noting that just as the scalar product, 
in addition to being determinable from the i-j-k components, also has the meaning

		  a . b  =  a b cos ,θ  where θ is the angle between a and b,

	 then so, not proved here,

		  a b×   =  a b sin ,θ  where θ is the angle between a and b.

	 If n̂  is a unit vector (i.e. a vector of unit length) in the direction of a × b then this could 
be written

		  a × b  =  a b nsin ˆ .θ

•	 The previous dot point means that we can interpret  a b×   
as being the area of a parallelogram that has a and b as  
adjacent sides.

•	 There are two possible directions for a vector perpendicular  
to the plane containing vector a and b, as the vectors n1 
and n2 indicate in the diagram on the right. To determine 
which of these is the direction of a × b we again use the 
right hand screw rule. If we rotate a normal screw from 
a to b, the direction the screw would move tells us the  
direction of a × b. In this case the direction of n1.

	 b × a would be in the direction of n2.

θa sin

b

a

θ

b

b

a

n1

n2
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Exercise 5B

	 1	 The fact that  × = θsina b a b  means that two parallel vectors should have a cross product equal 
to the zero vector.

Prove that the method for determining the cross product of two vectors from their i-j-k 
components also gives the zero vector if the two vectors are parallel.

	 2	 With a = 2i + 3j - k and b = -i + 3j + k determine the vector product a × b and confirm that your 
answer is indeed a vector that is perpendicular to both a and b.

	 3	 With c = 5i + k and d = i + j + k determine the vector product c × d and confirm that your answer 
is indeed a vector that is perpendicular to both c and d.

	 4	 With p = i + 3j - 2k and q = -i + 6j - 4k determine the vector product p × q and confirm that 
your answer is indeed a vector that is perpendicular to both p and q.

	 5	 Without applying the formula, but just by applying some thought, what would you expect a × b 
to equal if a = i and b = j?

Now apply the formula for determining the cross product of two vectors from their i-j-k 
components to determine i × j .

	 6	 a	 If a = -i + 2j - k and b = -3i + 2j - k determine a × b and hence  a b .×
b	 Use the scalar product to determine, θ, the angle between the two vectors, and hence 

determine  a b×  using the fact that  a b a b sin .× = θ

	 7	 Determine a unit vector normal to the plane containing the vectors:

	 p = 2i - 3j + k    and    q = i + 2j - 3k

	 8	 The three points A, B and C, have position vectors 












1
1
1

,  
−











2
1
3

 and 












0
2
1

 respectively.  

Find a unit vector perpendicular to the plane containing A, B and C.

Vector equation of a line
The vector equation of a line must be some rule that the position vector  
of all points on the line obey whilst all points not on the line do not obey. 
This can be done in three dimensions, just as it could in two dimensions, 
by the rule

r = a + λb
where	 a	 is the position vector of one point on the line, 
	 b	 is a vector parallel to the line 
and	 λ	 is some scalar.

However, whilst in two dimensions we also had the scalar product form of the vector equation of 
a straight line, r . n = c (= a . n) as mentioned in the previous chapter, this is not the case in three 
dimensions. This is because, in three dimensions, there are many lines that pass through the point with 
position vector a and are perpendicular to vector n. These lines together form the plane perpendicular 
to n and containing the point with position vector a, as we will see when we consider the vector 
equation of a plane.

a
b

A
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EXAMPLE 6

A line passes through the point with position vector 2i - j + 3k and is parallel to i + j + k. 
Find	 a	 the vector equation of the line,
		  b	 the parametric equations of the line.

Solution
a	 A line through A, position vector a, parallel to b, has equation r = a + λb. 

Thus the given line has vector equation	 r  =  2i - j + 3k + λ(i + j + k).
b	 If	 r = xi + yj + zk    then	 xi + yj + zk  =  2i - j + 3k + λ(i + j + k).

	 Thus the parametric equations are:	
x
y
z

2
1

3

= + λ
= − + λ
= + λ







Note:	 Eliminating λ from the parametric equations give the set of equations:
		  x - 2  =  y + 1	 =  z - 3.
	 To generalise, the vector equation	 r  =  ai + bj + ck + λ(pi + qj + rk)

	 will give:	
x a

p
−

  = 
y b

q
−

	 = 
z c

r
.

−

These are the cartesian equations of a line through (a, b, c) and parallel to the vector pi + qj + rk. 
This is mentioned here for the sake of completeness. The set of cartesian equations for a line 
in three-dimensional space is not specifically mentioned in the syllabus for this unit.

EXAMPLE 7

Show that the lines    L1:  r = 
−













+ λ
−













7
3
2

2
4
1

    and    L2:  r =  −












+ µ
−













0
1

14

1
0
3

 intersect and 

find the position vector of this point of intersection.

Solution
If the lines intersect there must exist values of λ and µ for which

	
−













+ λ
−













7
3
2

2
4
1

  =  −
−













+ µ
−













0
1

14

1
0
3

i.e.	 7 + 2λ  =  µ,	 [1] 
	 3 + 4λ  =  -1,	 [2] 
and	 -2 - λ  =  14 - 3µ.	 [3]

Solving [1] and [2] gives 	 λ  =  -1    and    µ  =  5, 
values which are consistent with equation [3]:	 -2 + 1  =  14 - 15

Hence L1 and L2 intersect at the point with position vector  −
−













5
1
1

.
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Vector equation of a plane
The vector equation of a plane needs to be a rule  
that the position vector of all points lying in the 
plane obey, and that all points not in the plane 
do not obey.

One way this can be achieved is to give the 
general position vector, r, in terms of a, the 
position vector of one point in the plane,  
and two other non-parallel vectors, b and c,  
that are parallel to the plane.

I.e.	 r = a + λb + µc

The plane containing a point with position vector a and parallel to the non-parallel vectors b and c 
has equation r = a + λb + µc .

For example, the plane containing point A, position vector 
−













3
2
1

 and parallel to 












2
3
1

 and 












1
5
4

  

has equation:	 r  = 
−













+ λ












+ µ












3
2
1

2
3
1

1
5
4

.

Alternatively the plane can be defined by giving a,  
the position vector of one point in the plane, and 
n, a vector that is perpendicular to the plane. 
It then follows that

	 (r - a) . n  =  0 
i.e.	 r . n  =  a . n 
i.e.	 r . n  =  c

Thus, in three dimensions, r . n = c is the equation 
of a plane.

The plane containing a point with position vector a and perpendicular to the vector n has equation 
(r - a) . n = 0.

Knowing a and n this becomes r . n = c, where c = a . n.

r
a

λb
µc

b

c

R
A

z

y

x

n

r − a

ra

A
R

y

z

x
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For example, the plane containing point A, position vector 












1
4
2

 and perpendicular to  −












1
1
3

 has 

the equation:	 −












1
1
3

r .   = 












−












1
4
2

1
1
3

.

i.e.	 −












1
1
3

r .   =  3

Writing r as 












x
y
z

 this becomes	












−












1
1
3

x
y
z

.   =  3

i.e.	 x - y + 3z  =  3

This is the cartesian equation of the plane. Notice that the coefficients of x, y and z, i.e. (1, -1, 3) 
allow us to quickly determine a vector perpendicular to the plane, i.e. the vector i - j + 3k.

EXAMPLE 8

Line L has vector equation:	 r  =  7i + 3j + 5k + λ (3i - j + 2k)
Plane Π has vector equation:	 r . (5i + 3j - 6k)  =  14
a	 Show that point A, position vector i + 5j + k, lies on L and in Π.
b	 Show that line L lies in the plane Π.

Solution
a	 If A lies on L there must exist some λ for which
	 i + 5j + k  =  7i + 3j + 5k + λ (3i - j + 2k)
	 i.e. 1 = 7 + 3λ, (λ = -2),      5 = 3 - λ, (λ = -2)      and      1 = 5 + 2λ, (λ = -2).
	 Hence such a value of λ does exist and so point A lies on L.
	 Also	 (i + 5j + k) . (5i + 3j - 6k)  =  5 + 15 - 6 

	 =  14
	 The position vector of A satisfies the equation of Π. Point A lies in Π.

b	 If two points on L lie in Π then the line must lie in the plane. We already know A is on the line 
and in the plane. With λ = 0 we have 7i + 3j + 5k, the position vector of another point on the line.

	 Also	 (7i + 3j + 5k) . (5i + 3j - 6k)  =  14
	 Thus we have two points on L that lie in the plane Π. The line L lies in Π.

Alternatively	 •	 show that r = 7i + 3j + 5k + λ (3i - j + 2k) satisfies r . (5i + 3j - 6k) = 14 for all λ
	 or	 •	 show that L is also perpendicular to 5i + 3j - 6k, and hence, with one point 

known to be in common, L lies in Π.
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EXAMPLE 9

Find, in the form r = a + λb + µc, the vector equation of the plane containing the line with vector 

equation  =
−











+ λ
−













1
3
5

2
4
1

r  and the point 
−











1
5
3

.

Solution
The given line is parallel to 

−













2
4
1

 and so the plane must be parallel to 
−













2
4
1

.

Putting λ = 0 gives the point 
−











1
3
5

 as a point on the line, and hence in the plane. Thus 

−











−
−











1
5
3

1
3
5

,  i.e. 
−













0
2
2

,  must be a vector parallel to the plane.

The required equation can be written:    r  = 
−











+ λ
−













+ µ
−













1
5
3

2
4
1

0
2
2

EXAMPLE 10

Find the position vector of the point where the line
	 r  =  2i + 3j - k + λ (i + 4j - 2k)
meets the plane	 r . (-3i + j + k)  =  1.

Solution
The position vector of the point where the line meets the plane will ‘fit’ both the equation of the 
line and that of the plane. If this position vector is a then
	 a  =  2i + 3j - k + λ (i + 4j - 2k)
and	  a . (-3i + j + k)  =  1

Thus	
2 + 

  3 + 4
–1 – 2

3
1
1

.
λ

λ
λ















−











  =  1

\	 -6 - 3λ + 3 + 4λ - 1 - 2λ  =  1
Solving gives	 λ  =  -5
Hence	 a  =  2i + 3j - k - 5 (i + 4j - 2k)
	 =  -3i - 17j + 9k
The line meets the plane at the point with position vector -3i - 17j + 9k.

Note that whilst the matrix form of vector representation was used for a while in the working of the 
previous example the final answer was given in the format used in the question, i.e. in the form ai + bj + ck.
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Given three points that lie in the plane
A plane can also be uniquely defined by giving  
three non-collinear points that lie in the plane. 
Hence, given three such points we should be able 
to determine the equation of the plane.

EXAMPLE 11

A plane contains three points, position vectors		 -2i - 2j + k, 
		  10i - 6j - 3k, 
	 and	 -9i + 5j + 4k.

Find the vector equation of the plane in the form

a	 ax + by + cz = d

b	 r . n = c

c	 r = a + λb + µc

Solution
a	 The coordinates (-2, -2, 1), (10, -6, -3) and (-9, 5, 4) must each ‘fit’ the equation ax + by + cz = d.

	 Hence	
a b c d

a b c d
a b c d

2 2
10 6 3
9 5 4

− − + =
− − =

− + + =









	 With the assistance of a calculator we solve for  
a, b and c to obtain each in terms of d:

		  a =  d
2
5

,   b =  d
1
5

,−   c =  d
7
5

.

	 Hence the equation is of the form

		  dx dy dz
2
5

1
5

7
5

− +   =  d.

	 Dividing by d and multiplying by 5 the equation can be written as

		  2x - y + 7z  =  5

b	 From our answer to a the vector 2i - j + 7k is perpendicular to the plane.

	 Hence the required equation is

		  r . (2i - j + 7k)  =  5

z

y

x

2a 2b c d
10a 6b 3c d
9a 5b 4c d a,b, c

a 2 d
5

,b d
5

, c 7 d
5

− − + =
− − =

− + + =









= ⋅ = − = ⋅






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	 Alternatively we could use the cross product to determine a vector perpendicular to the plane, 
as shown below.

	 With points with position vectors -2i - 2j + k, 10i - 6j - 3k and -9i + 5j + 4k lying in the 
plane it follows that

		  (10i - 6j - 3k) - (-2i - 2j + k)	 and	 (10i - 6j - 3k) - (-9i + 5j + 4k) 
i.e.	 12i - 4j - 4k	 and	 19i - 11j - 7k 
must be parallel to the plane.

	 Thus a vector perpendicular to the plane will be
			   (3i - j - k) × (19i - 11j - 7k) 

	 =	 -4i + 2j - 14k 
	 =	 -2(2i - j + 7k).

	 i.e. 2i - j + 7k is perpendicular to the plane.

	 The required equation is 	 r . (2i - j + 7k)  =  (-2i - 2j + k) . (2i - j + 7k) 
giving	 r . (2i - j + 7k)  =  5,	 as before.

c	 We determined above that the vectors 12i - 4j - 4k and 19i - 11j - 7k are parallel to the plane.
	 Hence the required equation can be written
			   r  =  -2i - 2j + k + λ(12i - 4j - 4k) + µ(19i - 11j - 7k)

Note	 •	 We could equally well have written the answer to part c as:
			   r  =  10i - 6j - 3k + λ(12i - 4j - 4k) + µ(19i - 11j - 7k)

	 or even (needs thought):
			   r  =  10i - 6j - 3k + λ(3i - j - k) + µ(-19i + 11j + 7k)

	 or even (needs more thought):
			   r  =  -9i + 5j + 4k + λ(7i - 7j - 3k) + µ(-3i + j + k).

	 Whilst these equations may appear different they all define the same plane, the plane with 
cartesian equation 2x - y + 7z = 5.

	 •	 Justification that our answer to part c, i.e.
			   r  =  -2i - 2j + k + λ (12i - 4j - 4k) + µ (19i - 11j - 7k)

	 is equivalent to the cartesian equation 2x - y + 7z = 5 follows:
	 Substituting r = xi + yj + zk leads us to the equations:

		  x  =  -2 + 12λ + 19µ	 [1] 
	 y  =  -2 - 4λ - 11µ	 [2] 
	 z  =   1 - 4λ - 7µ	 [3]

	 [2] - [3] gives	 y - z = -3 - 4µ	 i.e.    µ = 
y z3

4
− − +

	 [1] + 3 × [3] gives	 x + 3z = 1 - 2µ	 i.e.    µ = 
x z1 3
2

− −

	 Hence	
y z3

4
− − +

 = 
x z1 3
2

− −

	 which simplifies to 2x - y + 7z = 5, as required.

−
−

















−
−

















−

−

















crossP(
3
1
1

,
19
11
7

)

4
2

14
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Inteception/collision
When we restricted our attention to two dimensions we found the vector equation of a line a useful 
approach when solving interception/collision questions.

When solving such questions we tended to replace λ in the equation r = a + λb by t, for time.

This approach can also be used for these questions when three-dimensional space is involved, as the 
next example shows.

EXAMPLE 12

At time t = 0 the position vectors (r m) and velocity vectors (v m/s) of two particles A and B are as 
given below:

rA  =  −












5
3
7

    vA  = 












2
1
4

        rB  = 
−

−













10
27
8

    vB  =  −












3
1
5

Show that if the particles continue with these velocities they will collide and find the time of 
collision and the position vector of its location.

Solution
At time t seconds the position vectors of A and B will be rA(t) and rB(t) with:

rA(t)  =  −












+












5
3
7

2
1
4

t         and        rB(t)  = 
−

−













+ −












10
27
8

3
1
5

.t

For collision to occur there must be some value of t for which

	 −












+












5
3
7

2
1
4

t   = 
−

−













+ −












10
27
8

3
1
5

.t

I.e.	 5 + 2t  =  -10 + 3t	 Solving gives t = 15.

	 -3 + t  =  27 - t 	 Solving gives t = 15.

and	 7 + 4t  =  -8 + 5t	 Solving gives t = 15.

The particles will collide when t = 15 at the point with position vector 












35
12
67

.
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Exercise 5C

	 1	 A line passes through the point with position vector	 3i + 2j - k
			   and is parallel to	 2i - j + 2k.

Find	 a	 the vector equation of the line,

		  b	 the parametric equations of the line.

	 2	 A line passes through point A, position vector 4i + 2j + 3k, and point B, position vector 3i + j + k.

Find	 a	 the vector equation of the line,

	 b	 the parametric equations of the line.

	 3	 Write a vector equation for the plane that is perpendicular to the vector 3i - j + 5k and that 
contains the point A, position vector 2i - 3j + 2k.

	 4	 Write a vector equation for the plane that contains the point A, position vector 
−













2
1
3

,  and that 

is perpendicular to the vector 












5
1
3

.

	 5	 Write a vector equation for the plane that contains the point A, 2i + 3j - 2k, and that is parallel 
to the vectors 2i + j and 3i - 4j + 6k.

	 6	 Write a vector equation for the plane that contains the point A, 
−

−













3
2
1

,  and that is parallel to the 

vectors 
−













2
0
3

 and  −












1
3
2

.

	 7	 The point with position vector ai + 7j + 5k lies on the line with vector equation

	 r = 2i + bj - k + λ(-3i + j + 2k).

Determine the values of the constants a and b.

	 8	 Write the cartesian equation of the plane with vector equation 
−













=
3
2
1

21.r .

	 9	 State the vector equation r . n = c for the plane with cartesian equation

	 2x - 3y + 7z = 5

	10	 Prove that the line	 r = 2i + 8j - 3k + λ(-6i - 4j + 2k) is perpendicular to the plane  
r . (3i + 2j - k) = c.
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	11	 Show that the lines    L1:  =
−













+ λ
−













10
5
2

4
1
2

r     and    L2:  =
−













+ µ
−
−













0
8
6

1
3
5

r intersect and 

find the position vector of this point of intersection.

	12	 Show that the lines	 L1:  r  =  i - 2j + 3k + λ(-i + 3j + 2k) 
and	 L2:  r  =  3i + 13j - 15k + µ (-i + 4k) 
intersect and find the position vector of this point of intersection.

	13	 Line L1 has equation:	 r  =  13i + j + 8k + λ(2i - j + 3k). 
Line L2 has equation:	 r  =  12i + 2j + 6k + µ(5i + 3j - 8k). 
Line L3 has equation:	 r  =  -5i + 2j - 3k + β(2i + j - k).

a	 Prove that lines L1 and L2 do not intersect.

b	 Prove that lines L1 and L3 intersect, find the position vector of the point of intersection and 
determine the angle between the lines.

	14	 Line L has vector equation:	 r  =  i - 2j + 5k + λ(5i + 3j - 2k) 
Plane Π has vector equation:	 r . (-i + 3j + 2k)  =  3

a	 Show that point A, position vector -4i - 5j + 7k, lies on L.

b	 Show that point B, position vector 10i + 3j + 2k, does not lie on L.

c	 Show that points A and B both lie in the plane Π.

d	 Show that line L lies in the plane Π.

	15	 At time t = 0 the position vectors (r m) and velocity vectors (v m/sec) of two particles A and B are 
as follows:

rA  = 
−

−













10
20
12

    vA  =  −












5
10
6

        rB  = 
−
−













3
8
2

    vB  =  −












4
6
4

Show that if the particles continue with these velocities they will collide and find the time of 
collision and the position vector of its location.

	16	 Find, in the form r = a + λb + µc, the vector equation of the plane containing the line

r = 












+ λ −
−













2
2
1

1
3
5

 and the point 












1
2
0

.

Find the cartesian equation of this plane.

Hence express the equation of the plane in the form r . n = c.
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	17	 Find the position vector of the point where the line

	 r  =  2i + 13j + k + λ(-i + 3j - 2k)

meets the plane	 r . (2i - j - k) = 11

	18	 Relative to a tracking station situated in space, the position vectors (r km) and velocity vectors 
(v km/h) of a spacecraft and of a piece of space debris at time t = 0 hours were as given below.

	 rdebris  =  1200i + 3000j + 900k,	 vdebris  =  2000i - 3600j + 1000k.

rspacecraft  =  5750i - 13 250j + 3370k,	 vspacecraft  =  600i + 1400j + 240k.

Prove that if these velocities are maintained the spacecraft and the space debris will collide, and 
find the value of t for which this collision occurs.

	19	 A military fighter plane A wishes to intercept a supply plane B for mid-air refuelling. When the 
fighter pilot receives instructions to immediately change course and intercept B his position vector 
is (80i + 400j + 3k) km. At that time B has position vector (150i + 470j + 2k) km and is maintaining 
a constant velocity of (300i + 180j) km/h.

If the interception occurs 10 minutes later find the constant velocity maintained by the fighter 
during these ten minutes. (Ignore the final slow down necessary for smooth interception.)

	20	 Plane Π1 has equation	 −












2
2
1

r .   =  12.

Plane Π2 has equation	
−

−













2
2
1

r .   =  15.

a	 Prove that Π1 and Π2 are parallel planes.

b	 Find the distance the planes are apart.

	21	 At time t = 0 (seconds) the position vectors (r m) and velocity vectors (v m/s) of two particles A 
and B are as follows:

rA  =  −
−













30
37
30

    vA  = 












5
8
3

        rB  = 












2
40
26

    vB  = 
−













8
0
2

Assuming that the particles continue with these velocities find the minimum separation distance 
between the particles in the subsequent motion and the value of t for which it occurs.
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Vector equation of a sphere
If we extend our understanding of the equation of a circle in the x-y plane to three-dimensional space 
we obtain the equation of a sphere.

In three dimensions all points situated a distance a from some fixed point will form a sphere of radius a, 
centre at the fixed point.

The vector equation of a sphere centre (0, 0, 0) and radius a is:

r  = a.

Writing r as xi + yj + zk we obtain the cartesian equation:

x2 + y2 + z2 = a2.

If the radius of the sphere is a and the centre has position vector d then the equation of the sphere is:

r d−  = a.

Writing r as xi + yj + zk and d as pi + qj + rk we obtain the cartesian equation:

(x - p)2 + (y - q)2 + (z - r)2 = a2.

EXAMPLE 13

Find the centre, radius and vector equation of the sphere with Cartesian equation

x2 + y2 + z2 = 6 - 2x + 4y + 10z.

Solution
Given	 x2 + y2 + z2  =  6 - 2x + 4y +10z

i.e.	 x2 + 2x + y2 - 4y + z2 - 10z  =  6

Create gaps:	 x2 + 2x	 + y2 - 4y	 + z2 - 10z	 =  6

Complete the squares:	 x2 + 2x + 1 + y2 - 4y + 4 + z2 - 10z + 25  =  6 + 1 + 4 + 25

Hence	 (x + 1)2 + (y - 2)2 + (z - 5)2  =  36

The sphere has its centre at (-1, 2, 5), 
		  a radius of 6 units 
	 and	 vector equation  r i j k( 2 5 ) 6.− − + + =
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EXAMPLE 14

Find the position vectors of the points where the line r = i - j + 2k + λ(2i + 9j) cuts the sphere 
r i j k( 2 ) 7.− + − =

Solution
If point A lies on the line and the sphere then	 rA  =  i - j + 2k + λ(2i + 9j)

and	 r i j k( 2 )A − + −   =  7

Thus	 i j k i j i j k2 (2 9 ) ( 2 )− + + λ + − + −   =  7

i.e.	 i j k2 (9 3) 3λ + λ − +   =  7

\	 4λ2 + 81λ2 - 54λ + 9 + 9  =  49

giving	 85λ2 - 54λ - 31  =  0

Thus	 λ  =  1    or	 λ  = 
31
85

−

Substituting these values into the equation of the given line gives the required position vectors as  

3i + 8j + 2k and  i j k
1

85
(23 364 170 ).− +

Exercise 5D

Find the centre and radius of each of the following spheres.

	 1	 r 16= 	 2	 x2 + y2 + z2 = 100

	 3	 r i j k( ) 25− + + = 	 4	 r i j k2 3 4 18− + − =

	 5	 (x - 3)2 + (y + 1)2 + (z - 2)2 = 10	 6	 (x + 4)2 + (y - 1)2 + z2 = 25

	 7	 x2 + y2 - 8y + 16 + z2 = 50	 8	 x2 + y2 + z2 - 2x + 6y = 15

	 9	 x2 + y2 + z2 - 6y + 2z = 111	 10	 x2 + y2 + z2 + 8x - 2y + 2z = 7

For questions 11 to 18 state whether the given point lies inside, on or outside the sphere.

	11	 r  = 5,  (2, -3, 4).	 12	 r  = 7,  (-2, 3, 6).

	13	 r  = 16,  (7, 12, 9).	 14	 r i j k( )− + −  = 8,  (3, 1, 0).

	15	 r i j k(2 3 )− − +  = 5,  (3, 5, 2).	 16	 r i j k− + +(7 10 2 )  = 13,  (2, -2, 2).

	17	 (x - 1)2 + (y + 3)2 + (z - 2)2 = 36,  (5, -6, -1).	 18	 x2 + y2 + z2 - 4x - 3y - z = 61,  (-1, 0, 8).
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	19	 A, B and C have position vectors ai + 5j + 2k, -4i + bj - 3k and 2i + j + ck, respectively.  
All three points lie on the sphere  r i j k( 3 ) 5 2.− + − =
Find the values of a, b and c given that they are all positive constants.

	20	 Find the position vectors of points where the line  =
−

−













+ λ
−

−













2
16

1

2
5
2

r  cuts the sphere 

− −












=
1
1
3

5 2.r

	21	 Find the position vectors of points where the line r = 14i - 9k + λ(4i + j - 9k) cuts the sphere 
− + + =(4 3 ) 7.r i j k

	22	 Prove that the line r = -2i - j - 11k + λ(3i + 4k) touches but does not cut the sphere 
r i j k(3 4 ) 5.− − + =  (i.e. Prove the line is a tangent to the sphere.)

Find the position vector of the point of contact.

	23	 Prove that the line  =












+ λ
−
−
−













9
18
20

1
4
3

r  is a tangent to the sphere  −
−











=
2
1
3

7r  and find  

the position vector of the point of contact.
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Distance from a point to a line revisited

Note
This section uses the fact that	 ×a b  =  θsin .a b

At the time of writing, this application of the vector product is not specifically mentioned in the syllabus so it 
could be argued that such consideration is beyond the requirements of the unit. I include the use of the fact 
here to find the distance from a point to a line. The inclusion is for completeness, for interest, and in case 
that at some later stage it is made explicit that the inclusion of the cross product in the syllabus is to be taken 
as including the use of the above fact.

In the previous chapter, when considering vectors in the i-j plane, we used the  
scalar product to determine the distance from point A to a line L.

The method used the fact that    q . 
→	
AP  =  0. (See diagram, right.)

We can similarly use a scalar product approach to find the distance from a point 
to a line in three-dimensional space, as Method one of the next example shows. 
However, now that we have met the concept of a vector product of two vectors, 
and in particular that  a b a b sin ,× = θ  we could also use a vector product 
approach to find the distance from a point to a line, as Method two of the next  
example shows.

EXAMPLE 15

Find the distance from the point A, position vector 3i - j + 2k, to a line passing through points B 
and C, position vectors 2i + 3j - k and i - j + k respectively.

Solution
Method one: A scalar product approach

A sketch of the situation is shown on the right. (This sketch  
does not need any accurate portrayal of relative positions.  
It simply allows us to formulate our method.)

We require the distance d shown in the diagram.

We will use the fact that	
→	
BC . 

→	
AD   =  0.

	
→	
BC   =  −

−













+ −












2
3
1

1
1
1

  = 
−
−













1
4
2

	
→	
AD   =  − −













+
−













3
1
2

2
3
1

 + λ
→	
BC

= 
− − λ

− λ
− + λ















1
4 4
3 2

O

q

P

Line L

r = p + λq

A

B

C

D

A

d

O

 2
3

−1











 1
−1

1











3
−1

2










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Thus	
−
−













− − λ
− λ

− + λ















1
4
2

1
4 4
3 2

.   =  0

Solving gives	 λ  =  1

Thus	
→	
AD  = 

−

−













2
0
1

and hence	 d  =  5  units of length.

Method two: A vector product approach

Required distance	 = 
→	

CA sin θ

=  (
→	

BC
→	

CA sin θ) ÷ 
→	

BC
= 

→	
BC × 

→	
CA ÷ 

→	
BC

Now	
→	
BC   =  -i - 4j + 2k

and	
→	
CA   =  2i + 0j + k

Thus	
→	
BC × 

→	
CA   =  -4i + 5j + 8k

	
→	

BC × 
→	
CA ÷ 

→	
BC  =  105 21÷

	 =  5,     as in Method one.

Exercise 5E

For each of the following find the distance the given point is from the given line, in each case calculating 
the distance twice, once using a scalar product approach and once using a vector product approach.

	 1	 Given point:	 Point A, position vector i + j + k.

Given line:	 Line through points B, position vector	 2i - j + 2k,

		  and C, position vector	 3i + j - k.

	 2	 Given point:	 Point A, position vector 4i - 2j + 3k.

Given line:	 Line through points B, position vector	 2i + j - 3k,

		  and C, position vector	 3i - j + 2k.

	 3	 Given point:	 Point A, position vector i + 2j + k.

Given line:	 Line r = 2i + 3k + λ(i - 3j + 4k).

B

C

D

A

θ

O

 2
3

−1











 1
−1

1











3
−1

2










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Miscellaneous exercise five
This miscellaneous exercise may include questions involving the work of this chapter,  
the work of any previous chapters, and the ideas mentioned in the Preliminary work section  
at the beginning of the book.

	 1	 Suppose f (x) = 3x - 2 and g(x) =  f x( ).

Find	 a	 f (3)	 b	 f (-3)	 c	 g(3)

		  d	 g(-3)	 e	 f (5)	 f	 g(-5)

g	 Draw the graphs of y = f (x) and y = g(x).

	 2	 AB is a diameter of a circle, lying in the i-j plane, with its centre at point P.

If point A has coordinates (1, 2) and B has coordinates (9, -4) find

a	 the coordinates of point P,

b	 the radius of the circle,

c	 the vector equation of the circle.

	 3	 Find the radius and the cartesian coordinates of the centre of the following circles, each lying in 
the i-j plane.

a	 r i j(3 2 ) 7− − = 	 b	 r i j2 7 11− − =
c	 (x - 3)2 + (y + 2)2 = 16.	 d	 (x + 1)2 + (y + 7)2 = 20.

e	 x2 + y2 - 8x = 4y + 5.	 f	 x2 + 6x + y2 - 14y = 42.

	 4	 Find to the nearest degree the acute angle between the lines L1 and L2 if L1 has equation  
r = 2i + j + λ(3i - j) and L2 has equation r = 3i - j + µ(2i + 3j).

	 5	 Find the range of each of the following for domain ¡.

a	 f (x) = x2	 b	 f (x) = x2 + 3	 c	 f (x) = (x + 3)2

d	 f (x) =  x 	 e	 f (x) =  x  + 3	 f	 f (x) =  x 3+

	 6	 What restriction is there on the possible values of a if

	 x2 + 2x + y2 - 10y + a = 0

is the equation of a circle?

	 7	 If f (x) = 
x
3

 and g(x) = 2x - 1 find the functions f  g(x) and g  f (x) in terms of x and state the 

natural domain and range of each.

	 8	 Repeat the previous question but now for f (x) =  x 3+  and g(x) = x2 + 1.
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	 9	 If z = 8cis
6

,
π



  and z  is the complex conjugate of z, determine each of the following, giving your 

answers in the form r cis θ for r ≥ 0 and -p < θ ≤ p.

a	 z 	 b	 z + z 	 c	 z – z 	 d	 z z 	 e	 z ÷ z

	10	 For  iz z{ : (4 4 ) 3}− + =  determine

a	 the minimum possible value of Im(z).

b	 the maximum possible value of Re(z).

c	 the minimum possible value of  z .

d	 the maximum possible value of  z .

e	 the maximum possible value of  z .

	11	 (Without the assistance of a calculator.)

If z = 3cis
5
6
π



  and w = 2cis

2
3

− π



  express each of the following in the form

	 r cis θ for r > 0 and -p < θ ≤ p.

a	 2z	 b	 3w	 c	 zw	 d	 z
w

	 e	 iz

f	 -w	 g	 z 	 h	 zw 	 i	 z w 	 j	 z2w3

12	 (Without the assistance of a calculator.)

Display the three solutions to the equation z3 = 
i

27
 on an Argand diagram and express each in the 

form r cis θ with r ≥ 0 and -p < θ ≤ p.

	13	 (Without the assistance of a calculator.)

If z =  i1 3− +  and z  is the complex conjugate of z express

	 z
z
1 4

+



  and  z

z
1 4

−





in the form r cis θ for -p ≤ θ ≤ p.

	14	 For each of the following conditions show diagrammatically the set of all points lying in the 
complex plane and obeying the condition.

a	 z z+  = 4	 b	 z i 2− = 	 c	 0 ≤ arg (z - 2) ≤ 
2
3
π

	15	 The line r = (2i + 3j - k) + λ(-i + 3j + k) passes through A (where λ = 1) and B (where λ = 5).  

Find the position vector of point C where 
→	
AC  : 

→	
BA = -1 : 4.
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	16	 Each part of this question gives the vector equations of two lines.

For each part determine whether the lines are	 parallel lines, 
	 or	 intersecting lines, 
	 or	 skew lines.

a			  r  =  3i + j - 2k + λ(3i - 2j + k)

	 and	 r  =  5j + 2k + µ(6i - 4j + 2k)

b			  r  =  2i + 3j + 10k + λ(-i + 3j + k)

	 and	 r  =  -5i + 3j - 5k + µ(2i + j + 2k)

c			  r  =  -i + 5j + λ(-i + j + k)

	 and	 r  =  2j - 7k + µ(i + 2k)

d			  r  =  7i + 2j - 3k + λ(i + j - k)

	 and	 r  =  5i + 6j + µ(-i - j + k)

	17	 At time t = 0 seconds the position vectors, r, and velocity vectors, v, of a tanker and a submarine 
are as follows. (The i-j plane is the surface of the sea.)

	 rTanker  =  (1150i + 827j) m

	 rSub  =  (1345i + 970j) m

	 vTanker  =  (10i - 2j) m/s

	 vSub  =  (-5i - 13j - 4k) m/s

If both vessels maintain these velocities, show that the tanker passes directly over the submarine, 
find the value of t when this occurs and find the depth of the submarine at the time.

	18	 Use vector methods to prove that in the parallelogram OABC the line drawn from O to the  
mid-point of AB cuts AC at the point of trisection of AC that is nearer to A.

	19	 A defensive missile battery launches a ground-to-air missile A to intercept an incoming enemy 
missile B. At the moment of A’s launch the position vectors of A and B (in metres), relative to  
the defensive command headquarters were:

			   rA  = 












600
0
0

	 and	 rB  = 












2200
4000
600

A and B maintain the velocities (in m/s):	 vA  = 
−











196
213
18

	 and	 vB  = 
−











240
100

0

Prove that A will not intercept B and find ‘how much it misses by’.

Suppose instead that the computer on missile A detects that it is off target and, 20 seconds into 
its flight, A changes its velocity and interception occurs after a further 15 seconds. Find, in the 
form ai + bj + ck, the constant velocity that A must maintain during this final 15 seconds for the 
interception to occur.
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One of the examples of the previous chapter involved setting up  
a ‘system’ of three equations in three unknowns and then using 
a calculator to ‘solve the system’:

	 9  =  2λ + 3µ + η
	 5  =  λ - 2µ - 2η
	 2  =  -λ + 4µ + η

Attempt the next two situations, which again each involve setting up and then solving, a system of three 
equations in three unknowns. However, in each case try to solve the system without using the equation 
solving ability of your calculator.

Situation One
A total of $15 000 is invested in three different investment schemes, A, B and C, for two years. At the 
end of the first year the total value of the investment package is $15 430. At the end of the second year 
the total value is $16 317. The performance of each scheme in each year is shown below.

Scheme Initial
After 
1 year

After 
2 years

A $x
10% increase 

→
5% increase 

→

B $y
5% increase 

→
10% increase 

→

C $z
5% decrease 

→
5% increase 

→

Totals $15 000 → $15 430 → $16 317

Write three equations involving x, y and z and hence determine the initial investment made into each 
of the schemes.

Situation Two
A dog food manufacturer makes three types of dog food mix. Each type is sold in bags containing 5 kg 
with the ratio of meat : rice : vegetables being as follows:

	 Mix A	 Meaty Lumps	 5 : 3 : 2 
	 Mix B	 Balanced Lumps	 1 : 1 : 3 
	 Mix C	 Vegetarian Lumps	 0 : 3 : 2

The manufacturer orders 3350 kg of meat, 4850 kg of vegetables and 4300 kg of rice for a particular 
production run. The run involves no weight loss for any of the ingredients and all the quantities 
ordered are exactly used up. If the run produces x bags of Mix A, y bags of Mix B and z bags of Mix C 
write three equations that apply and solve them to find x, y and z.

{ }

= λ + µ + η
= λ − µ − η
= −λ + µ + η







 λ µ η

λ = µ = η = −

9 2 3
5 2 2
2 4 , , 

 

3, 2, 3
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Systems of equations
Did you manage to solve the systems of linear equations obtained from the previous situations by 
applying the elimination technique you are probably familiar with as a means of solving two equations 
in two unknowns? In this method we use the equations ‘against each other’ to eliminate one of the 
variables.

For example, for a system involving two linear equations:

	   x +   y  =  11	 [1]
	 3x + 2y  =  26	 [2]

Equation [1] × 3	 3x + 3y  =  33
Equation [2] 	 3x + 2y  =  26

Subtraction eliminates x:	 y  =  7

Substitution back into Equation [1] gives	 x + 7  =  11
\	 x  =  4

This same elimination technique can be used for 3 equations involving three unknowns, as shown below.

Consider the three equations:	  
+ − =
− + =

− + − =







2 3 9
2 0
3 4 2 12

[1]
[2]
[3]

x y z
x y z
x y z

Equation [1] × 2	 2x + 4y - 6z  =  18
Equation [2] 	 2x -   y +   z  =  0

Subtraction eliminates x:	 5y - 7z  =  18	 [4]

Equation [1] × 3	 3x + 6y - 9z  =  27
Equation [3] 	 -3x + 4y - 2z  =  12

Addition eliminates x:	 10y - 11z  =  39	 [5]

Equation [4] × 2	 10y - 14z  =  36
Equation [5] 	 10y - 11z  =  39

Subtraction eliminates y:	 -3z  =  -3
\	 z  =  1

Substitution back into equation [4] gives	 y  =  5

Substitution back into equation [1] gives	 x  =  2

Thus x = 2, y = 5 and z = 1.

Thus by using the equations ‘against each other’ to systematically eliminate variables until we are left 
with one equation in one unknown, systems of three equations involving three unknowns can be solved, 
provided of course that a solution exists.

Alternatively we could use the ability of some calculators to solve systems of equations like this.

WS

Systems of equations
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A systematic algebraic approach for solving 
systems of linear equations using a matrix form 
of presentation (and otherwise)
Whilst many calculators allow us to input equations in the same way as we write them, this is not the case 
for all calculators. The display below left shows how one calculator requires the system of equations

+ − =
− + =

− + − =







x y z
x y z
x y z

2 3 9
2 0
3 4 2 12

to be input. The solution to the system can then be displayed, as shown below right.

anX + bnY + CnZ = dn
a

1

b c d

2
–3

2
–1
4

–3
1

–2

9

1

0
12

1
2
3

SOLV DEL CLR EDIT

anX + bnY + CnZ = dn

2
5
1

5

X
Y
Z

REPT

Notice that this calculator only requires us to enter the coefficients of the variables, and the constant 
term, of each equation, e.g. 1, 2, -3 and 9 for the equation x + 2y - 3z = 9.

Our method of manipulating the equations to eliminate variables could also be set out in this way:

Writing  
+ − =
− + =

− + − =







x y z
x y z
x y z

2 3 9
2 0
3 4 2 12

    as  
1 2 -3 9 ←  Row 1 (r1)
2 -1 1 0 ←  Row 2 (r2)

-3 4 -2 12 ←  Row 3 (r3)

We then manipulate these rows in the same way as we would manipulate the equations. This means we can
•	 multiply any row by a number,
•	 add or subtract rows,
•	 interchange one row with another.

r1 1 2 -3 9
r2 2 -1 1 0
r3 -3 4 -2 12

r1 1 2 -3 9
r2 - 2r1 0 -5 7 -18 ←  new (r2)
r3 + 3r1 0 10 -11 39 ←  new (r3)

r1 1 2 -3 9
r2 0 -5 7 -18
r3 + 2r2 0 0 3 3 ←  new (r3)

Row 3 now tells us that	 3z  =  3,	 thus    z  =  1. 
Using this in row 2	 -5y + 7  =  -18,	 thus    y  =  5. 
And from row 1	 x + 10 - 3  =  9,	 thus    x  =  2.
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Note	 •	 For the system	
x y z
x y z
x y z

2 3 9
2 0
3 4 2 12

+ − =
− + =

− + − =






  the matrix of coefficients, or

1   2 -3
coefficient matrix is 2   -1 1

-3 4 -2

	 This coefficient matrix has 3 rows and 3 columns.
	 From the coverage of Matrices in Mathematics Specialist Unit Two the reader should be aware 

that the above system of equations could be expressed in ‘matrix form’, and the inverse of 
the coefficient matrix used to determine a solution (as the Preliminary Work section at the 
beginning of this book reminded us). However, that is not the method explored here.

	 •	 If we enlarge the matrix to include the right hand side of  
each equation we have the augmented matrix:

	 (The word augment means to increase or enlarge.) 
This augmented matrix has 3 rows and 4 columns.

•	 The augmented matrix is sometimes shown with a vertical  
line separating the two parts of the matrix, as shown on 
the right.

•	 To solve the system of equations we manipulate the rows until the  
coefficient matrix shows only zeros below the leading diagonal.

	 i.e. until the augmented matrix is of the form:

Notice the zeros below the ‘dotted line step formation’ in the above matrix. In this form the 
augmented matrix is said to be in row echelon form, the word echelon coming from its military 
use for a battle formation sometimes used by soldiers or warships. (A matrix is in echelon form 
when any rows in which all elements are zero occur at the bottom of the matrix and, as we move 
down the other rows, the first non zero elements in successive rows move right.)

	 The following matrices are all in echelon form:

3 5 3 -4 1 2 3 1 -3 2 3 1 -3
0 -2 0 2 -3 0 2 -3 5 0 0 1 2

0 0 5 0 0 2 -10 0 0 0 0

•	 By interpreting the operations we might carry out in the elimination method, as operations 
on the rows of the augmented matrix, we obtain the following elementary row operations 
that we can use:

–	 Interchanging rows.
–	 Multiplying a row by a non-zero constant.
–	 Adding a multiple of one row to a multiple of another row.

1   2 -3 9
2   -1 1 0

-3 4 -2 12

1   2 -3 9
2   -1 1 0

-3 4 -2 12

# # # #
0 # # #
0 0 # #
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The following steps could be followed to systematically reduce the augmented matrix to echelon form 
for a system of three equations in three unknowns:

1.	 Combine suitable multiples of first and second rows to make the first element of the second row zero.

2.	 Combine suitable multiples of first and third rows to make the first element of the third row zero.

3.	 Use new 2nd and 3rd rows to reduce 2nd element of row 3 to zero.

	 (Steps 1 and 2 can be easier if row 1 starts with a 1. Thus if some other row starts with a 1 move this 
row to row 1.)

The examples that follow run through the procedures involved using the matrix form of presentation. 
However, at the time of writing, the syllabus for this unit requires you to be able to use elementary 
techniques of elimination to solve systems of linear equations. Whether you use the augmented matrix 
approach, or you manipulate the equations themselves, is not stipulated. Thus whilst the augmented 
matrix approach is not specifically mentioned in the syllabus it is included here as a possible style of 
presentation for solving systems of linear equations. Adopt it if you wish.

Calculators and row echelon form
Some calculators are able to reduce a matrix to echelon form. Indeed  
some are able to reduce a matrix beyond the row echelon form shown 
on the right to the reduced row echelon form shown below it.

This second form makes the determination of the solutions just  
a matter of reading the final column.

Some calculator programs (and internet sites) reduce an augmented matrix to echelon form displaying 
each row operation performed as it goes! However these steps may not be the same steps you would choose 
to follow if doing the row operations yourself because the calculator may follow a certain procedure 
everytime and might not be programmed to see ‘shortcuts’ that could exist.

You are certainly encouraged to explore the capability of your calculator and the internet in this regard but 
also make sure that you can demonstrate your own ability to solve systems of equations systematically 
without such assistance.

Note	 •	 The process of reducing the augmented matrix to echelon form, and the similar process 
of manipulating the equations to eliminate variables, is called Gaussian elimination.

•	 Because there are often different ways of combining the elementary row operations 
to reduce an augmented matrix to row echelon form, this echelon form is not unique. 
However the reduced form shown above is unique.

# # # #
0 # # #
0 0 # #

1 0 0 #
0 1 0 #
0 0 1 #
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EXAMPLE 1

	 2x +   y – 2z  =    11 
Solve the system of linear equations , shown right.	 x + 2y – 3z  =    17 
	 -3x –   y + 4z  =  -21

Solution
First write the Augmented matrix:

r1   2   1 -2   11
r2   1   2 -3   17
r3 -3 -1   4 -21

Switch rows 1 and 2 to make first element of first row a 1:

r2   1   2 -3   17 ←  new r1
r1   2   1 -2   11 ←  new r2
r3 -3 -1   4 -21

Combine suitable multiples of first and second rows to make the first element of the second row 
zero (and similarly use the first and third rows to make the first element of the third row a zero).

r1   1   2 -3   17
r2 - 2r1   0 -3   4 -23 ←  new r2
r3 + 3r1   0   5 -5   30 ←  new r3

Use new 2nd and 3rd rows to reduce 2nd element of row 3 to zero.

r1   1   2 -3   17
r2   0 -3   4 -23
3r3 + 5r2   0   0   5 -25 ←  new r3

Row 3 now tells us that	 5z  =  -25,	 thus  z  =  -5. 
Using this in row 2	 -3y - 20  =  -23,	 thus  y  =  1. 
And from row 1	 x + 2 + 15  =  17,	 thus  x  =  0.

Thus x = 0, y = 1 and z = -5.

Alternatively, if you prefer to deal with the equations themselves, rather than manipulate the 
augmented matrix, you could follow similar steps to arrive at the same solution. This alternative form 
of presentation is shown on the next page as ‘Example 1 repeated’. In the examples that appear later 
in this chapter each example is shown solved using an augmented matrix approach and then repeated 
without using the augmented matrix. Each form of presentation involves the systematic elimination 
of variables until one equation in one unknown is reached.

Solution using augmented matrix
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EXAMPLE 1 REPEATED

	 2x +   y – 2z  =    11 
Solve the system of linear equations, shown right.	 x + 2y – 3z  =    17 
	 -3x –   y + 4z  =  -21

Solution
Given the three equations:	

x y z
x y z
x y z

2 2 11
2 3 17

3 4 21

[1]
[2]
[3]

+ − =
+ − =
+ + = −







Use equations [1] and [2] to eliminate x.
Equation [1]	 2x +   y - 2z  =  11
Equation [2] × 2	 2x + 4y - 6z  =  34
Subtraction eliminates x:	 -3y + 4z  =  -23	 [4]

Use equations [2] and [3] to eliminate x.
Equation [2] × 3	 3x + 6y - 9z  =  51
Equation [3]	 -3x -   y + 4z  =  -21
Addition eliminates x:	 5y - 5z  =  30	 [5]

Equation [4] × 5	 -15y + 20z  =  -115
Equation [5] × 3	 15y - 15z  =  90
Addition eliminates y:	 5z  =  -25
\	 z  =  -5
Substitution back into equation [4] gives	 y  =  1
Substitution back into equation [1] gives	 x  =  0

Thus x = 0, y = 1 and z = -5, as before.

EXAMPLE 2

	 2x +   y + z  =  1 
Solve the system of linear equations, shown right.	 2y + z  =  1 
	 3x +   y – z  =  8

Solution
First write the Augmented matrix:

r1 2 1 1 1
r2 0 2 1 1
r3 3 1 -1 8

r1 2 1 1 1
r2 0 2 1 1
2r3 - 3r1 0 -1 -5 13 ← new r3

r1 2 1 1 1
r2 0 2 1 1
2r3 + r2 0 0 -9 27 ← new r3

From which we can determine that z = -3, y = 2 and x = 1.

Solution without using augmented matrix

Augmented matrix approach
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EXAMPLE 2 REPEATED

	 2x +   y + z  =  1 
Solve the following system of linear equations.	 2y + z  =  1 
	 3x +   y – z  =  8

Solution
Given the three equations:	

+ + =
+ =

+ − =







x y z
y z

x y z

2 1
2 1

3 8

[1]
[2]
[3]

Use equations [1] and [3] to eliminate x.
Equation [1] × 3	 6x + 3y + 3z  =  3
Equation [3] × 2	 6x + 2y - 2z  =  16
Subtraction eliminates x:	 y + 5z  =  -13	 [4]

Use equations [2] and [4] to eliminate x.
Equation [2] 	 2y + 	 z  =  1
Equation [4] × 2	 2y + 10z  =  -26
Subtraction eliminates y:	 -9z  =  27
\	 z  =  -3
Substitution back into equation [4] gives	 y  =  2
Substitution back into equation [1] gives	 x  =  1

Thus z = -3, y = 2 and x = 1, as before.

It should be remembered that the purpose of reducing the augmented matrix to echelon form is  
to give one row in our matrix in which two of the variables have been eliminated. In some cases the 
numbers involved may enable this situation to be obtained quickly without reducing to echelon form. 
For example, consider the following augmented matrix:

r1 1 2 3 13
r2 2 5 9 33
r3 0 2 -3 -4

r1 1 2 3 13
r2 - 2r1 0 1 3 7 ← new r2
r3 0 2 -3 -4

Rather than aim for echelon form we could use ‘new r3 = r3 + r2’ to produce a second zero in a row of 
the coefficient matrix.

r1 1 2 3 13
r2 0 1 3 7
r3 + r2 0 3 0 3 ← new r3

Thus 3y = 3 and hence y = 1, z = 2 and x = 5.

Solution without using augmented matrix
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Exercise 6A

Each of the following shows an augmented matrix that has been reduced to echelon form by 
elementary row operations. In each case the original augmented matrix was for a system of 3 equations 
with the coefficients of the three variables x, y and z forming the first three columns respectively.  
Find x, y and z in each case.

	 1	 	 2	

	 3	 	 4	

	 5	 	 6	

Write the augmented matrix for each of the following systems of equations.

	 7	 	 8	

	 9	 	 10	

	11	 	 12	

Using an augmented matrix approach, or otherwise, solve each of the following systems of equations 
without the assistance of the solve facility of a calculator. Whichever method of presentation 
you choose, how you are combining rows or equations needs to be clearly stated. I.e. include in your 
working explanation like r2 - 2r1, or Equation [1] × 2, etc.

(If you prefer to manipulate the equations rather than use the augmented matrix approach it is 
suggested that you at least do some of the questions using the matrix approach.)

	13	 	 14	

	15	 	 16	

1 0 0 3
0 1 0 -2
0 0 1 5

1 0 0 4
0 1 0 7
0 0 1 -2

2 1 1 4
0 2 5 15
0 0 1 1

1 0 -2 7
0 3 2 6
0 0 -1 3

1 3 2 27
0 5 -3 2
0 0 2 12

2 1 1 -3
0 3 -2 0
0 0 -3 9

3x + 2y = 10
  x – 4y =   8

-x + 5y = 12
2x + 3y =   2

  x + 4y + 3z = 18
3x +   y + 2z = 11
5x + 2y +   z = 12

2x + 3z = 14
4x +   y –   z =   0
2x +   y + 6z = 26

3x + 2y =   8
  x + 2z =   8
2y –   z = –1

  x + 3y – 5z =   2
2x +   y + 7z = 37

-x +   z =   3

  x + 3y = 34
2x + 5y = 59

2x + 3y =   4
4x + 9y =   2

  x + 2y +   z =   7
  y + 3z =   7

3x + 3y +   z = 14

  x +   y +   z =   6
  x + 2y + 4z =   6
2x + 3y - 3z = 20
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	17	 	 18	

19	 	 20	

21	 	 22	

23	 	 24	

Solve each of the following without simply using the solve facility on a calculator.

25	 A manufacturer of lawn mowers makes two types, the standard and the deluxe. To send 270 standard 
models and 220 deluxe models overseas, the manufacturer uses two types of container. Each type A  
container can hold 5 standard models and 2 deluxe models when full, whilst each type B container 
can hold 3 standard models and 4 deluxe models when full, no other arrangements quite use all 
the available space. By supposing that the manufacturer uses x type A containers and y type B 
containers write two equations that apply if the machines are sent with all the containers full. 
Hence determine x and y.

26	 A vet is called to the zoo to treat a large animal. To sedate the animal the vet decides to powder 
up a number of tablets and give the resulting ‘super-tablet’ to the animal in its feed. To make this 
super-tablet the vet uses a combination of three tablets, P, Q and R, using p Ps, q Qs and r Rs.

Each P tablet has	 250 mg of X,	 10 mg of Y,	 and	   50 mg of Z. 
Each Q tablet has	 500 mg of X,	   5 mg of Y,	 and	 100 mg of Z. 
Each R tablet has	 200 mg of X,	 20 mg of Y,	 and	 100 mg of Z.

The super-tablet the vet makes contains 8 g of X, 470 mg of Y and 2.8 g of Z. Write three 
equations that apply and hence find how many of each tablet the vet used.

27	 When making x kg of fertiliser A, y kg of fertiliser B and z kg of fertiliser C, a company uses 
610 kg of compound P, 180 kg of compound Q and 210 kg of compound R.

1 kg of fertiliser A contains	 0.5 kg P,	 0.1 kg Q,	 and	 0.4 kg R. 
1 kg of fertiliser B contains	 0.3 kg P,	 0.5 kg Q,	 and	 0.2 kg R. 
1 kg of fertiliser C contains	 0.8 kg P,	 0.1 kg Q,	 and	 0.1 kg R.

a	 Write 3 equations involving x, y and z for the above information.

b	 Solve the equations to determine x, y and z.

  x + 4z = -1
2x +   y + 3z =   8

5x +   y = 35

  x + 2y -   z =   3
2x + 3y + 2z = -1
3x + 7y - 2z =   6

2x +   y = 11
  x + 2y –   z = 15
3x + 9y +   z = 16

2x + 4y – 3z =   1
2x + 5y – 2z =   5
3x + 7y – 3z =   7

3x + 4y + 5z = 14
5x + 7y + 6z = 13
  x +   y +   z =   3

2x +   z =   4
2x + 3y + 3z =   3
5x +   y + 3z = 10

  x +   y + 2z =   6
3x + 2y +   z =   7
5x + 4y + 4z = 19

  w +   x –   y + 3z = –1
  x + 2y – 3z = –2

  w + 2x + 2y +   z =   0
2w + 3x + 2y + 7z =   4
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Systems of linear equations having no solution
If we solve two equations in two unknowns, for example:

	
+ =
+ =





2 5
3

x y
x y

the solution gives the coordinates of the point of intersection of the two 
lines, in this case (2, 1). This is the only solution the system of equations has.

We say that x = 2, y = 1 is the unique solution.

Suppose instead we are asked to solve

	
+ =
+ =





2 5
2 3

Equation [1]
Equation [2]

x y
x y

Equation [1] - Equation [2] gives	 0x + 0y  =  2.

It is not possible to find values for x and y that satisfy this last equation.

The equations 2x + y = 5 and 2x + y = 3 contradict each other. We say the equations are inconsistent. 
It is not possible to find a solution to this system of equations. This contrasts with the systems met 
earlier in this chapter which all had unique solutions.

Graphically, 2x + y = 5 (i.e. y = -2x + 5) and 2x + y = 3 (i.e. y = -2x + 3),  
represent parallel lines. They have no points in common and so the 
system of equations has no solution.

We would obtain the same conclusion, i.e. that there is no solution,  
if we use the augmented matrix approach:

r1 2 1 5
r2 2 1 3

r1 2 1 5
r2 - r1 0 0 -2 ← new r2

This last line is telling us that 0x + 0y = -2 so again we conclude ‘no solution’.

Similarly, with a system of three equations involving three unknowns, if our working leads to the claim 
that 0x + 0y + 0z = a, for a ≠ 0, we again conclude ‘no solution’.

For example, consider the system:

The augmented matrix is

which can be reduced to

The last line is claiming that 0x + 0y + 0z = a, for a ≠ 0, and hence we conclude ‘no solution’. The initial 
equations are inconsistent.

y

x

y = −x + 3
y = −2x + 5

(2, 1)

−4 −3 −2 −1 1 2 3 4 5
−2

1
2
3
4
5

y

x

y = −2x + 3

y = −2x + 5

−4 −3 −2 −1 1 2 3 4 5
−2

1
2
3
4
5

  x + 3y +   z = 2
  x + 2y + 4z = 0
2x + 7y –   z = 1

1 3 1 2
1 2 4 0
2 7 -1 1

1 3 1 2
0 -1 3 -2
0 0 0 -5
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We know from the previous chapter that an equation of the form ax + by + cz = d is the equation of 
a plane (i.e. a flat surface). Thus, if we have a system of three such equations which has ‘no solution’ 
it means that the three equations represent planes that have no point(s) common to all three planes.  
Two of the planes could be parallel for example. The various possibilities are shown below.

Three parallel planes 
 

One plane listed 
twice and one other 

parallel plane

Two equations de�ning
the same plane.

Two parallel planes 
and one other plane 

Intersecting pairs  
of planes form 
parallel lines

Example: 
  x - 2y + 3z = 5 
-x + 2y - 3z = 8 
2x - 4y + 6z = 7

Example: 
  x - 2y + 3z =   5 
  x - 2y + 3z =   8 
2x - 4y + 6z = 10

Example: 
  x - 2y + 3z =   5 
  x + 4y - 2z =   3 
2x - 4y + 6z = 11

Example: 
  x +   y - z =   1 
  x - 2y - z = -2 
-x + 5y + z =   7

Augmented matrix  
can be reduced to:

−

−

















1 2 3 5
0 0 0 13
0 0 0 3

Augmented matrix  
can be reduced to:

−















1 2 3 5
0 0 0 3
0 0 0 0

Augmented matrix  
can be reduced to:

−
− −

















1 2 3 5
0 6 5 2
0 0 0 1

Augmented matrix  
can be reduced to:

−















1 1 1 1
0 1 0 1
0 0 0 1

0x + 0y + 0z = 13!! 
0x + 0y + 0z = -3!!

0x + 0y + 0z = 3!! 0x + 0y + 0z = 1!! 0x + 0y + 0z = 1!!

No solution. No solution. No solution. No solution.

Note that equations of the form:	 ax + by + cz = d 
	 µ(ax + by + cz = e),        for some constant µ (≠ 0), 
define the same plane if d = e and separate parallel planes if d ≠ e.
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Systems of linear equations having infinitely 
many solutions
Consider the following system of 2 equations in 2 unknowns: 

+ =
+ =





x y
x y

2 3
4 2 6

The 2 equations define one line because 4x + 2y = 6 is 2(2x + y = 3).

The coordinates of each and every point on the line 2x + y = 3 provide a solution to the system.  
The system of equations is insufficient to give a unique solution and instead has an infinite number 
of solutions.

The augmented matrix for the system is

which reduces to

The last line states that 0x + 0y = 0, which is true for all values of x and y. Solutions come from row 1, 
2x + y = 3, for which there are infinite solutions.

In three dimensions infinite solutions will occur when the three planes meet in a line or a plane as 
shown below.

The same plane  
listed three times

Three equations
de�ning the same plane.

One plane listed twice and 
one other non-parallel plane

Two equations
de�ning the
same plane.

Three planes meeting  
in a common line

Example:
	 x - 2y + 3z =   5 
	 2x - 4y + 6z = 10 
	 -x + 2y - 3z = -5

Example:
	 x - 2y + 3z =   5 
	 2x - 4y + 6z = 10 
	 x + 3y + 3z =   7

Example:
	 x +   y - 2z = -1 
	 x + 3y +   z =   0 
	 -2x - 4y +   z =   1

Augmented matrix  
can be reduced to:

−















1 2 3 5
0 0 0 0
0 0 0 0

Augmented matrix  
can be reduced to:

−















1 2 3 5
0 5 0 2
0 0 0 0

Augmented matrix  
can be reduced to:

− −















1 1 2 1
0 2 3 1
0 0 0 0

0x + 0y + 0z = 0  
is uninformative. 

Solutions from 1st row. 
Infinite solutions.

0x + 0y + 0z = 0  
is uninformative. 

Solutions from 1st and 2nd rows. 
Infinite solutions.

0x + 0y + 0z = 0  
is uninformative. 

Solutions from 1st and 2nd rows. 
Infinite solutions.

r1 2 1 3
r2 4 2 6

r1 2 1 3
r2 - 2r1 0 0 0 ← new r2
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Note:	 In the last situation, the three planes meeting in a common line, each of the original equations 
is a linear combination of the other two:

	 (-1)(x + y - 2z = -1) + (-1)(x + 3y + z = 0) = (-2x - 4y + z = 1)

This means that any one of the equations is not telling us any more about the three variables 
than could be obtained from the other two equations. Thus we really only have two pieces 
of information about the three unknowns and, provided these pieces of information are not 
contradictory, we have infinite solutions.

However this linear combination is not always obvious.

If the linear combination holds for the x, y and z parts of the equation but not the constant 
terms, then the ‘two pieces of information’ we have are contradictory and we have the 
‘no solution situation’ of intersecting pairs of planes forming three parallel lines seen earlier.

For example for the system	 x +   y - z  =  1 
	 x - 2y - z  =  -2 
	 -x + 5y + z  =  7

given as an example of that situation on an earlier page

	 (1)(x + y - z = 1) + (-2)(x - 2y - z = -2)	� =  (-x + 5y + z = 5) 
≠  (-x + 5y + z = 7)

the linear combination differing from the third equation only in the constant term.

EXAMPLE 3

Determine whether the system shown on the right has a unique 	 x - 2y + 3z  =  5 
solution, no solution or an infinite number of solutions. If there 	 -x + 2y - 3z  =  4 
is a unique solution, find it.	 2x +   y -   z  =  4

Solution
Noticing that the first two equations define separate parallel planes and  
the third equation is not parallel to the other two, we have the situation  
shown on the right. Thus there is no solution.

Alternatively, had the parallel nature of two of the planes escaped our  
notice, manipulation of the augmented matrix would yield the same  
conclusion, as shown below.

r1 1 -2 3 5
r2 -1 2 -3 4
r3 2 1 -1 4

r1 1 -2 3 5
r2 + r1 0 0 0 9 ← new r2
r3 - 2r1 0 5 -7 -6 ← new r3

Row 2 is suggesting that	 0x + 0y + 0z = 9.

No values for x, y and z can satisfy this equation so again we conclude that the sysyem has no solution.
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EXAMPLE 3 REPEATED

Determine whether the system shown on the right has a 	 x - 2y + 3z  =  5 
unique solution, no solution or an infinite number of 	 -x + 2y - 3z  =  4 
solutions. If there is a unique solution, find it.	 2x +   y -   z  =  4

Solution
As before, noticing that the first two equations define separate parallel  
planes and the third equation is not parallel to the other two, we have  
the no solution situation shown on the right.
Alternatively, had the parallel nature of two of the planes escaped our  
notice, manipulation of the equations would yield the same conclusion:

Given the three equations:	
x y z
x y z
x y z

2 3 5
2 3 4

2 4

[1]
[2]
[3]

− + =
− + − =

+ − =







Use equations [1] and [2] to eliminate x.
Equation [1] 	 x - 2y + 3z  =  5
Equation [2] 	 -x + 2y - 3z  =  4
Addition eliminates x (and y and z!!)	 0x + 0y + 0z  =  9      i.e. 0 = 9!!
No values for x, y and z can satisfy this equation so again we conclude that the system of equations 
has no solution.

How does your calculator respond when asked to solve a system of equations for which there is no solution?
How does it respond when asked to solve systems for which there are infinite solutions?

EXAMPLE 4

For what value(s) of p will the system of equations shown 	 x – 2y +   z  =  -3 
on the right have a unique solution?	 -x + 3y +   z  =  -2 
	 3x – 5y + pz  =    7
Solution
The augmented matrix for the given system is:

r1 1 -2 1 -3
r2 -1 3 1 -2
r3 3 -5 p 7

r1 1 -2 1 -3
r2 + r1 0 1 2 -5 ← new r2
r3 - 3r1 0 1 p - 3 16 ← new r3

r1 1 -2 1 -3
r2 0 1 2 -5 ← new r2
r3 - r2 0 0 p - 5 21 ← new r3

Thus a unique solution exists provided p - 5 ≠ 0, i.e provided p ≠ 5.

Solution without using augmented matrix approach

Augmented matrix approach
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EXAMPLE 4 REPEATED

For what value(s) of p will the system of equations shown 	 x – 2y +   z  =  -3 
on the right have a unique solution?	 -x + 3y +   z  =  -2 
	 3x – 5y + pz  =    7

Solution

Given the three equations:	
− + =

− + + =
− + =







2 –3
3 –2

3 5 p 7

[1]
[2]
[3]

x y z
x y z
x y z

Use equations [1] and [2] to eliminate x.

Equation [1] 	 x - 2y +   z  =  -3
Equation [2] 	 -x + 3y +   z  =  -2
Addition eliminates x.	 y + 2z  =  -5	 [4]

Use equations [1] and [3] to eliminate x.

Equation [1] × 3	 3x - 6y + 3z  =    -9
Equation [3] 	 3x - 5y + pz  =      7
Subtraction eliminates x.	 -y + (3 - p)z  =  -16	 [5]

Use equations [4] and [5] to eliminate y.

Equation [4] 	 y +           2z  =    -5
Equation [5] 	 -y + (3 - p)z  =  -16
Addition eliminates y.	 (5 - p)z  =  -21

This last equation gives a solution provided 5 - p ≠ 0, otherwise 0z = -21!

A unique solution exists provided 5 - p ≠ 0, i.e provided p ≠ 5.

Alternatively, with no parallel or coincident planes involved, example 4 could be solved by 
considering linear combinations, as shown below. However, it is anticipated that for most students, 
eliminating the variables by one or other of the methods of presentation just demonstrated would 
be the preferred method of solution for questions of this type.

•	 If there exists a linear combination of the first two equations, equal to the third equation, 
we really only have two pieces of information about three unknowns. Hence we would have 
infinite solutions.

•	 If there exists a linear combination of the first two equations that differs from the third equation 
only in the last column we have contradictory statements. Hence we would have no solution.

Consider 4 × [1] + 1 × [2]:	 4(x – 2y +   z  =    -3) +
(The 4 and the 1 being obtained by	 1(-x + 3y +   z  =    -2)
solving 1λ - 1µ = 3 with -2λ + 3µ = -5.)	 3x – 5y + 5z  =  -14
Compare this with [3]:	 3x – 5y + pz  =      7

If p = 5 we have a contradiction:	 3x - 5y + 5z  =  -14
	 and  3x - 5y + 5z  =      7

This is avoided, and a unique solution will be obtained, if p ≠ 5.

Thus, as before, a unique solution exists provided p ≠ 5.

Solution without using augmented matrix approach
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EXAMPLE 5

Determine the possible values of p and q if the system of 	 x -   y + 2z  =  1 
equations shown on the right has	 2x - 5y + 5z  =  9 
	 3x + 3y + pz  =  q
a	 no solution,

b	 infinite solutions,

c	 a unique solution.

Solution
Using the augmented matrix:

r1 1 -1 2 1
r2 2 -5 5 9
r3 3 3 p q

r1 1 -1 2 1
r2 - 2r1 0 -3 1 7 ← new r2
r3 - 3r1 0 6 p - 6 q - 3 ← new r3

r1 1 -1 2 1
r2 0 -3 1 7
r3 + 2r2 0 0 p - 4 q + 11 ← new r3

Thus the system has

a	 no solution if p = 4 and q ≠ -11 (as we then have 0x + 0y + 0z = non zero)

b	 infinite solutions if p = 4 and q = -11 (as we then have 0x + 0y + 0z = 0)

c	 a unique solution if p ≠ 4.

Again these same answers could be obtained by considering what linear combination of the first 
two equations could give the third equation:

Solving 1λ + 2µ = 3 with -1λ - 5µ = 3 gives λ = 7 and µ = -2.

Thus we try (7) (1st row) + (-2) (2nd row):	 (7) (1	 -1	 2	 1)	+ 
	 (-2) (2	 -5	 5	 9)

	 3	 3	 4	 -11

Comparing this with the third row:	 3	 3	 p	 q
we again conclude that the system has

a	 no solution if p = 4 and q ≠ -11, as then we would have contradictory equations. (Inconsistent.)

b	 infinite solutions if p = 4 and q = -11, as then we have a repeat equation. (Insufficient.)

c	 a unique solution if p ≠ 4.

Augmented matrix approach



ISBN 9780170395274MATHEMATICS SPECIALIST  Units 3 & 4164

EXAMPLE 5 REPEATED

Determine the possible values of p and q if the system of 	 x -   y + 2z  =  1 
equations shown on the right has	 2x - 5y + 5z  =  9 
	 3x + 3y + pz  =  q
a	 no solution,

b	 infinite solutions,

c	 a unique solution.

Solution

Given the three equations:	
− + =
− + =
+ + =







2 1
2 5 5 9
3 3 p q

[1]
[2]
[3]

x y z
x y z
x y z

Use equations [1] and [2] to eliminate x.

Equation [1] × 2	 2x - 2y + 4z  =    2
Equation [2] 	 2x - 5y + 5z  =    9

Subtraction eliminates x.	 3y -   z  =  -7	 [4]

Use equations [1] and [3] to eliminate x.

Equation [1] × 3	 3x - 3y + 6z  =  3
Equation [3] 	 3x + 3y + pz  =  q

Subtraction eliminates x.	 -6y + (6 - p)z  =  3 - q	 [5]

Use equations [4] and [5] to eliminate y.

Equation [4] × 2	 6y         - 2z   =  -14
Equation [5] 	 -6y + (6 - p)z  =  3 - q

Addition eliminates y.	 (4 - p)z  =  -11 - q	

If p = 4 and q ≠ -11	 we have    0z ≠ 0.	 No solution.

If p = 4 and q = - 11	 we have    0z = 0.	 Infinite solutions.

If p ≠ 4 we have ‘non zero z equalling some number’.	 Unique solution.

Thus

a	 no solution if p = 4 and q ≠ -11,

b	 infinite solutions if p = 4 and q = -11,

c	 a unique solution if p ≠ 4.

Solution without using augmented matrix
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Exercise 6B

Determine the value of k in each of the following systems of equations given that each system has 
no solution.

	 1	 	 2	

	 3	 	 4	

	 5	 	 6	

	 7	 	 8	

	 9	 	 10	

	11	 	 12	

Determine the value of k in each of the following systems of equations given that each system has 
infinite solutions.

	13	 	 14	

	15	 	 16	

	17	 	 18	

	19	 	 20	

  x + 2y +   z =   3
  y + 4z =   1

kz =   5

  x + 3y + 2z =   4
-y + 3z =   1

(k - 2)z =   3

  x - 2y +   z =   4
  y + 3z =   1

(2k + 1)z =   2

  x + 3y + 2z =   1
  y + kz =   2
-y + 3z =   5

2x +   y + 4z =   2
3y + kz =   4
2y +   z =   3

  x +   2y +   z =   3
    y - 3z =   k
-2y + 6z = -4

(k - 2)z =   4
  y + 2z = -3

  x + 2y + 3z =   5

  y + 3z =   2
(k + 1)z =   5

  x + 3y -   z =   2

  x + 2y + kz =   1
2x - 3y +   z =   5
3x -   y + 4z =   3

  x + 3y - 6z =   3
  x +   y +   z =   0
3x + 5y + (k + 1)z =   2

2x +   y + kz = -1
  x + 4y + 2z = -7
3x - 2y + 4z =   1

  x +   y + 3z =   4
-x + 5y + (k + 1)z =   6
2x -   y +   z =   5

  x + 3y - 2z =   5
  y - 2z =   4

kz =   0

  x + 2y - z =   1
z =   2

(2k + 1)z =   0

  x - 3y + 5z = 5
-y + 2z = 8

(k2 - 4)z = k + 2

2kz =   0
3y + 2z =   5

  x -   y + 3z =   5

2y +   z =   2
ky =   0

  x + 3y + 4z =   2

  x - 2y + 3z = -1
2x - 4y + 6z = -2
-x + 2y + kz =   1

  x -     y +   z =   3
2x +   3y + kz =   2
4x + 11y - 5z =   0

  x + 3y - 2z =   4
  x + 5y + (k - 2)z =   3
2x + (k + 1)y - 7z =   9
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	21	 For the system of equations 
x y
x y

p 5
2 3 q

+ =
+ =





 determine the values of p and q

a	 for the system to have infinite solutions,

b	 for the system to have no solution,

c	 for the system to have a unique solution.

	22	 For the system of equations 
x y
x y

p 4 6
9 6 q

+ =
+ =





 determine the values of p and q

a	 for the system to have infinite solutions,

b	 for the system to have no solution,

c	 for the system to have a unique solution.	

For questions 23 and 24 determine the values of p and q for which the system of equations has 
infinite solutions.

	23	 	 24	

For questions 25 and 26 determine the value(s) of p for which the system of equations has 
a unique solution.

	23	 	 24	

	27	 Determine whether the system shown on the right has a unique 	 x + 3y -   z  =    5 
solution, no solution or infinite solutions and, if there is a unique 	 -x + 3y +   z  =    5 
solution, determine that solution.	 2x + 6y - 2z  =  10

	28	 State the possible values of k and m if the system of equations shown below has

a	 a unique solution,	 b	 no solution,	 c	 infinite solutions.

	 x + 2y + z = 4,      y - 3z = 1,      (2k - 1)y = m + 1.

	29	 Determine whether the system shown on the right has a unique 	 x -   y + 2z  =  12 
solution, no solution or infinite solutions for each of the following 	 -x - 2y +   z  =    3 
cases and, if there is a unique solution, determine that solution.	 8x + 7y + pz  =    q

a	 p = 1, q = 10,	 b	 p = 1, q = 21,	 c	 p = 7, q = 45.

	30	 Determine the possible values of k and m if the system on the right has	 x -   y  =    m

a	 a unique solution,	 x + ky - 3z  =    7

b	 no solution, 	 4x -   y - 3z  =    3

c	 infinite solutions.

  x + 2y +   z =   3
  x + 3y – 2z =   7
3x + 4y + pz =   q

  x + 3y –   z =   2
2x + 8y – 2z =   q
  x – 3y + pz = -1

  x – 2y +   z = -2
  x +   y +   z =   7
-x + 5y + pz = -4

  5x + 2y –   z =   2
2x +   y =   1

-3x +   y + pz =   1
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Miscellaneous exercise six
This miscellaneous exercise may include questions involving the work of this chapter,  
the work of any previous chapters, and the ideas mentioned in the Preliminary work section  
at the beginning of the book.

	 1	 Use vectors to prove that the medians of a triangle intersect at a point two-thirds of the way along 
each median, measured from the end of the median that is a vertex of the triangle. 
(A median of a triangle is a straight line drawn from a vertex of the triangle to the midpoint of the 
opposite side.)

	 2	 a	 Given that  x a x5 3− = − +  has exactly two solutions find the range of values a can take.

b	 Given that  x a x5 3− = − +  has more than two solutions find the range of values a can take.

	 3	 The diagram on the right shows

	 y  =  x a− 	 for x ≥ 0 and y ≥ 0,

and	 y  =  x b0.5 − 	 for x ≥ 0 and y ≥ 0,

dividing the graph into seven regions (labelled 
A to G in the diagram).

a	 Find the coordinates of P1 and P2, 
in terms of a and/or b.

b	 Is a > b, or is b > a?

c	 Find the coordinates of P4 and P6 (in terms of a and/or b).

d	 Find the coordinates of P3 and P5 (in terms of a and/or b).

State the regions A, B, C, etc. which together form each of the following sets of points for  
x ≥ 0 and y ≥ 0:

e	 {(x, y): y <  x a−  and y <  x b0.5 }−

f	 {(x, y): y >  x a−  and y >  x b0.5 }−

g	 {(x, y): y <  x a−  and y >  x b0.5 }−

h	 {(x, y): y >  x a−  and y <  x b0.5 }−

	 4	 Represent the set of points  z z i{ : 3 3}− − ≤  as a shaded region on an Argand diagram.

	 5	 Express	 a	 i5( 3 )− + in the form r cis θ with r ≥ 0 and -π < θ ≤ π,

		  b	 6 cis
3
4
π



  in the form a + bi.

	 6	 With z = x + iy and  z z i3 5 2 5− = +  prove that

	 (x - 9)2 + (y - 4)2 = 72.

	 7	 If z = 1 - i	 a	 express z in the form r cis θ with -π < θ ≤ π,

		  b	 express z14 in cartesian form.

y

x

P1 B

F

D E
GA

CP2 P3

P4

P5

P6

= −y x0.5 b= −y x a
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	 8	 Find the position vector of the point where lines L1 and L2 intersect where

L1 has equation	 r  =  2i + 2k + λ(2i + 3j - 2k) 
and L2 has equation	 r  =  -2i + j + 6k + µ(-2i - j + 2k).

	 9	 The diagram on the right shows the complex numbers z and w as  
vectors on an Argand diagram.

a	 Make a copy of the diagram and include on your diagram z   
and w,  the complex conjugates of z and w.

b	 With the aid of a diagram, prove that

	 + = +z w z w

c	 Similarly use a diagrammatic approach to show that  = .zw z w

	10	 z1 shown in the diagram on the right is one solution to the  
equation z4 = k.

Find k and z2, z3 and z4, the other three solutions to the equation, 
giving all answers in the form r cis θ° for r ≥ 0 and -180 < θ ≤ 180.

	11	 a	 State the natural domain, and corresponding range of the function

	 f (x) = 
x
1

3
4

−
+

b	 Find an expression for f -1(x), the inverse of f (x) and state the domain and range of f -1(x).

	12	 Use de Moivre’s theorem to express cos 4θ and sin 4θ in terms of cos θ and sin θ.

	13	 Two planes have equations    r . −

















2
3
6

  =  -14    and    r . −

















2
3
6

  =  42.

Prove that the two planes are parallel and find the distance between them.

	14	 Find the shortest distance from the line r =
−

















+ λ

















2
3
1

5
2
1

 to the origin.

	15	 Prove that the system of equations given below has either no solution or infinite solutions and find 
the value of p that gives infinite solutions.

	 pz - 3y = 1 + x        x + 3y = 3 + 2z        2x + 6y - 6z = 5

Im

Re

z

w

Im

2 units

Re
40°

z1
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Note
This chapter assumes that due to the probably concurrent study of Unit Three of the Mathematics Methods 
course, the reader is now familiar with the application of calculus to questions involving motion, and with 
differentiating and integrating trigonometrical functions and the exponential function, ex.

In earlier chapters we encountered the idea of expressing the position vector of a moving object 
in terms of time, t.

For example, suppose that at some moment in time a ship is at  
a point with position vector (2i + 8j) km and is moving with velocity  
(4i - 3j) km/h (see diagram). If this motion continues, then t hours  
later the position vector of the ship will be

	 r  =  (2i + 8j) + t (4i - 3j) 
	 =  (2 + 4t)i + (8 - 3t)j

The position vector of the ship is given in terms of the scalar variable, t.  
Each value of t will output one and only one r.  
We have a vector function given in terms of the scalar variable t.  
Being a function of time we write the position vector as r(t).

Considering some general point P, cartesian coordinates (x, y), lying on the path of this ship

	 r  =  xi + yj 
	 =  (2 + 4t)i + (8 - 3t)j

Thus	 x  =  2 + 4t	 ←  The parametric equations of the path.
and	 y  =  8 - 3t

Eliminating t gives	 4y  =  -3x + 38	 ←  The cartesian equation of the path.

Similarly, inclusion of a component in the k direction can define a path in three-dimensional space.

Given r(t), the position vector of an object as a function of time, we can consider differentiating this 
function to give the rate of change of r with respect to time.

Differentiating vector functions
If	 r  =  f (t)i + g(t)j + h(t)k

the derivative 
d
dt
r

 is determined by differentiating each component with respect to t.

	
d
dt
r

  = 
d
dt

f t g t t+ + h( ( ) ( ) ( ) )i j k

	 = 
df
dt

dg
dt

d
dt

+ + h
i j k

Po
si

tio
n 

ve
ct

or
2i

 +
 8

j

Velocity vector

4i − 3j

WS

Derivatives of vectors
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For example, if	 r  =  2t3i + (3t - 1)j - 2k

then 	
d
dt
r

  =  6t2i + 3j

Note	 •	 The derivative, 
d
dt

,
r

 is the rate of change of r with respect to t.

•	 As t varies the position vector r(t) traces out a path. At any point on this path the vector 
d
dt
r

 has the same direction as that of the tangent drawn at that point, as explained below.

		
d
dt
r

  = 
t t t

tt
lim

( ) ( )
0

r r+ δ −
δδ →

		  = 
tt δδ →

lim
AB

0

→

      see diagram.

	 As δt → 0 the direction of 
→	
AB  will tend 

towards that of the tangent at A.

•	 Whilst the position vector can be given in terms of any variable,

e.g    r  =  3u2i + 2uj    and thus  
d
du
r

  =  6ui + 2j,

	 if r(t) is the position vector of an object at time t then 
d
dt
r

 will be the velocity of the object at 

time t, and 
d
dt

2

2
r

 its acceleration at time t.

EXAMPLE 1

A particle moves such that at time t seconds, t ≥ 0, its position vector is r metres where

	 r  =  2 sin 3t i + (2t2 - 3t + 4)j.

Find expressions for the velocity and acceleration of the particle at time t.

Solution
	 r  =  2 sin 3t i + (2t2 - 3t + 4)j

	 v  = 
d
dt
r

∴	 v  =  6 cos 3t i + (4t - 3)j

	 a  = 
d
dt
v

∴	 a  =  -18 sin 3t i + 4j

The particle has velocity v m/s and acceleration a m/s2 at time t where

	 v  =  6 cos 3t i + (4t - 3)j    and    a  =  -18 sin 3t i + 4j.

r(t)

r(t + δt) − r(t)

r(
t +

 δ
t)

B

A

y

x
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EXAMPLE 2

A particle moves such that at time t seconds, t ≥ 0, its position vector is r m where

r = 2t2i + (2t - 3)j.

Find	 a	 the velocity of the particle when t = 2,

	 b	 the speed of the particle when t = 2,

	 c	 the angle that the velocity vector makes with the positive x direction when t = 2,

	 d	 the acceleration of the particle when t = 2.

Solution
a		  r  =  2t2i + (2t - 3)j

		  v  = 
d
dt
r

		  =  4t i + 2j

	 When t = 2	 v  =  8i + 2j

	 The particle has velocity (8i + 2j) m/s when t = 2.

b	 When t = 2	 v   =  +8 22 2

		  =  2 17

	 The speed of the particle when t = 2 is 2 17  m/s.

c	 When t = 2	 v  =  8i + 2j

	 Thus if θ is the required angle, see diagram,

		  tan θ  = 
2
8

		  θ  =  14.04°, correct to two decimal places.

	 When t = 2 the velocity vector makes an angle of approximately 14° with the positive 
x direction. (Alternatively this answer could be obtained using the scalar product v . i.)

d		  v  =  4t i + 2j

		  a  = 
d
dt
v

		  =  4i

	 The particle has an acceleration of 4i m/s2 when t = 2.

WS

Position, velocity 
and acceleration

8i + 2j

θ
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Integrating vector functions
To integrate a vector function we integrate each component.

If	 r  =  f (u)i + g(u)j + h(u)k

	 u du∫ ( )r   =  f u du g u du u du∫ ∫ ∫( ) ( ) ( )+ + h( ) ( ) ( )i j k

For example, if	 r  =  2ui + (6u2 + 1)j

	 du∫ r   =  (u2 + c1)i + (2u3 + u + c2)j

	 =  u2i + (2u3 + u)j + c          where c = c1i + c2j

In particular if r(t), v(t) and a(t) represent the position vector, velocity vector and acceleration vector 
at time t then

	 r(t)  =  t dt∫ ( )v     and    v(t)  =  t dt∫ ( )a

EXAMPLE 3

A particle is initially at rest at a point with position vector 2j m and t seconds later its acceleration 
is a m/s2 where a = 8 cos 2t i + 2j.

Find	 a	 an expression for the velocity of the particle at time t,
	 b	 the value of t (t > 0) when the particle is first travelling parallel to the y-axis,
	 c	 an expression for the position vector of the particle at time t.

Solution
a	 We know that	 a  =  8 cos 2t i + 2j

	 ∴	 v  =  t dt∫ +(8cos 2 2 )i j

		  =  4 sin 2t i + 2tj + c
	 When t = 0, v = 0. Thus	 c  =  0i + 0j 

∴	 v  =  4 sin 2t i + 2tj

	 The velocity of the particle at time t is (4 sin 2t i + 2tj) m/s.

b	 To be travelling parallel to the y-axis the i component of the velocity vector must be zero.

	 This occurs when 	 4 sin 2t  =  0. 
	 2t  =  0, π, 2π, … 

	 t  =  0, 
π
2

,  π, …

	 For t > 0, the particle is travelling parallel to the y-axis, for the first time, when t = 
π
2

.

c		  r  =  t t dt∫ +(4 sin 2 2 )i j

		  =  -2 cos 2t i + t2j + d
	 When t = 0, r = 2j. Thus	 2j  =  -2i + d 

Giving	 d  =  2i + 2j 
and so	 r  =  (2 - 2 cos 2t)i + (t2 + 2)j

	 The position vector of the particle at time t is (2 - 2 cos 2t)i + (t2 + 2)j m.

WS

Integrals of  
vector functions
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Exercise 7A

	 1	 A particle moves such that at time t seconds, t ≥ 0, its position vector is r metres where

	 r  =  2t3i + (3t + 1)j.

a	 Find the initial position vector of the particle.

Use calculus to determine

b	 the velocity of the particle when t = 3,

c	 the speed of the particle when t = 3,

d	 the acceleration of the particle when t = 3.

	 2	 A particle moves such that its acceleration, a m/s2, at time t seconds, t ≥ 0, is given by

	 a  =  6t i.

Initially, i.e. when t = 0, the particle is at point A, position vector (2i - j) m, and is moving with 
velocity (-4i + 6j) m/s.

Find	 a	 the speed of the particle when t = 2,

	 b	 the distance the particle is from A when t = 2.

	 3	 If r = 2t i + (t - 1)j find

a	 d
dt

,
r 	 b	 d

dt
.r

	 4	 The vector functions r(t) m, v(t) m/s and a(t) m/s2 are respectively the position, velocity and 
acceleration vectors of a particle at time t seconds.

Given that v(t) = 
t

1
( 1)

22 i j
−
+

+  and r(0) = 3i + 3j, determine

a	 v(1),	 b	 a(1),	 c	 r(1).

	 5	 A particle moves such that at time t seconds, its position vector is r metres where

	 r  =  (t2 - 5t + 1)i + (1 - 14t + t2)j.

a	 Find the value of t at the instant the particle is travelling parallel to the x-axis.

b	 Find the value of t at the instant the particle is travelling parallel to the y-axis.

	 6	 The vector functions r(t) m, v(t) m/s and a(t) m/s2 are respectively the position, velocity and 
acceleration vectors of a particle at time t seconds.

Given that v(t) = 2i + e0.1tj and r(0) = 10j, determine

a	 v(10),	 b	 a(10),	 c	 r(10).
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	 7	 A particle moves such that at time t seconds its position vector is r m where

	 r = (8t - 12)i + t2j.

Find	 a	 how far the particle is from the origin when t = 3,

	 b	 the velocity of the particle when t = 3,

	 c	 the speed of the particle when t = 3,

	 d	 the angle that the velocity vector makes with the positive x direction when t = 3. 
(Give your answer to the nearest degree.)

	 8	 The vector functions r(t) m, v(t) m/s and a(t) m/s2 are respectively the position, velocity and 
acceleration vectors of a particle at time t seconds (t ≥ 0).

Given that r = t3i + (2t2 - 1)j determine

a	 the speed of the particle when t = 2,

b	 the acceleration vector when t = 3,

c	 the scalar product v . a when t = 2,

d	 the angle between v and a when t = 2 giving your answer in degrees correct to one 
decimal place.

	 9	 A particle moves such that at time t seconds, t ≥ 0, its velocity is v m/s where

	 v = 2t i + (3t2 - 1)j - 3k.

Find	 a	 the initial speed of the particle,

	 b	 the speed of the particle when t = 2,

	 c	 the acceleration of the particle when t = 2,

	 d	 the position vector of the particle when t = 5 given that when t = 2 the particle has 
position vector (-4i + 10j) m.

	10	 The position vector of a particle at time t seconds is r m where r is given by

	 r = (t2 - 6t - 16)i + t2j.

For what value of t, t ≥ 0, is

a	 the particle on the y-axis?

b	 the particle moving parallel to the y-axis?

c	 the velocity of the particle perpendicular to the acceleration of the particle?

	11	 A position vector of a particle at time t seconds is r m where r is given by

	 r = 3i + 2tj + (t2 - 4t + 10)k.

Find the position, velocity and acceleration of the particle at the instant that the particle is at its 
minimum distance from the x-y plane.
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	12	 With i and j horizontal and vertical unit vectors respectively, a body moves with a constant 
acceleration of 2j m/s2. Initially, when t = 0, the position vector of the body is (i + 20j) m and 
its velocity vector is (2i - 8j) m/s.

Find	 a	 the velocity of the body at time t seconds,

	 b	 the position vector of the body at time t seconds,

	 c	 the distance the body is from the origin when t = 3,

	 d	 the speed of the body when t = 2,

	 e	 the value of t when the body has its minimum height and determine this 
minimum height,

	 f	 the cartesian equation of the path of the body.

	13	 A particle moves with its acceleration, a m/s2 at time t seconds given by

	 a = cos t i + 2j.

Initially, i.e. when t = 0, the particle has position vector (4i - 6j) m and velocity vector j m/s.

Find	 a	 the value(s) of t, t ≥ 0, when the particle crosses the x-axis,

	 b	 the value(s) of t, t ≥ 0, when the particle crosses the y-axis.

	14	 An object starts from rest at the origin and moves such that its acceleration t seconds later  
is a m/s2, where a is given by

	 a = -4 sin 2t i + 2j + etk.

Find the position vector of the object when t = π.

	15	 A body moves such that its position vector, r m, at time t seconds is given by

	 r = 2 sin 3t i + 2 cos 3tj.

a	 Find the value of t, t ≥ 0, when the body crosses the x-axis for the first time.

b	 Obtain expressions for the velocity and acceleration at time t.

c	 Prove that for all values of t the velocity is perpendicular to the acceleration.

	16	 An object is initially at a point A, position vector (2i + 8j) m, and moving with velocity -4i m/s.

The object moves such that t seconds later its acceleration is a m/s2, with

	 a = 2 sin (0.5t)i - 2 cos (0.5t)j.

How far is the object from the point B, position vector 2i, when t =  ?
π
3
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Some particular types of motion

EXAMPLE 4

A particle is projected from a point on a horizontal plane, at 30° above the horizontal and with an 
initial speed of 50 m/s. The particle will experience constant downward acceleration, due to the 
earth’s gravitational pull, of g m/s2.

With horizontal and vertical unit vectors i and j as shown,  
and taking g as 10, determine:

a	 the acceleration of the particle in i-j form,

b	 the initial velocity of the particle in i-j form,

c	 the velocity of the particle t seconds after projection,

d	 the time taken for the particle to reach its highest point.

Solution
a	 Acceleration of the particle	 =  -10j m/s2.

b	 Initial velocity of the particle	 =  (50 cos 30°i + 50 sin 30°j) m/s

		  =  (25 3 25 )i j+  m/s

c	 We know that	 a  =  -10j	 where a m/s2 is the acceleration.

	 Thus	 v  =  -10tj + c	 where v m/s is the velocity.

	 When t = 0,	 v  =  25 3 25i j+ 	 ∴  c = 25 3 25i j+

	 Thus	 v  =  t25 3 (25 10 )i j+ −

	 The velocity of the particle t seconds after projection is  t[25 3 (25 10 ) ]i j+ −  m/s.

d	 At the highest point the vertical component of the velocity must be zero.

	 i.e.	 25 - 10t  =  0 
giving	 t  =  2.5.

	 The particle is at its highest point 2.5 seconds after projection

Note
Readers with some knowledge of basic physics may recognise that part d of the above example could be 
solved using the formula, v = u + at. However remember that this formula is one of a group that apply to 
constant acceleration situations. The calculus techniques we are developing here apply to variable 
acceleration as well.

Particle projected from a point on a horizontal plane.

30°

50 m/s

y

xi

j
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Exercise 7B

Rectilinear motion with constant acceleration

	 1	 At time t = 0 a particle is at the origin and moving with velocity ui m/s.

If the particle travels under the influence of a constant acceleration ai m/s2 find expressions for 
the velocity and position vector of the particle t seconds later.

Particle projected from a point on a horizontal plane

	 2	 An object is projected from a point O on a horizontal surface with an initial velocity of  
(14i + 35j) m/s where i and j are horizontal and vertical unit vectors respectively.

The object experiences constant downward acceleration of -9.8j m/s2.

Find an expression for the position vector of the object, with respect to point O, t seconds into 
its flight.

How far is the object from O when t = 5?

Determine the cartesian equation of the path.  
(Note: Your answer should be a quadratic, thus showing that the flight path is parabolic).

	 3	 A particle is projected with an initial speed of 80 m/s at 60°  
above the horizontal from a point O on a horizontal surface. 
The particle experiences constant downward acceleration  
of g m/s2.

With horizontal and vertical unit vectors i and j as shown,  
and taking g as 10, determine

a	 the acceleration of the particle in i-j form,

b	 the initial velocity of the particle in i-j form,

c	 the position vector of the particle, with respect to O, t seconds after projection,

d	 the time taken for the particle to return to the horizontal surface.

e	 the horizontal distance from projection to landing.

	 4	 A golfer hits the ball from a point A towards some point B,  
on the same level as A and 120 m away. The ball has initial 
speed 42 m/s, at an angle θ above the horizontal. The 
horizontal and vertical unit vectors are i and j respectively 
and the ball experiences constant acceleration of -9.8j m/s2.

a	 Find an expression for the position vector of the ball 
with respect to A, in terms of t, the time of flight, and θ.

b	 Determine the two possible values of θ that will cause 
the ball to land at B.

	 (Give your answers in degrees and rounded to one 
decimal place.)

60°
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	 5	 A particle is projected with an initial speed of u m/s at an angle θ° above the horizontal from 
a point O on a horizontal surface.

The particle experiences constant downward acceleration of g m/s2.

With the unit vectors i and j as shown, determine the  
following (leaving u, θ and g in your answers)

a	 the velocity of the particle, in i-j form, t seconds 
after projection,

b	 the position vector of the particle, in i-j form,  
t seconds after projection,

c	 the time taken for the particle to return to the horizontal surface,

d	 the horizontal distance from O to the point of landing back on the horizontal surface,

e	 the value of θ that would make the distance of part d a maximum.

Circular motion with constant angular speed

	 6	 Consider a particle initially at the point (2, 0) and moving around  
a circle of radius 2 m with constant angular speed 0.5 rad/s. The  
position vector of the particle, t seconds later, is r(t) m where

r(t) = 2 cos (0.5t)i + 2 sin (0.5t)j.

a	 The velocity and acceleration vectors of the particle at time 
t seconds are v(t) m/s and a(t) m/s2 respectively. Find v(t) and a(t).

b	 Show that  t( )v  is independent of t and determine its value.

c	 Determine v . a and interpret the result.

d	 Show that a(t) = -kr(t) for k a scalar constant and determine its value.

e	 What does the result a(t) = -kr(t) mean in terms of the direction of a?

	 7	 (All units use metres and seconds.)

A particle moves in a circle, centre (0, 0).

The motion is such that r(0), the position vector when t = 0, is 5j.

The velocity at time t is given by

	 v(t) =  t t− π π



 − π π





5
2

cos
2

5
2

sin
2

i j

a	 Determine r(t) the position vector of the particle at time t.

b	 Determine r(3).

c	 Sketch the path of the particle, indicating on your sketch the location and direction of motion 
of the particle at t = 0, t = 1 and at t = 3.

d	 Find  t dt∫ ( ) ,
0

3
v   t dt∫ ( )

0

3
v  and  t dt∫ ( )

0

3
v  and interpret each answer in terms of the motion 

of the particle from t = 0 to t = 3.

θ°

y

x

u m/s

O i

j

y

x

0.5 rad/s

0.5t

−2

2

−2

2
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Elliptical motion

	 8	 An object moves such that its position vector, r(t) m, at time t seconds is given by

	 r(t) =  t t− π



 + π



2sin

6
3cos

6
.i j

a	 Produce a sketch of the motion for 0 ≤ t ≤ 12 and indicate on your sketch the location and 
direction of motion of the object at t = 0, t = 3 and t = 9.

b	 With r = xi + yj, determine the cartesian equation of the path of the object.

c	 Find the angle between the direction of the vector i and the direction of motion of the object 
when t = 8. (Answer in radians correct to 2 decimal places)

d	 If the acceleration of the object at time t seconds is a(t) m/s2 show that

		  a(t) = -kr(t)

	 for k a positive scalar constant. Explain what this result means in terms of the direction of the 
acceleration and determine k.

Projectile up an inclined plane

	 9	 A particle is projected directly up a plane that is inclined  
at 30° to the horizontal. The particle is projected with 
speed 49 m/s at 30° to the plane. If we take the unit vector 
i to be directly up the plane and the unit vector j to be 
perpendicular to the plane (see diagram) then the 
acceleration due to gravity will be

	 (-9.8 sin 30° i - 9.8 cos 30° j) m/s2.

Taking the point of projection as (0, 0) obtain an expression for r(t), the position vector of the 
particle in the form ai + bj, t seconds after projection, and hence show that the particle will hit  

the plane 
10 3

3
 seconds after projection.

Motion of a point on the rim of a rolling wheel

	10	 As the large wheel shown on the right rolls along the x-axis  
the point Q at the centre of the wheel will move horizontally. 
P is a point on the rim of the wheel and initially, i.e. when 
t = 0, point P lies at the origin. Suppose that the forward speed 
and the radius of the wheel are such that the velocity of P at 
time t seconds later is v m/s where

	 v = (1 - cos t) i + sin tj

(Notice that writing this as (i) + (-cos t i + sin tj) makes the  
separate translational and rotational components more obvious.)

a	 Determine the position vector of P at time t seconds.

b	 Find the diameter of the wheel.

c	 Find the position vector and the velocity of P when

	 i	 t = 0,	 ii	 t = 
π
2

, 	 iii	 t = π,	 iv	 t = 
π3
2

.  

d	 View the path of P on a graphic calculator.

9.8 sin
 30° 9.8 cos 30°

49 m/s

30°
30°

j i

Q

P x

y
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Miscellaneous exercise seven

This miscellaneous exercise may include questions involving the work of this chapter, the 
work of any previous chapters, and the ideas mentioned in the Preliminary work section at the 
beginning of the book.

	 1	 Express  i− +( 3 )  in the form r cis θ with r ≥ 0 and -π < θ ≤ π.

	 2	 Express the complex number 
π



6 cis

3
4

 in the form a + bi.

	 3	 If f (x)  = 
x x

x x
x x

÷ ≤
< <

≥









4 for 0
for 0 3

3 for 3

2     determine f -1(x), the inverse of f (x).

	 4	 For which of the following functions is the graph as shown  
on the right?

f (x) =  x2

g(x) =  x

h(x) =  − ≤
>





for 0
for 0

.x x
x x

	 5	 If f (x) =  x+ +3 1  determine a formula for f -1(x), the inverse of f (x), and state its domain and range.

	 6	 Vectors p and q are as shown in the diagram on the right.

a	 Write p in the form ai + bj + ck.

b	 Write q in the form ai + bj + ck.

c	 Find, to the nearest degree, the angle between 
p and q.

d	 Find, to the nearest degree, the acute angle 
between p and the x-axis.

e	 Find, to the nearest degree, the acute angle 
between q and the y-axis.

	 7	 Find a unit vector parallel to the resultant of (i + 5j - 4k) and (i - 3j + 3k).

	 8	 Without the assistance of a calculator find a × b given a = 
−















2
3
2

 and b =  −














3
2
2

.

y

x

−5

5

10

−10 −5 5 10

z

x

y

k

q

p

i j 2 3 4

−23

2

−2
2

3
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	 9	 State the domain and range of g(f (x)) if f (x) =  x5  and g(x) =  x−4 .  

	10	 Find the initial velocity, initial speed and initial acceleration of a particle given that its position 
vector t seconds into the motion is r metres where

	 r = (6t + 1)i + (t3 + t2 + 8t)j.

	11	 On squared paper, and with an x-axis from 	 -10 to 10

		  and	 a y-axis from	     0 to 20, 

accurately draw	 y  =  − 5x

and	 y  =  x + 5 .  

Hence draw	 y  =  x x− + +5 5

For what values of x is  ?x x− + + ≤5 5 14

	12	 If z = a + ib and z  is the complex conjugate of z find

a	 z z+ , 	 b	 z z− , 	 c	 zz, 	 d	 z z÷ .

	13	 Point A has position vector 
−















1
6
7

 and point B has position vector 
−













4
1
3

.

Find the position vector of the point P that divides AB internally in the ratio 4 : 1.

	14	 If f (x) = x2 and g(x) =  x − 9  find the functions f  g (x) and g  f (x) in terms of x and state the 
natural domain and range of each.

	15	 If f (x) = x2 and g(x) =  x−9  find the functions f  g (x) and g  f (x) in terms of x and state the 
natural domain and range of each.

	16	 For each of the following conditions show diagrammatically the set of all points z lying in the 
complex plane and obeying the condition.

a	 Re z > Im z.

b	 z ≤ 3.

c	 Both    z≤ ≤3 5     and    z
π ≤ ≤ π
6

arg
4

.

d	 arg (z - (2 + i)) = 
π
4

.  

	17	 Show that the set of all points z in the complex plane that are such that

	 z z i− = −1 2

together form a circle in the complex plane and find the centre and radius of the circle.

	18	 Find a unit vector perpendicular to 
−













8
4
1

.
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	19	 For  z z i− − ={ : 12 5 4}  determine

a	 the minimum possible value of Im(z).

b	 the maximum possible value of  zRe( ) .

c	 the maximum possible value of  z .

d	 the minimum possible value of  z .

e	 the minimum possible value of arg (z), giving your answer in radians correct to three decimal places.

f	 the maximum possible value of arg (z), giving your answer in radians correct to three 
decimal places.

	20	 Determine whether or not the lines L1 and L2 intersect and, if they do, determine the position 
vector of their point of intersection given that

	 L1 has equation	 r  =  3i + 2j - k + λ(4i + j + 3k) 
and	 L2 has equation	 r  =  2i + j + k + µ(3i + j + 2k).

	21	 The graph on the right shows the curves

	 r  = a

	 r  = b      (b > a)

and	 r  = cθ
with a, b and c all positive integers.

Find a, b and c and the ( , )r θ  coordinates 
(called polar coordinates) of points A and B, 
the points where two curves intersect.

	22	 Find the position vector of the point where the line L meets the plane Π given that L has equation 

r = 
−

−












 + λ

−















1
10
4

2
3
1

    and    Π has equation  
−













 =

2
4
1

5.r .

	23	 The four sets of points given below all represent the same straight line in the complex plane.

z z i z i− + = − −{ : (3 5 ) (7 ) } 	 z z i z a bi{ : (1 8 ) ( ) }− + = − +

z z z c di− = − +{ : 15 ( ) } 	 z z i z e fi− + = + +{ : 7 14 }

Find the values of a, b, c, d, e and f. (Hint: Use an Argand diagram.)

	24	 Express the vector 
−

−















6
5
3

 in the form λa + µb + ηc where

	 a  = 














2
3
1

,       b  = 
−















1
4
1

      and      c  = 














2
0
0

.

y

x

−6

−8 8

6

A

B
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	25	 Points A, B, C, D and E have position vectors

	 rA  =  -i + 6j - 8k, 
	 rB  =  3i + 4k, 
	 rC  =  7i + ck, 
	 rD  =  -i + dj - 5k, 
	 rE  =  4i + j + ek.

Find the position vector of point F, the midpoint of AB.

A sphere has its centre at point F and all of the five points A, B, C, D and E lie on the surface of 
the sphere. Determine the values of c, d and e given that they are all non-negative constants.

	26	 a	 Find, in radians and correct to two decimal places, the acute angle between the lines L1  
and L2 given that 
	 L1 has equation	 r  =  -2i + 3j + 8k + λ(i - 2k) 
and	 L2 has equation	 r  =  5i + 6j - 3k + µ(2i + 3j - k).

b	 Prove that L1 and L2 intersect and find the position vector of point P, the point of intersection.

c	 Find, in scalar product form, the vector equation of the plane containing point P and 
perpendicular to the line joining point A, position vector 2i - j + 3k, to point B, position 
vector 3i + j + k.

	27	 Use the idea of proof by contradiction to prove that the lines

	 L1:	 r  =  2i + 3j - k + λ(4i - 2j + 3k) 
and	 L2:	 r  =  8i + µ(2i + j - 3k) 
do not intersect.

	28	 Express cos 4θ in terms of cos θ.

	29	 z1 shown in the diagram on the right is one solution to  
the equation z4 = k.

Find z2, z3 and z4, the other three solutions to the equation,  
giving all answers in cartesian form in terms of a and b.

	30	 Solve each of the following systems of equations without the assistance of a calculator.  
Your method should clearly indicate the steps you take to eliminate variables.

a	   x + 2y +   z =   7	 b		 2x + 3y + 5z = 4 
	   x + 3y + 2z = 11			     x + 2z = 1 
	 2x + 5y + 5z = 26			  3x +   y + 7z = 3

	31	 For 0 < t < π, an object moves such that its position vector, r(t), is given by

	 t t= − π



 + − π



2sec

2
4 tan

2
.r i j  

With r = xi + yj, find the Cartesian equation of the path of the object for 0 < t < π.

b

z1 = a + bi

a



ISBN 9780170395274MATHEMATICS SPECIALIST  Units 3 & 4186

	32	 A glider is following a straight line flight path  
to touch down at (0i + 0j + 0k) m. The vector 
equation of this straight line is r = λ(10i + 4j + 3k) 
and the ground is the i-j plane.

Initially the glider has an altitude of 180 m (with 
respect to the touchdown point) and it touches 
down 15 seconds later.

Find the velocity of the glider during the 
15 seconds (assume this velocity is constant) and 
the distance the glider travels in this time (to the 
nearest ten metres).

	33	 Prove that the only requirement necessary for the system of equations shown below to have 
a unique solution is that p must not equal 6.

	 x	 +	 y	 +	 (p - 3)z	 =  1 
	 2x	 +	 4y	 +	 4z	 =  3 
	 -x	 +	 y	 +	 (7 - 2p)z	 =  q

a	 If p does equal 6, find the value(s) of q for the system to have

	 i	 infinite solutions,	 ii	 no solutions.

b	 If p = 5 find the unique solution in terms of q.

c	 If p = 6 and q takes the value that gives infinite solutions, find the particular solution for 
which x = 1.

	34	 An object moves such that its position vector r m, at time t s, is such that the velocity vector,  r  m/s, 
is given by
	 r   =  4 cos 2t i + 3j	 (t ≥ 0).

a	 When t = 0 the object has position vector (2i - j) m, with respect to an origin, O.  
Find the position vector of the object when t = π.

b	 Find the speed and position vector of the object at the first time, t > 0, for which the velocity 
of the object is perpendicular to the acceleration of the object.

	35	 Prove that the following system of three equations in three unknowns

	 x + 2y + z  =  3 
	 -x + (p - 2)y + (q - 1)z  =  0 
	 x + (r + 2)y + (s + 1)z  =  5

must have ps ≠ qr for there to be a unique solution.

	36	 Find the shortest distance from the line

	 =
−
−















+ λ
−















3
7
8

3
4
5

r

to the point with position vector 
−















1
0
4

.
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	37	 An object is projected from a point (0, 0), on horizontal ground, with an initial speed of u m/s at 
an angle θ above the horizontal. Use as your starting point the fact that this object will experience 
a constant acceleration of -g j m/s2 and then use calculus to determine

a	 an expression for the position vector of the object t seconds after projection,

b	 the possible values of θ if an object projected with speed 50 m/s is to pass through a point 
with position vector (100i + 40j) metres. Use g = 10 and give your answers in degrees correct 
to one decimal place.

	38	 Given the system of equations:	 x + 2y +   z  =    2 
	 x - 3y + 2z  =  10 
	 2x + 3y +   z  =    2 
	 x + 5y + 4z  =    8

a student writes the augmented matrix:

and correctly reduces it to:

Thus reducing the initial four equations to:	 x + 2y +   z  =    2 
	 0x - 5y +   z  =    8 
	 0x + 0y + 6z  =  18 
	 0x + 0y + 0z  =    0

Noticing the last of these equations the student concludes that the initial system has no solutions. 
Was the student correct in this conclusion? Explain your answer and, if you disagree with the 
student’s conclusion, state clearly what you think the conclusion should be.

	39	 A golfer hits a ball from point T, giving it an initial velocity (30i + 24j) m/s where i and j are 
horizontal and vertical unit vectors respectively.

The ball lands at a point L where L has a position vector relative to T of (135i + cj) m.

Throughout its flight the ball is subject to an acceleration of -10j m/s2, due to gravity.

a	 Find an expression for the velocity of the ball t seconds into its flight.

b	 Find an expression for the position vector of the ball, relative to point T, t seconds into its flight.

c	 What time passes from the ball leaving T to it reaching the highest point in its path?

d	 What time passes from the ball leaving T to it reaching L?

e	 What is the greatest height reached by the ball?

f	 Find the value of c.

1   2 1   2
1 -3 2 10
2   3 1   2
1   5 4   8

1   2 1   2
0 -5 1   8
0   0 6 18
0   0 0   0
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	40	 An earlier chapter asked you to use proof by induction to prove de Moivre’s theorem

	 (cos θ + i sin θ)n = cos (nθ) + i sin (nθ),

for positive integer values of n.

Now suppose that n is a negative integer, i.e. n = -k for k a positive integer.

Prove that

	 (cos θ + i sin θ)n = cos (nθ) + i sin (nθ),

for n a negative integer.

	41	 With the complex numbers

	 z1  = 
π



6 cis

5
6

      z2  = 
π



2cis

2
      and      z3  = 

π



3cis

2
3

,

and without the assistance of a calculator, simplify 
z

z z






−

.1

2 3

3

	42	 Determine, with justification, whether the system of equations shown below has a unique solution, 
no solution or infinite solutions and, if there is a unique solution, determine that solution.

	 x + 3y -   z  =  3 
	 -x - 3y +   z  =  3 
	 2x + 6y - 2z  =  6

	43	 For the system of equations:	 3x + 2y +   z  =  4 
	 x -   y + 2z  =  3 
	 3x + 7y + pz  =  q

a	 determine the value(s) of p and q for there to be infinite solutions,

b	 determine the value(s) of p and q for there to be no solutions.

c	 If p = k and q = k + 7 and the system has a unique solution of 
x m
y n
z

=
=
=







 3

,  find m, n, p and q.

44	 If we take the origin as the point where the post supporting my mailbox meets the ground, then 

my movement-activated light is situated at a point with position vector 
−













1
8
5

m.

The light is set to switch on if a person, or sufficiently large animal, comes within 6 metres of 
the light.

A ‘sufficiently large’ dog walks up the sloping verge at the front of the house and follows the line 
with vector equation

	 =
−











 + λ

−













2
0
0

1
1
1

.r

If the dog continues along this line does it cause the light to switch on? (Justify your answer.)
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UNIT FOUR PRELIMINARY W RK
Having reached this stage of the book it is naturally assumed that you are already familiar with the work of the 
previous chapters (as well as Units One and Two of the Mathematics Specialist course and Units One and Two of 
the Mathematics Methods course). It is also assumed that you are familiar with the content of Unit Three of the 
Mathematics Methods course. 

In particular, for this unit, familiarity with the following concepts will be assumed:

Differentiation
•	 Second and higher-order derivatives.

•	 The product, quotient and chain rules. 

•	 Applications to curve sketching.

•	 Rates of change. 

•	 Application to rectilinear motion.

•	 Optimisation.

•	 Small changes and marginal rates of change.

•	 Differentiation of ex and e f (x).

•	 Differentiation of trigonometric functions. 

Antidifferentiation and Integration
•	 Antidifferentiating algebraic and trigonometric functions. 

•	 Antidifferentiating expressions involving ex and e f (x).

•	 The fundamental theorem of calculus.

•	 Indefinite and definite integrals. 

•	 Area under and between curves.

•	 Application to rectilinear motion. 

•	 Total change from rate of change. 

Statistics
It will also be assumed that the statistical concepts of the measures of central tendency (mean and median) and of 
dispersion (range and standard deviation) are familiar concepts.
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Trigonometric identities
From your study of earlier Mathematics Specialist units, and of units from Mathematics Methods, it is assumed that 
you are already familiar with the following trigonometrical identities:

	 sin2 θ + cos2 θ  =  1

from which it follows that	 tan2 θ + 1  =  sec2 θ 
and	 1 + cot2 θ  =  cosec2 θ

	 sin (A ± B)  =  sin A cos B ± cos A sin B

from which it follows that	 sin 2A   =  2 sin A cos A

	 cos (A ± B)  =  cos A cos B  sin A sin B

from which it follows that	 cos 2A  =  cos2 A - sin2 A 
	 =  1 - 2 sin2 A 
	 =  2 cos2 A - 1

	 tan (A ± B)  = 


A B
A B
±tan tan

1 tan tan

from which it follows that	 tan 2A  = 
A

A−
2tan

1 tan2

And the following rules for the products of sines and cosines:

	sin A cos B =  A B A B( ) ( )+ + 
1
2

sin sin – 	 sin P + sin Q = 
P Q P Q+





−



2sin

2
cos

2

	cos A sin B =  A B A B( ) ( )+ 
1
2

sin – sin – 	 sin P - sin Q = 
P Q P Q+





−



2cos

2
sin

2

	cos A cos B =  A B A B( ) ( )+ + 
1
2

cos cos – 	 cos P + cos Q = 
P Q P Q+





−



2cos

2
cos

2

	sin A sin B =  A B A B( ) ( )+ 
1
2

cos – – cos 	 cos P - cos Q = 
P Q P Q− +





−



2sin

2
sin

2
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Limit of a sum
It is assumed that your familiarity with the fundamental theorem of calculus means that you understand that we 
can write the limit of a sum

f x x
x

x a

x b

∑ δ
δ →

=

=

lim ( )
0

as the definite integral	 f x dx
a

b

∫ ( ) ,

and that this definite integral can be evaluated using antidifferentiation.

Use of technology
As with the previous unit you are encouraged to use your calculator, computer programs and the internet 
whenever appropriate during this unit. 

However, whilst familiarity with these technologies is assumed, you should make sure that you can also perform 
the basic processes without the assistance of such technology when required to do so.

Note
The illustrations of calculator displays shown in the book may not exactly match the 
display from your calculator. The illustrations are not meant to show you exactly 
what your calculator will necessarily display but are included more to inform you 
that at that moment the use of a calculator could well be appropriate.

Sh
ut

te
sto

ck
.c

om
/

Pe
sh

ko
va



Differentiation 
techniques and 
applications

•	Explicitly defined and implicitly defined functions

•	Differentiation of implicitly defined functions

•	Differentiation of parametrically defined functions

•	Related rates

•	Small changes

•	Marginal rates of change

•	Logarithmic differentiation

•	Miscellaneous exercise eight

8.



ISBN 9780170395274 8. Differentiation techniques and applications 195

Explicitly defined and implicitly defined functions
When a function is expressed in the form y = f (x), the relationship that exists between the two variables 
is clearly defined with one variable isolated on one side of the equation and all other terms, containing 
only the other variable, on the other side. For example:

y = 2x + 3,      y = 
x
x

3
5

,
−
+

      y = 2x3 + 7x2 - 3x + 4.

In this form, the functions are defined explicitly.

Consider instead a function defined by the equation xy + y - 4x = -2. In this form the relationship 
between x and y is implied, but is not explicitly set out. The function is said to be defined implicitly.

Differentiation of implicitly defined functions
Suppose we want to find the gradient at a particular point on the graph of an implicitly defined function.

For example, suppose we want to determine the gradient of

xy + y - 4x = -2

at the point (5, 3).

For this particular example we could rearrange the given expression into an explicitly defined form and 
then differentiate as usual:

If	 xy + y - 4x  =  -2

then	 y(x + 1)  =  4x - 2

	 y  = 
x
x

4 2
1

−
+

Hence	
dy
dx

  = 
x x

x
( 1)(4) (4 2)(1)

( 1)2
+ − −

+

At (5, 3)	
dy
dx

  = 
−(6)(4) (18)(1)
36

	
dy
dx

  = 
1
6

However it is possible to differentiate the implicitly defined function

xy + y - 4x = -2

directly, without first isolating y, as shown on the next page.

WS

Implicit differentiation

−
+







=
d
dx

4x 2
x 1

| x 5

1
6
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Given:	 xy + y - 4x  =  -2

Differentiate with respect to x:	
d
dx

xy
d
dx

y
d
dx

x( ) ( ) (4 )+ −   = 
d
dx

( 2)−

	 y
d
dx

x x
d
dx

y
dy
dx

( ) ( ) 4+ + −   =  0

	 y x
dy
dx

dy
dx

(1) 4+ + −   =  0

At (5, 3)	
dy
dx

dy
dx

3 5 4+ + −   =  0

	
dy
dx

6   =  1

\	
dy
dx

  = 
1
6

, 	 as before.

This second method may not be any quicker than the first but in some cases the task of isolating y may 
be difficult and perhaps even impossible. This would deny the use of the first method but the second 
method would still work.

This second method is further demonstrated in the examples that follow.

In these examples note especially the use of the rearrangement

	 d
dx

f y( )  = 
d
dy

f y
dy
dx

( ) 	 (i.e. the chain rule).

Note also that whilst the implicitly defined equations may represent a relationship that is not 

a function, 
dy
dx

 can still be determined.

EXAMPLE 1

Find 
dy
dx

 in terms of x and y if y2 + 5x = 6x2y.

Solution
Given:	 y2 + 5x  =  6x2y

Differentiate with respect to x:	
d
dx

y
d
dx

x( ) (5 )2 +   = 
d
dx

x y(6 )2

	
d
dy

y
dy
dx

( 52
) +   =  y

d
dx

x x
d
dx

y(6 6 ( )2
)

2+

	 y
dy
dx

2 5+   =  xy x
dy
dx

12 6 2+

∴	
dy
dx

y x(2 6 )2−   =  12xy - 5

Thus	
dy
dx

  = 
xy

y x
12 5
2 6 2

−
−
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Alternatively, using a calculator:

impDiff(y 5x 6x y, x, y)

y (12 x y 5)
2 (3 x y)

2 2

2

+ =

′ = − ⋅ ⋅ −
⋅ ⋅ −

EXAMPLE 2

Determine the gradient of the curve 3y2 + 4x = x2 + 2xy - 8 at the point (5, 3).

Solution
Given:	 3y2 + 4x  =  x2 + 2xy - 8

Differentiate with respect to x:	
d
dx

y
d
dx

x(3 (4 )2
) +   = 

d
dx

x
d
dx

xy
d
dx

( ) (2 ) (8)2 + −

	
d
dy

y
dy
dx

(3 ) 42 +   =  ( )( )+ +2 2 2x y
d
dx

x x
d
dx

y

	 y
dy
dx

6 4+   =  x y x
dy
dx

2 2 2+ +

At (5, 3)	
dy
dx

18 4+   = 
dy
dx

10 6 10+ +

\	
dy
dx

  = 
3
2

At (5, 3) the curve has gradient 
3
2

.

impDif(3 y 4 x x 2 x y 8, x, y) | x 5
y 3

3 y 5
y 3

3 y 5
| y 3

3
2

2 2⋅ + ⋅ = + ⋅ ⋅ − =
+

⋅ −
+

⋅ −
=
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EXAMPLE 3

If y2 + x = x3 - y + 6 determine 
dy
dx

and 
d y
dx

2

2 in terms of x and y and evaluate each of these for the 
point (1, 2).

Solution
Given	 y2 + x  =  x3 - y + 6

Differentiate with respect to x:	
d
dx

y
d
dx

x( ) ( )2 +   = 
d
dx

x
d
dx

y
d
dx

( ) ( ) (6)3 − +

	
d
dy

y
dy
dx

( )2  + 1  =  3x2 – 
dy
dx

	 y
dy
dx

2 + 1  =  3x2 – 
dy
dx

	
dy
dx

y(2 1)+   =  3x2 - 1

	
dy
dx

  = 
x
y

3 1
2 1

2 −
+

At the point (1, 2)	
dy
dx

  = 
3(1) 1
2(2) 1

2 −
+

	 = 
2
5

d y
dx

2

2  is the second derivative of y with respect to x.

Thus	
d y
dx

2

2   = 
d
dx

dy
dx







	 = 
d
dx

x
y

3 1
2 1

2 −
+








	 = 
y x x

dy
dx

y

(2 1)6 (3 1)2

(2 1)

2

2

+ − −

+

	 = 
y x x

x
y

y

(2 1)6 (3 1)2
3 1
2 1

(2 1)

2
2

2

+ − − −
+

+

	 = 
x y x

y
6 (2 1) 2(3 1)

(2 1)

2 2 2

3
+ − −

+

At the point (1, 2)	
d y
dx

2

2   = 
6(1)(5) 2(2)

(5)

2 2

3
−

	 = 
142
125

Investigate the ability of  
your calculator to determine 
the second derivative of 
implicitly defined functions.
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Exercise 8A

Without first rearranging the equation, differentiate each of the following with respect to x to find 
dy
dxin terms of x and y.

	 1	 xy + 8x = 10 - 2y	 2	 xy + y - 4x = 3x2 - 5	 3	 y3 - 2x = 3x2y

	 4	 y2 = 2x3y + 5x	 5	 5y2 = x2 + 2xy - 3x	 6	 x + 3y2 = 5 + x2 + 2xy

	 7	 x2 + y2 = 9x	 8	 x2 + y2 = 9y	 9	 x2 + y2 = 9xy

	10	 x2 + y2 = 9xy + x + y	 11	 sin x + cos y = 10	 12	 3 + x2 cos y = 10xy

	13	 Determine the gradient of 6x + xy + 20 + 2y = 0 at the point (-3, 2).

	14	 Determine the gradient of 6y + xy = 10 + 3x at the point (2, 2).

	15	 Determine the gradient of 5 + x3 = xy + y2 at the point (1, -3).

	16	 Determine the gradient of y2 + 3xy = 4x at the point (1, -4).

	17	 Find the equation of the tangent to x2 + 
y
x

= 2y at the point (1, 1).

	18	 Determine the gradient of  x xy5 2 +  = 5 + y2 at the point (4, 9).

	19	 If 
dy
dx

 = x2y find an expression for 
d y
dx

2

2  in terms of x and y.

	20	 Determine the coordinates of the points on the graph of x2 + 4y2 - 2x + 6y = 17 where the tangent 
to the curve is horizontal.

	21	 Determine the coordinates of the points on the graph of x2 + y2 - 4x + 6y + 12 = 0 where the 
tangent to the curve is vertical.

	22	 If y - y3 = x2 + x - 2 determine 
dy
dx

 and 
d y
dx

2

2  in terms of x and y and evaluate each of these for the 
point (1, 0).

	23	 Find the equation of the tangent to the curve x2 = 2 sin y at the point  1,
6

.π





	24	 If y2 + cos x = 3y + 1 determine 
dy
dx

 and 
d y
dx

2

2  in terms of x and y.

	25	 If 2 sin y - x2 = 2x + 1 determine 
dy
dx

 and 
d y
dx

2

2  in terms of x and y and evaluate each of these for the 

point  2,
6

.− π





	26	 The graph on the right shows the ellipse with equation

	 3x2 + y2 = 9

Find the coordinates of any points on the ellipse where  
the gradient is -1.

y

x

−3

−2

−1

1

2

3

−2 −1−3 1 2 3
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Differentiation of parametrically defined functions

Note
This topic is not specifically mentioned in the syllabus for this unit but I include it here because it is only 
bringing together the idea of defining a function parametrically, as encountered in Unit Three of Mathematics 
Specialist, with our ability to use the chain rule.

Consider the parametric equations      x = 3t + 1      and      y = t2.

In this case we can eliminate t to express y directly in terms of x.

From the first equation:	 t = 
x 1

3
−

Substituting into the second equation:	 y = 
x( 1)

9

2−

From which	
dy
dx

 = 
x2( 1)
9

.
−

If we require the gradient at a particular point on the curve, say where t = 1, i.e. the point (4, 1), then 

	
dy
dx

 = 
2
3

.

However, use of the chain rule allows this derivative to be determined without first having to eliminate 
the parameter. (Particularly useful for those cases in which expressing y directly in terms of x is difficult 
or even impossible.)

If	 x = 3t + 1	 and	 y = t2

then	
dx
dt

 = 3	 and	
dy
dt

 = 2t.

Now use the chain rule:	
dy
dx

 = 
dy
dt

dt
dx

	 =  t2
1
3

( ) 





If t = 1	
dy
dx

 = 
2
3

	 as before.

Note:	 •	 The above example used the fact that: 
dt
dx

 = 
dx
dt

1
.( )

	 We cannot simply assume this result to be true by the rules of fractions because 
dt
dx

 is not 

a fraction (it is the limit of a fraction). Instead the result can be justified as follows:

	 Using the chain rule:	
dz
dt

dt
dx

 = 
dz
dx

	 [1]

	 Now suppose that z = x. Differentiation gives 
dz
dx

 = 1.

	 Equation [1] then becomes	
dx
dt

dt
dx

 = 1 and so 
dt
dx

 = 
dx
dt

1

( ) as required.



ISBN 9780170395274 8. Differentiation techniques and applications 201

•	 As was mentioned in Unit Three of Mathematics Specialist, some graphic calculators can 
accept and display relationships defined parametrically. Use such a calculator to display 
the graph defined parametrically as:

	
x t
y t

sin
2cos3 .

=
=







Exercise 8B

	 1	 If x = 3 sin 2t and y = 2 cos 5t find, in terms of t,

a	 dx
dt

	 b	
dy
dt

	 c	
dy
dx

.

	 2	 If x = sin2 t and y = cos 3t find, in terms of t,

a	 dx
dt

	 b	
dy
dt

	 c	
dy
dx

.

Find 
dy
dx

 in terms of the parameter t for each of the following.

	 3	 x = 2 + 3t, y = t2 .	 4	 x = t2 , y = 2 + 3t.	 5	 x = 5t3, y = t2 + 2t .

	 6	 x = 3t2 + 6t, y = 
t

1
1

.
+

	 7	 x = t2 - 1, y = (t - 1)2.	 8	 x = 
t

t 1
,

−
 y = 

t
2

1
.

+

	 9	 Determine the gradient at the point where t = -1, for the curve that is defined parametrically by 
x = t2 + 2, y = t3.

	10	 Determine the gradient at the point where t = 2, for the curve that is defined parametrically by  

x = 
t

1
1

,
+

 y = t2 + 1.

	11	 Determine the coordinates, (x, y), of any points where 
dy
dx

 = 0 on the curve defined parametrically 
by x = 2t2 + 3t, y = t3 - 12t .

	12	 The diagram on the right shows the curve defined  
parametrically as:

x = 4 sin t,       y = 2 sin 2t,      for 0 ≤ t ≤ 2π.

a	 Find an expression for 
dy
dx

 in terms of t.

b	 Find the coordinates and the gradient at the 

point where t = 
π
6

.

c	 Find the exact values of t (for 0 ≤ t ≤ 2π) for which 
dy
dx

 = 0.

	13	 If y = t + 
t
2

 and x = 2t – 
t
1

 find	 a	
dy
dx

 in terms of t,	 b	
d y
dx

2

2  in terms of t.
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Related rates
Suppose we know the rate of change of one variable, say x, with respect to some second variable, say t. 
If we also know the relationship between x and some third variable, say y, then we are able to determine 
the rate of change of y, with respect to t.

i.e.   Knowing 
dx
dt

 and y as a function of x, we can determine 
dy
dt

.

For example:

Suppose  
dx
dt

  =  5	 and	 y  =  5x2 + 2x - 3.

dy
dt

 can be obtained as follows:	 If	 y  =  5x2 + 2x - 3

		  then	
dy
dx

  =  10x + 2.

		  By the chain rule	
dy
dt

  = 
dy
dx

dx
dt

			   =  (10x + 2)5 
			   =  50x + 10

Alternative setting out:			
dy
dt

  = 
d
dt

x x(5 2 3)2 + −

		  By the chain rule	 = 
d
dx

x x
dx
dt

(5 2 3)2 + −

			   =  (10x + 2)5 
			   =  50x + 10

EXAMPLE 4

If A = 3w2 and 
dw
dt

 = 5 find 
dA
dt

 when w = 2.

Solution

If 	 A = 3w2	 then	
dA
dt

  = 
d
dt

w(3 )2

			   = 
d

dw
w

dw
dt

(3 )2

			   =  (6w)(5) 
			   =  30 w 
			   =  60            when w = 2.

Thus when w = 2, 
dA
dt

 is 60.

WS

Related rates
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EXAMPLE 5

If y2 = 1.5w3 + 2.5 and 
dw
dt

 = 12, find 
dy
dt

 when y = 2.

Solution
If	 y2 = 1.5w3 + 2.5       then	

d
dt

y( )2   = 
d
dt

w(1.5 2.5)3 +

			 
d
dy

y
dy
dt

( )2   = 
d

dw
w

dw
dt

(1.5 2.5)3 +

			   y
dy
dt

2   =  (4.5w2)(12)

	 \		
dy
dt

  = 
w
y

27 2

 

Now when	 y  =  2 
	 4  =  1.5w3 + 2.5 
giving	 w  =  1.

Thus when	 y = 2,   w = 1  and 
dy
dt

 = 
27
2

Thus when y = 2, 
dy
dt

 is 13.5.

EXAMPLE 6

The length of each side of a square is increased at a rate of 2 mm/s. Find the rate of increase in the 
area of the square when the side length is 10 cm.

Solution
Note:	 When the question does not specifically state what the rate is with respect to, as in this 

question, we assume it to be with respect to time.

Draw a diagram showing the situation at some general time t:

In the diagram shown, x cm is the side length at time t seconds.

Thus we are given that	
dx
dt

  =  0.2

If the area at time t is A cm2 then	 A  =  x2

Differentiating with respect to t:	
dA
dt

  = 
d
dt

x( )2

	 = 
d
dx

x
dx
dt

( )2

	 =  (2x)(0.2) 
	 =  4              when x = 10.

When the side length is 10 cm, the area of the square is increasing at 4 cm2/s.

x cm

x cm
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EXAMPLE 7

A particle moves in a straight line such that its velocity, v m/s, depends upon the particle’s 
displacement, x m, from some fixed point O according to the rule

	 v = 3x + 4

Find the velocity and acceleration of the particle when x = 1.

Solution
When x = 1	 v  =  3(1) + 4 
	 =  7

When x = 1, the velocity is 7 m/s.

The acceleration is	
dv
dt

  = 
d
dt

x(3 4)+

	 = 
d
dx

x
dx
dt

(3 4)+

	 =  (3)(v) 
	 =  (3)(7)                when x = 1. 
	 =  21

When x = 1 the acceleration is 21 m/s2.

EXAMPLE 8

The diagram shows a ladder AB, of length 5 metres, with its foot on  
horizontal ground and its top leaning against a vertical wall.

End A slips along the floor, directly away from the wall, at a speed of 
0.05 m/s. How fast is end B moving down the wall at the instant that 
it passes through the point that is 4 m above the ground?

Solution
Draw a diagram showing the situation at some general time t:

With x and y as in the diagram	 x2 + y2  =  25.

Thus	
d
dt

x y( )2 2+   = 
d
dt

(25)

	 x
dx
dt

y
dy
dt

2 2+   =  0

\	 y
dy
dt

  =    x
dx
dt

−

From x2 + y2 = 25, when y = 4, x = 3. (x = -3 not possible in this situation).

Thus when y = 4	
dy
dt

4   =  (-3)(0.05)

\	
dy
dt

  =  -0.0375

When B is 4 m above the ground it is moving down the wall at 0.0375 m/s.

B

A

5 m

A

B

5 m y m

x m
0.05 m/s
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EXAMPLE 9

A person who is 1.75 m tall walks directly away from  
a light source positioned 5.25 m above ground.
If the person walks at a steady 1.5 m/s find
a	 how fast the length of the person’s shadow 

is changing,
b	 how fast the tip of the person’s shadow is moving across the ground.

Solution
a	 Draw a diagram showing the situation at some  

general time t:
	 With x and y as in the diagram we are given 

dx
dt

 = 1.5 and we require 
dy
dt

.

	 By similar triangles	
5.25
1.75

  = 
x y

y
.

+

	 Which simplifies to	 2y   =  x

	 Differentiate with respect to t:	
d
dt

y(2 )   = 
d
dt

x( )

		
d
dy

y
dy
dt

(2 )   = 
dx
dt

		
dy
dt

2   = 
dx
dt

	 Thus with 
dx
dt

 = 1.5,	
dy
dt

  =  0.75

	 The length of the person’s shadow is changing at 0.75 m/s.

b	 The rate of change of y found in a will not be the rate at which the tip of the shadow is moving 
across the ground because we are measuring y from a moving point, the position of the person.

	 The person is moving at 1.5 m/s and the shadow is lengthening at 0.75 m/s. Thus the tip of 
the shadow is moving at (1.5 + 0.75) m/s.

	 Thus the tip of the shadow is moving across the ground at 2.25 m/s.
	 Alternatively we could consider the motion of  

the tip of the shadow by considering a variable 
that is measured from some fixed point. In the 
diagram on the right, z m is the distance from the 
base of the lamp post to the tip of the shadow.

	 We are given 
dx
dt

 = 1.5 and we require 
dz
dt

.

	 By similar triangles	
5.25
1.75

  = 
z

z x
.

−
	 Which simplifies to	 2z  =  3x

	 Hence	
dz
dt

  = 
dx
dt

1.5

	 \	 =  1.5 (1.5)  =  2.25	 as before.

1.5 m/s

1.75 m
5.25 m

1.5 m/s

1.75 m

x m y m

5.25 m

1.5 m/s

1.75 m
5.25 m

z m
x m
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Exercise 8C

	 1	 If y = 3x2 + 4x and 
dx
dt

 = 5, find 
dy
dt

 when x = 6.

	 2	 If A = 8p3 and 
dp
dt

 = 0.25, find 
dA
dt

 when p = 0.5.

	 3	 If X = sin 2p and 
dp
dt

 = 2, find 
dX
dt

 when p = 
6

.
π

	 4	 If T =  L
2
3
π

 find

a	 dT
dt

 given that 
dL
dt

 = 
15
π

 and L = 100,

b	 dL
dt

 given that 
dT
dt

 = 6π and L = 4.

	 5	 If A = sin2 (3x) and 
dx
dt

 = 0.1, find 
dA
dt

 when x = 
36

.
π

	 6	 If P = 4r2 + 3 and 
dP
dt

 = 14, find 
dr
dt

 when r = 7.

	 7	 If y2 = 3x3 + 1 and 
dx
dt

 = 0.1, find 
dy
dt

 when y = 5.

	 8	 If x2 + y2 = 400, x ≥ 0 and 
dx
dt

 = 6, find 
dy
dt

 when y = 12.

	 9	 The isosceles triangle on the right has two sides of length 10 cm and  

∠CAB is increasing at 0.01 radians/second, from an initial 
6
π

 radians.

Find the rate of change in the area of ∆ABC at the instant when  

x = 
3

.
π

	10	 The isosceles triangle on the right has sides AC and AB of equal  
length and each increasing at 0.1 cm/s from an initial 5 cm.

Find the rate of change in the area of ∆ABC at the instant when 
AC = AB = 10 cm.

	11	 The right triangle shown on the right has sides AB and BC able  
to vary in length, AC is constantly 10 cm long and ∠ABC is  
always a right angle. Initially AB is of length 4 cm and increases  
at a constant rate of 0.1 cm/s.

Find the rate of change in the length of BC, 20 seconds after  
the increasing in the length of AB commenced.

10 cm

10 cm

x rads

C

BA

x c
m

x cm

C

BA
45°

x cm

y cm

10
 cm

B

C

A
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	12	 The length of each side of a square is increased at a rate of 0.01 cm/s. Find the rate at which the 
area of the square is increasing when the side length is 8 cm.

	13	 The length of a particular rectangle is three times its width and this ratio is maintained as the 
width is increased at 1 mm/s. Find the rate of increase in the area of the rectangle when the width 
is 10 cm.

	14	 A regular hexagon is enlarged such that the regular hexagonal shape is maintained with the length 
of each side increasing at 1 cm/minute. Find the rate of increase in the area of the hexagon at the 
instant when the length of each side is 20 cm.

	15	 Find a formula for the rate of increase in the volume of a sphere when the radius of the sphere, 
r cm, is increasing at a constant rate of 0.1 cm/s.

a	 What is the rate of change of volume when r = 5?

b	 What is the radius of the sphere when the rate of change of the volume of the sphere is 
40π cm3/s?

	16	 A cube is being increased in size such that the length of each edge is increasing at 0.1 cm/s. 
Find the rate at which	 a	 the surface area,

		  b	 the volume,

of the cube is increasing when the side length is 10 cm.

	17	 Experts monitoring an oil spill from a crippled oil tanker  
model the oil slick as a circular disc of radius r metres 
and thickness 5 cm.

The tanker spills oil into this slick at a rate of 5 m3/ min. 
If the thickness of the oil remains at 5 cm find the rate  
of change in the radius of the slick, in cm/min (correct  
to nearest cm), when this radius is	 a	 20 metres,

		  b	 40 metres,

		  c	 100 metres.

	18	 A closed right circular cylinder has base radius r cm and height 5r cm.  

If r is increasing at 
2
π

 mm/s, find expressions in terms of r for

a	 the rate of change in the volume of the cylinder,

b	 the rate of change in the total external surface area of the cylinder.

	19	 Oil drips onto a surface and forms a circular film of increasing radius. The oil drips onto the 
surface at a rate of 1 cm3/s. Considering the circular film to be of thickness 0.02 cm, find  
the rate of change in the radius of the film at the instant when this radius is

a	 5 cm,	 b	 10 cm.

(Give answers in cm/s and correct to one decimal place.)

A
A
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	20	 A particle moves in a straight line such that its velocity, v m/s, depends upon displacement, x m, 
from some fixed point O according to the rule

	 v = 2x2 - 3

Find	 a	 an expression in terms of x for the acceleration of the particle,

		  b	 the velocity and acceleration of the particle when x = 2.

	21	 At what rate is the area of an equilateral triangle increasing when each side is of length 20 cm and 
each is increasing at a rate of 0.2 cm/s?

	22	 A large advertising balloon is initially flat and has air pumped into it at a constant rate of  
0.5 m3/s, causing it to adopt a spherical shape of increasing radius.

a	 Find the rate of increase in the radius of the balloon, to the nearest cm/s, when this radius is

	 i	 1 metre,	 ii	 2 metres.

b	 Find the rate of increase in the radius of the balloon, to the nearest mm/s, twenty seconds 
after inflation commences.

	23	 The diagram shows a conical pile of sand with vertical height equal  
to twice the radius of the base.

Sand is being added to the pile at a rate of 0.25 m3/minute with the 
ratio between height and base radius being approximately maintained.

Find	 a	� the rate of change in the base radius of the cone, when 
this radius is 2 m.

	 b	� the rate of change in the perpendicular height of the 
cone when this height is 2 m.

	24	 The cone shown on the right is such that the vertical section  
through the vertex is an equilateral triangle ABC.

The volume of the cone is increased at a constant rate  
of V cm3/s with the equilateral nature of the triangular  
section maintained. When the base radius is 20 cm the  
rate of change of this radius is 0.5 cm/s. Find V correct  
to three significant figures.

	25	 A closed cylindrical can of constant base radius 5 cm, has  
its height increased at 0.1 cm/s, from an initial 10 cm.  
Find the rate of change of	 a	 the external surface area,

		  and	 b	 the capacity of the can,

20 seconds after the height increase commenced.

h = 2r

r cm

A

B CO

10 cm

5 cm
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	26	 A closed cylindrical can of constant height 10 cm, has its  
base radius increased at 0.1 cm/s, from an initial 5 cm.  
Find the rate of change of		 a	 the external surface area,

		  and	 b	 the capacity of the can,

20 seconds after the radius increase commenced.

	27	 The diagram shows a ladder AB, of length 5.2 metres, with its foot  
on horizontal ground and its top leaning against a vertical wall.

End A slips along the floor, directly away from the wall, at a speed 
of 0.1 m/s. How fast is end B moving down the wall at the instant 
that it passes through the point that is 4.8 m above the ground?

	28	 The diagram shows a hemispherical container of radius 2 metres.  
When the depth of the liquid in the container is h metres (see 

diagram), the volume of the liquid, V m3, is given by V = 
3

(6 ).
2h

h
π −

If the liquid is being pumped out of this container at a constant rate of 
0.25 m3/min, find the rate at which h is falling at the instant that h = 1. 
(Answer to nearest mm/min.)

	29	 The diagram shows a person of height 1.8 m  
walking towards a lamp post at 1.4 m/s. The light 
on the lamp post is 6 m above the ground.

a	 At what rate is the length of the person’s 
shadow changing?

b	 At what speed is the tip of the person’s 
shadow moving across the ground?

	30	 The diagram shows a person of height 1.5 m  
walking away from a lamp post at 2 m/s.  
The light on the lamp post is 4.5 m above 
the ground.

a	 At what rate is the length of the person’s 
shadow changing?

b	 At what speed is the tip of the person’s 
shadow moving across the ground?

10 cm

5 cm

B

A

5.2 m

2 m

h m

1.4 m/s

1.8 m
6 m

2 m/s

1.5 m
4.5 m
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	31	 The diagram shows a hemispherical container of radius 2 metres.  
Water is in the container to a depth of h metres (see diagram). 
Water is removed from the container such that the depth of the 
water remaining is falling at a constant rate of 0.5 cm/s. Find  
the rate of change of the radius of the water surface at the  
instant when the depth is 1 m.

	32	 The diagram shows a model aeroplane, A, being flown in  
a straight line, at a constant speed of 15 m/s and constant  
height 20 m. The plane is radio-controlled by an enthusiast 
situated at point B (see diagram).

Find the rate at which the distance AB is increasing at the 
instant that BC (see diagram) is 48 m.

	33	 The diagram shows a loose balloon rising vertically at  
a constant 5 m/s, and being observed from point A on  
the ground, 60 metres from the point on the ground  
from which the balloon was released.

Find the rate of change in the distance from A to the 
balloon at the instant that the balloon is at a height 
of 80 metres.

	34	 In the diagram, point L is the location of a rotating  
spotlight situated on the top of a police car. L is 8 metres 
from a straight wall and the light rotates at 2 revolutions 

per second (i.e. 
d
dt
θ

 = 4π rad/s).

Find the speed with which the spot from the light is moving 
along the wall as it passes through point P which is 5 metres 
from the point on the wall that is closest to the light.

2 m

(2 − h) m
r m

2 m

h m

B C

A 15 m/s

20 m

A
60 m

5 m/s
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ck
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/
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PSpot of light
travelling
along wall.

x
θ
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Small changes
A concept that you should be familiar with from your study  
of Unit Three of Mathematics Methods, and briefly revised  
here, is that if δx, the change in x, is ‘small’ then, δy, the  
corresponding small change in y is given by the small  
changes or incremental formula:

y
x

δ
δ

 ≈ 
dy
dx

    i.e.    δy ≈ 
dy
dx

x.δ

EXAMPLE 10

If f (x) = 2x3 use differentiation to find the approximate change in the value of the function when x 
changes from 10 to 10.1.

Solution
If    y = 2x3    then  

dy
dx

 = 6x2    and so	
y
x

δ
δ

 ≈ 6x2

I.e.	 δy ≈ 6x2 δx
In this case x = 10 and δx = 0.1, thus	 δy ≈ 6 × 102 × 0.1 = 60

When x changes from 10 to 10.1 the change in f (x) is approximately 60.

(Comparing this with	 f (10.1) - f (10) = 2 × 10.13 - 2 × 103 
	 = 60.602 shows the approximation reasonable.)

Marginal rates of change
For a company manufacturing x units of a particular commodity there are three important functions of 
x that will interest the firm.

•	 The cost function, C(x). This is the total cost of producing x units of the commodity.
•	 The revenue function, R(x). The total income the firm receives by selling x units.
•	 The profit function, P(x). The total profit from the sale of x units. P(x) = R(x) - C(x).

(Clearly R(x), C(x) and P(x) only have meaning for x ≥ 0 and for many commodities it is also the case 
that these functions only make sense for integer values of x.)

If δx is some small change in x and δC is the corresponding small change in the cost function then
dC
dx

 ≈ 
C
x

.
δ
δ

 Thus if δx = 1, then  
dC
dx

 ≈ 
C
1

.
δ

Hence 
dC
dx

 is the approximate change in C when x changes by 1.

dC
dx

 is called the marginal cost. Similarly 
dR
dx

 marginal revenue and 
dP
dx

 marginal profit.

The marginal cost, C ′(x), gives us the instantaneous cost per unit when the xth unit is being 
produced.

This is not the average cost per unit at that stage of the production. The average cost per unit can be 

obtained by dividing the total cost by the number of units, i.e. 
C x

x
( )

.

Note
The symbol δ is a Greek letter 
pronounced delta. The capital 
of this letter is written Δ.  
In this calculus context δx is 
sometimes written as Δx.
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EXAMPLE 11

A manufacturer produces x items of a certain product. The cost function C(x) is given in dollars by:

C(x) = 
x
10

3

 – 30x2 + 3000x + 5000

Evaluate C ′ (160) and explain what information your answer gives.

Solution
Marginal cost = 

x3
10

2

 – 60x + 3000    \    C ′(160) = $1080 per unit.

When the production level reaches 160 units it will then cost approximately $1080 to produce one 
more unit.

Exercise 8D

	 1	 If f (x) = x3 - 5x use differentiation to find the approximate change in the value of the function 
when x changes from 5 to 5.01.
Compare your answer to f (5.01) - f (5).

	 2	 If f (x) = sin 3x use differentiation to find the approximate change in the value of the function when 

x changes from 
9
π

 to 
9
π + 0.01. Compare your answer to  f f

9
0.01

9
.

π +



 − π





	 3	 If f (x) = 2 sin3 5x use differentiation to find the approximate change in the value of the function 

when x changes from 
3
π

 to 
π +
3

0.001.  Compare your answer to  f f
3

0.001
3

.
π +



 − π





	 4	 The cost function, $C, for producing x units of a product is given by
	 C =  x5000 20 .+
Determine an expression for the marginal cost and hence calculate the marginal cost for
a	 x = 25,	 b	 x = 100,	 c	 x = 400.

	 5	 The cost, $C, of producing x tonnes of a particular product is given by

	 C = 15 000 + 750x - 15x2 + 
x
10

3

Determine an expression for the marginal cost and hence calculate the marginal cost for
a	 x = 30,	 b	 x = 60,	 c	 x = 100.

	 6	 The cost function for a particular item is given by $C where C = 450 + 0.5x2 and x is the number 
of such items produced.
Find the marginal cost for x = 10 and explain what this tells you about the cost of producing one 
more item at this level of production.

	 7	 The length of one edge of a cube was measured as 5 cm when it was in fact 2 mm more than this. 
Use differentiation to find the approximate error that using the value of 5 cm would cause in

a	 the surface area of the cube (in cm2),

b	 the volume of the cube (in cm3).
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Logarithmic differentiation
We conclude this chapter on differentiation techniques and applications by considering a technique 
sometimes referred to as logarithmic differentiation. This assumes that through your study of Unit 
Four of Mathematics Methods you have encountered, and are familiar with, the idea of a logarithm, the 

natural logarithm ln x, the laws of logarithms and that 
d
dx

f x(ln ( ))  = 
f x
f x

( )
( )

.
′

 If this is not the case 

then leave this section for now and return to it when you have covered these aspects in Unit Four of 
Mathematics Methods.

In order to differentiate some functions it can be useful to consider the logarithm of the expression 
to be differentiated. Taking logarithms, usually natural logarithms, gives a function defined implicitly, 
which we can then differentiate. The next example demonstrates its use.

EXAMPLE 12

Determine 
dy
dx

 given that y = 3x.

Solution
If         y = 3x        then	 ln y  =  ln (3x) 
	 =  x ln 3

Differentiating with respect to x:	
d
dx

y(ln )   = 
d
dx

x( ln 3)

\	 		
d
dy

y
dy
dx

(ln )   = 
d
dx

x( ln 3)

I.e.			 
y

dy
dx

1
  =  ln 3

			 
dy
dx

  =  y ln 3

Therefore			 
dy
dx

  =  3x ln 3

Exercise 8E

	 1	 Show that using logarithmic differentiation to determine 
dy
dx

 for y = x3(2x + 1)5 gives the same 

answer as using the product rule.

	 2	 Show that using logarithmic differentiation to determine 
dy
dx

 for y = 
x

x 1

3

2 +
 gives the same answer 

as using the quotient rule.

	 3	 Use logarithmic differentiation to differentiate

a	 xx	 b	 x2x	 c	 xcos x	 d	 x
x

3 1
3 1

+
−
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Miscellaneous exercise eight
This miscellaneous exercise may include questions involving the work of this chapter and the 
ideas mentioned in the Preliminary work section at the beginning of this unit.

	 1	 Find expressions for 
dy
dx

 for each of the following.

a	 y = 
x

x
2 1
3 2

+
−

	 b	 y = sin3 (2x + 1)

c	 3x2y + y3 = 5x + 7	 d	 x = t2 + 3t - 6, y = t4 + 1

	 2	 Find the equation of the tangent to x2 + y2 = 25 at the point (3, 4).

	 3	 Find an expression for 
d y
dx

2

2  in terms of y only, given that

a	 y + 1 = xy.	 b	 y3 - 5 = xy.

	 4	 A rocket is launched vertically from point A, see diagram.

From a point 200 metres from A, and on the same level as A, 
the rocket’s angle of elevation, θ, is recorded.

For the first 25 seconds from launching, the propellant in the 
rocket is such that the rate of change of θ with respect to time  

is 
1

20
 rad/s.

Find the velocity and acceleration of the rocket when θ is

a	
6
π 	 b	

3
.

π

	 5	 a	 If y = (2x + 3)3 then x = 
y 3
2

.
3 −

  

Use the first equation to determine 
d y
dx

2

2  and the second to determine 
d x
dy

.
2

2

Hence show that	
d y
dx

2

2  = 
d x
dy

dy
dx

.
2

2

3

− 





b	 Prove that for any y = f (x), provided the necessary derivatives exist,

		
d y
dx

2

2  = 
d x
dy

dy
dx

.
2

2

3

− 





200 m

h m

θ A
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Integration by substitution (or change of variable)
Asked to determine  x x dx48 (3 – 1) ,2 3∫  and noticing that 48x(3x2 - 1)3 is of the form f ′(x) [f (x)]n, except 

for some scalar multiple, we could try

	 y  =  (3x2 - 1)4

in which case	
dy
dx

  =  (4)(3x2 - 1)3(6x)

	 =  24x (3x2 - 1)3

Thus 	 x x dx48 (3 – 1)2 3∫   =  2(3x2 - 1)4 + c.

Alternatively we could make a suitable substitution, in this case u = 3x2 - 1, to change the variable 
involved from x to u, as follows.

If	 u = 3x2 - 1    then	
du
dx

  =  6x

Thus	 x x dx48 (3 – 1)2 3∫   =  x x
dx
du

du48 (3 – 1)2 3∫
	 =  xu

x
du48

1
6

3∫ � We do not express the 48x in 
terms of u because we can see 
the 48x and the 6x cancelling.	 =  u du8 3∫

	 =  2u4 + c

	 =  2(3x2 - 1)4 + c      as before.

In the example above, this method of substitution, or change of variable, holds no great advantage over 
our initial ‘trial and adjustment’ method, provided of course that we do notice the suitability of trialling 
(3x2 - 1)4. However we will meet situations for which an initial sensible trial may not be at all obvious 
but making a suitable substitution does yield a solution. The next two examples are of this type.

WS

Integration 
by substitution
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EXAMPLE 1

Use the substitution u = 2x - 3 to determine  x x dx56 (2 3) .5∫ −

Solution

If    u = 2x - 3    then	
du
dx

  =  2

Thus	 x x dx56 (2 3)5∫ −   =  x x
dx
du

du56 (2 3)5∫ −

	 =  ∫ +



56

3
2

1
2

5u
u du

	 =  u u du(14 42 )6 5∫ +

	 =  2u7 + 7u6 + c

	 =  u6(2u + 7) + c

	 =  (2x - 3)6(4x + 1) + c

EXAMPLE 2

Use the substitution u = x - 2 to determine 
x

x
dx

6
2

.∫ −

Solution

If    u = x - 2    then  
du
dx

 = 1.

Thus	
x

x
dx

6
2∫ −

  = 
x

x
dx
du

du
6

2∫ −

= 
u

u
du

6( 2)
1∫ ( )+

=  u u du(6 12 )
1
2

1
2∫ +

−

=  u u c4 24
3
2

1
2+ +

	 =  u u c4 ( 6)
1
2 + +

	 =  x x c4 2 ( 4)− + +

∫ ⋅

−











⋅ − ⋅ +

6 x
x 2

dx

4 x 2 (x 4)
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Note	 •	 In the previous examples, the final answers are given in terms of the variable given in the 
question (x in the previous examples), not in terms of the variable introduced to aid the 
integration (u in the previous examples).

•	 The replacement of ‘dx’ by 
dx
du

du  in these examples can be thought of as being reasonable 

by thinking of the ‘du’s cancelling. However this is not really the case because 
dx
du

 is not a 
fraction, it is the limit of a fraction.

	 A more formal proof of the fact that if f (x) = g(u) then

f x dx g u
dx
du

du( ) ( )∫ ∫=

	 is not included here.

Exercise 9A

Determine the following integrals using the suggested substitution.

	 1	 x x dx60 ( – 3) ,2 5∫ 	 u = x2 - 3	 2	 x x dx80 (1 – 2 ) ,3∫ 	 u = 1 - 2x

	 3	 x x dx12 (3 1) ,5∫ + 	 u = 3x + 1	 4	 x x dx6 (2 – 1) ,2 5∫ 	 u = 2x2 - 1

	 5	 x x dx12 (3 1) ,2 5∫ + 	 u = 3x2 + 1	 6	 x x dx3 ( – 2) ,5∫ 	 u = x - 2

	 7	 x x dx20 (3 – ) ,3∫ 	 u = 3 - x	 8	 x x dx4 (5 – 2 ) ,5∫ 	 u = 5 - 2x

	 9	 x x dx20 (2 3) ,3∫ + 	 u = 2x + 3	 10	 x x dx18 3 1 ,∫ + 	 u = 3x + 1

	11	 x

x
dx

6

3 5
,

2∫ +
	 u = 3x2 + 5	 12	 x

x
dx

3
1 2

,∫ −
	 u = 1 - 2x

	13	 x x dx8sin 2 cos 2 ,5∫ 	 u = sin 2x	 14	 x x dx27cos 3 sin 3 ,7∫ 	 u = cos 3x

	15	 x x dx6 sin ( 4) ,2∫ + 	 u = x2 + 4	 16	 x x dx(4 3)(2 1) ,5∫ + + 	 u = 2x + 1
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Exercise 9B

Determine the following integrals using any appropriate method.

	 1	 x x dx( sin 3 )∫ +  	 2	 dx2∫

	 3	 x dxsin 8∫ 	 4	 x x x x dx(cos sin )(cos – sin )∫ +

	 5	 x x
x

dx
2

∫ +
	 6	 x x dx4 sin ( )2∫

	 7	 x x dx8 sin ( – 3)2∫ 	 8	 x dx24 1 3∫ +

	 9	 x x dx15 1 3∫ + 	 10	 x x dxsin 2 cos 24∫

	11	 x x dx6 (2 7)5∫ + 	 12	 x dx6(2 7)5∫ +

	13	 x dx(3 – 2)2∫ 	 14	 x x dx4 (3 – 2)2 7∫

	15	 x x dx(cos sin 2 )∫ + 	 16	 x x dx6 (3 – 2)7∫

	17	 x dx∫ 	 18	
x

dx
6

1 2∫ +

	19	 x
x

dx
6

1 2∫ +
	 20	 x x x dx( 1) (2 1)2 8∫ + + +

	21	 x x dx24 sin (  3)2∫ + 	 22	 x x dx(2 1) 53∫ + −

	23	 x
x

dx
( 5)5

∫ +
	 24	 x dx4(2 – 1)5∫

	25	 x x dx4 (2 – 1)5∫ 	 26	 x x dxcos 6 sin 63∫

	27	 x

x
dx

6

32∫ −
	 28	 x x dxsin 2 cos 2∫

29	 x x dx8 (2 – 1)2 5∫
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Definite integrals and the change of variable method
If the change of variable method is used to evaluate definite integrals, care needs to be taken with the 
upper and lower limits, as shown in the next example.

EXAMPLE 3

Use the substitution u = 2x + 1 to determine 
x

x
dx

8
2 1

.
0

4

∫ +

Solution

If u  =  2x + 1    then  
du
dx

  =  2.

Thus	 ∫ +
8

2 10

4 x
x

dx   = 
x

x
dx
du

du
x

x 8
2 10

4

∫ +=

=

= 
u

u
du

u

u 4( 1) 1
21

9

∫ −
=

=

=  u u du(2 2 )
1
2

1
2

1

9

∫ −
−

=  −












4
3

4

3
2 1

2

1

9

u
u

	 =  26
2
3

∫ +

8x
2x 1

dx

80
3

0

4
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ut
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to
ck
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om
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Exercise 9C

Determine the following definite integrals using the suggested substitution and showing full algebraic 
reasoning. Confirm each answer using a graphic calculator.

	 1	 x dx16(2 1) ,3

0

1

∫ + 	 u = 2x + 1

	 2	 x x dx16 (2 1) ,3

0

1

∫ + 	 u = 2x + 1

	 3	 x
x dx

6
25

( 5) ,4

0

1

∫ + 	 u = x + 5

	 4	 x x dx12sin cos ,5

0

2∫
π

	 u = sin x

	 5	 x
x

dx
3

5 6
,

2

6

∫ +
	 u = 5x + 6

	 6	 x
x

dx
3
1

,
2

5

∫ +
−

	 u = x - 1

	 7	 The graph on the right is that of the function

y = 
x
4

2 1
.

+

Performing any integration using the substitution  
u = 2x + 1, determine the area under the curve from  
x = 0 to x = 4.

	 8	 The graph on the right is that of the function

y = 6x(x - 3)3.

Performing any integration using the substitution 
u = x - 3, determine the area enclosed by the 
curve and the x-axis.

(0, 4)

y

x−2 2 4 6 8 10
−2

2

4

6

8

=
+

y
x
4

2 1

(3, 0)

y = 6x(x − 3)3

(0, 0)

5

y

x

−80

−40

40

80

120
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Use of trigonometric identities to assist integration
Some integrations are best performed by first rearranging the function to be integrated using some of 
the trigonometric identities we were reminded of in the Preliminary work section at the beginning of 
this unit. The examples that follow demonstrate such use.

In particular, note carefully the techniques for finding the antiderivatives of 

sinn x and cosn x 

as demonstrated in 	 example 4,	�� for when n is odd, and the technique ensures that  
some terms of the form f ′(x) [f (x)]k arise,

	 and in	 example 5,	� for when n is even, and the technique uses the 
	trigonometric identity	 cos 2x = 2 cos2 x - 1, 

rearranged as	 cos2 x = 
x1 cos 2

2
.

+

EXAMPLE 4

Find the antiderivative of sin5 x.

Solution
	 sin5 x = (sin x)(sin4 x) 
	 = (sin x)(1 - cos2 x)2 

	 = (sin x)(1 - 2 cos2 x + cos4 x) 
	 = sin x - 2 sin x cos2 x + sin x cos4 x

To find the antiderivative, try	 y = cos x + cos3 x + cos5 x

then	
dy
dx

 = –sin x - 3 cos2 x sin x - 5 cos4 x sin x

Thus if	 y = -cos x +  x x
2
3

cos
1
5

cos3 5−

then, as required,	
dy
dx

 = sin x - 2 sin x cos2 x + sin x cos4 x.

The required antiderivative is  x x x ccos
2
3

cos
1
5

cos .3 5− + − +

Does your calculator give this answer when asked for x dxsin5∫ ?

If it gives an answer that looks different to that shown above are they in fact equivalent? Investigate.

WS

Trigonometric identities
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EXAMPLE 5

Find the antiderivative of cos4 x.

Solution
	 cos4 x = (cos2 x)2

	 = 
x1 cos 2

2

2+





	 = 
x x1

4
2cos 2

4
cos 2

4

2

+ +

	 = 
x x1

4
cos 2

2
1 cos 4

8
+ + +

	 = 
x x3

8
cos 2

2
cos 4

8
+ +

The required antiderivative is  x
x x

c
3
8

sin 2
4

sin 4
32

.+ + +

Again check to see if this is what your calculator gives when asked for  x dxcos .4∫

EXAMPLE 6

Use the fact that	 sin A cos B =  A B A B
1
2

[sin ( ) sin ( – )]+ +

to determine 	 x x dxsin 5 cos3∫
Solution

	 sin 5x cos 3x =  x x x x
1
2

[sin (5 3 ) sin (5 – 3 )]+ +

	 =  x x
1
2

sin (8 )
1
2

sin (2 )+

Thus	 x x dxsin 5 cos3∫  =  x dx x dx
1
2

sin (8 )
1
2

sin (2 )∫ ∫+

	 =  x x c
1

16
cos (8 )

1
4

cos (2 )− − +
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Before proceeding to the next example recall first the derivative of tan x:

	 y = tan x

	 = 
x
x

sin
cos

By the quotient rule	
dy
dx

 = 
− −(cos )(cos ) (sin )( sin )

cos2
x x x x

x

	 = 
x x

x
cos sin

cos

2 2

2
+

	 = 
x

1
cos2

	 = sec2 x .

Thus	
d
dx

 (tan x) = sec2 x .

EXAMPLE 7

Determine     x dxtan .2∫
Solution
The technique with this integration is to use the identity    tan2 x + 1 = sec2 x

	 x dxtan2∫   =  x dx(sec 1)2∫ −

	 =  x dx dxsec 12∫ ∫−

	 =  tan x - x + c

Exercise 9D

	 1	 Use the fact that	 cos A cos B =  A B A B
1
2

[cos ( ) cos ( – )]+ +

to determine 	 x x dxcos5 cos 4 .∫

	 2	 Use the fact that	 sin A sin B =  A B A B
1
2

[cos ( – ) – cos ( )]+

to determine 	 ∫ sin 7 sin .x x dx
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Find the antiderivative of each of the following. 
(Note:	 Not all of the expressions need rearranging.)

	 3	 sin4 x cos x	 4	 6 sin3 x cos x

	 5	 sin3 x	 6	 cos3 x

	 7	 cos5 x	 8	 cos2 x

	 9	 sin2 x  (Hint: cos 2A = 1 - 2 sin2 A.) 	 10	 8 sin4 x

	11	 cos2 x + sin2 x	 12	 cos2 x - sin2 x

	13	 sin3 x + cos2 x	 14	 2 sin x cos x

	15	 sin3 x cos2 x	 16	 cos3 x sin2 x

	17	 tan2 3x	 18	 1 + tan2 x

	19	 x
x

x
x

sin
1 sin

sin
1 sin−

×
+

	 20	 sec2 x tan4 x

	21	 The graph shown below shows the function y = x + cos2 x - sin2 x, for –π ≤ x ≤ 3π.

y

x−π π 2π 3π

−3

5

10

Determine the area under the curve y = x + cos2 x - sin2 x from x = 0 to x = 2π.

	22	 A particle moves such that its velocity vector, v m/s, at time t seconds is given by

	 v  =  4 sin2 t i + tan2 t j    t(0
2

).≤ ≤ π

Find	 a	� an expression for the position vector of the particle, r(t) metres, at time t seconds given 
that when t = 0, r = 3i + j.

	 b	 the position vector of the particle when t = 
4

.
π
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Integration to give logarithmic functions
It is assumed that from your study of Mathematics Methods Unit Four you are now familiar with the idea 
of logarithmic functions. In particular you will have encountered, or soon will encounter, the fact that:

Any algebraic fraction for which the numerator is the derivative of the denominator will 
integrate to give a natural logarithmic function.

x
dx

1∫  = ln x + c.    
f x
f x

dx
( )
( )∫ ′

 = ln f (x) + c.

In the real number system the logarithmic function ln x is only defined for x > 0. Thus the integral 
above left only has meaning for x > 0 and above right only for f (x) > 0. In the treatment of logarithmic 
functions in Mathematics Methods Unit Four, consideration of integrals of the form

f x
f x

dx
( )
( )∫ ′

are restricted to f (x) > 0. However, the companion text for that unit, does say:

Suppose we were asked to determine 
x

dx
1∫  for x < 0.

Writing the answer as ln x + c would present a problem because we would then be faced with the 
logarithm of a negative number.

However, this situation is avoidable if, for x < 0, we were to write 
x

dx
1∫  as 

x
dx

1
,∫ −

−
 for which the 

answer is ln(–x) + c.

Thus we could say that		 for x > 0,	
x

dx
1∫  = ln x + c,

	 and	 for x < 0,	
x

dx
1∫  = 

x
dx

1∫ −
−

 = ln(–x) + c.

Combining these two statements using the absolute value gives

			 
x

dx
1∫  =  x cln .+ 	 x ≠ 0.

•	 In Mathematics Methods Unit Four this point was mentioned to explain why your calculator may, 

when asked to determine 
x

dx
1

,∫  display an answer that includes the absolute value.

•	 In this Mathematics Specialist unit we will use the more general results:

	
x

dx
1∫  =  x cln .+ 	 x ≠ 0.

	
f x
f x

dx
( )
( )∫ ′

 =  f x cln ( ) .+ 	 f (x) ≠ 0.

WS

Integration of 
1
—x
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EXAMPLE 8

Find each of the following integrals.

a	
x

dx
14

2 1∫ −
	 b	 x

x
dx

6
12∫ +

Solution
a	 Noticing that the numerator is a scalar multiple of the derivative of the denominator, we 

expect the answer to involve  xln 2 1 .−

	
x

dx
14

2 1∫ −
 =  x c7 ln 2 1 .− + 	 (See first note below.)

b	 Noticing that the numerator is a scalar multiple of the derivative of the denominator we 
expect the answer to involve  xln 1 .2 +

	
x

x
dx

6
12∫ +

 =  x c+ +3ln 1 .2 	 (See second note below.)

Note	 •	 Using logarithmic laws we could write the answer to part a as follows:

	 x c7 ln 2 1− + 	 =  x c7 ln(2 0.5 )− +
		  =  x c+ − +7 ln 2 7 ln 0.5

		  =  x − +7 ln 0.5  a constant.

	 •	 With (x2 + 1) positive for all x the answer to part b could be written simply as 3 ln (x2 + 1) + c.

EXAMPLE 9

Find each of the following definite integrals.

a	
x

dx
1

2

3

∫ 	 b	
x

dx
1

.
3

2

∫−

−

Solution

a	
x

dx
1

2

3

∫  =  xln
2

3  	 b	
x

dx
1

3

2

∫−

−
 =  xln

3

2 −
−

		  = ln 3 - ln 2		  = ln 2 - ln 3

		  = ln 1.5		  = –ln 1.5

Note	 •	 That the part b answer above is the negative of the part a answer  

should come as no surprise when we consider the graph of y = 
x
1

.

y

x
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•	 Definite integrals of the form 
f x
f x

dx
a

b ( )
( )∫ ′

 are undefined if, for some value of x in the 

interval a ≤ x ≤ b, f (x) = 0.

	 For example:  
x

dx
1

1

2

∫−
 is undefined.    ∫ − −

1
( 2 3)22

5

x x
dx  is undefined.

	 How does your calculator respond when asked to find these definite integrals?

EXAMPLE 10

Find each of the following integrals.

a	 x
x

dx
2

1∫ +
	 b	 x

x x
dx

2 5
( 1)∫ +

+

Solution
a	 First rearrange the improper fraction:

	
x

x
2

1+
 = 

x
x

2( 1) 2
1

+ −
+

	 = 
x

2
2

1
−

+

	 Thus	
x

x
dx

2
1∫ +

 =  dx
x

dx2
2

1∫ ∫−
+

	 =  x x c2 2ln 1 .− + +

b	 First express 
x

x x
2 5
( 1)

+
+

 in what we call partial fractions, as shown below.

	 We write	
x

x x
2 5
( 1)

+
+

 = 
A
x

B
x 1

+
+

		  = 
A x Bx

x x
( 1)

( 1)
+ +

+
	 Hence	 2x + 5 = A(x + 1) + Bx

	 from which	 2 = A + B    and    5 = A.

	 Thus    A  = 5    and    B = –3.

	
x

x x
dx

2 5
( 1)∫ +

+
 = 

x
dx

x
dx

5 3
1∫ ∫−

+
	 =  x x c5ln 3ln 1 .− + +
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More about partial fractions
When expressing an algebraic fraction as partial fractions (as in part b of the previous example) the 
procedure, and the expression we use, depends on the nature of the initial fraction.

•	 If the fraction is improper, i.e. if the order of the numerator is equal to or greater than the order 
of the denominator, rearrange the fraction. (As in part a of the previous example.)

Now that the only fractions are ‘proper’ consider the nature of the denominator:

•	 Denominator has linear factors.

	 For example	
x

x x
4 3

( 3)(2 1)
.

−
+ +

	 Use 
A

x
B

x( 3) (2 1)
.

+
+

+

•	 Denominator with a quadratic factor (that does not factorise).

	 For example	
x x

x x
7 2 5

( 1)( 1)
.

2

2
− +

− +
	 Use 

A
x

Bx C
x( 1) ( 1)

.2−
+ +

+

•	 Denominator with a repeated linear factor.

	 For example	
x x

x x
2(3 3 10)
( 3)( 1)

.
2

2
+ −

+ −
	 Use 

A
x

B
x

C
x( 3) ( 1) ( 1)

.2+
+

−
+

−

We do not need a 
Cx D
x( 1)2

+
−

 term because 
Cx D
x( 1)2

+
−

	= 
C x C D

x
( 1)

( 1)2
− + +

−

	 = 
C

x
C D
x( 1) ( 1)2−

+ +
−

Some calculators can express fractions in terms of partial  
fractions, as the display on the right suggests.

Try to obtain these same results yourself, 
algebraically, using the methods outlined above.

Thus	
x

x x
dx

4 3
( 3)(2 1)∫ −

+ +
 =  x x cln 2 1 3ln 3 .− + + + +

	
x x

x x
dx

7 2 5
( 1)( 1)

2

2∫ − +
− +

 =  x x cln( 1) 5 ln 1 .2 + + − +

	
x x

x x
dx

2(3 3 10)
( 3)( 1)

2

2∫ + −
+ −

 =  x x
x

cln 3 5 ln 1
2

( 1)
.+ + − +

−
+

WS

Partial fractions

WS

Integral calculus

expand 4x 3
(x 3)(2x 1)

, x

2
(2 x 1)

3
(x 3)

expand 7x 2x 5
(x 1)(x 1)

, x

2 x
x 1

5
x 1

expand 2(3x 3x 10)
(x 3)(x 1)

, x

1
x 3

5
x 1

2
(x 1)

2

2

2

2

2

2

−
+ +







−
⋅ +

+
+

− +
− +











⋅
+

+
−

+ −
+ −











+
+

−
−

−
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Exercise 9E

Determine the following integrals.

	 1	
x

dx
7∫ 	 2	 x

x
dx3

42∫ −



 	 3	 x

x
dx

8
62∫ +

	 4	 x dxtan 2∫ 	 5	 x
x

dx
2∫ +

 	 6	 x
x

dx
2∫ +

	 7	 x
x

dx
2 3∫ −

 	 8	 x
x

dx
2 3∫ −

 	 9	 x x
x

dx
4 1

3

2

∫ + +
+

	10	 x
x x

dx
5 3
( 1)∫ +

+
 	 11	 x

x x
dx

4 7
( 2)( 3)∫ −

+ −
	 12	 x x

x x
dx

5 2 18
( 1)( 6)

2

2∫ − +
− +

 

	13	 x x
x x x

dx
7 8 4

( 1)( 1)

2

2∫ + −
+ + −

	 14	 x x
x x

dx
5 10 3
( 1)( 1)

2

2∫ − −
+ −

	 15	 x x
x x

dx
8 44 25
(2 1)( 3)

2

2∫ − +
+ −

	16	 The graph on the right shows

y = 
x

x 2−
    and    y = 

x
x
11

2
.2 +

Prove algebraically that the small region 
enclosed by these curves has an area of 

5
7
2

ln 6− +



  square units.

y

x

=
+

y
x

x
11

22

=
−

y
x

x 2
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Volumes of revolution
Suppose that we take the area under y = f (x), from x = a to x = b,  
and rotate it about the x-axis one complete revolution (see diagram).

How could we determine the volume of the solid so formed?

The answer is to approach the problem in the same way as we did 
when considering area: divide the shape up into a large number of 
pieces each of thickness δx.

One such piece is shown in the diagram on the right.

This will be, approximately, a circular disc of thickness δx and  
radius y. Hence its volume ≈ πy2 δx.

Thus, total volume	 =  y x
x

x a

x b

∑ π δ
δ →

=

=

lim
0

2

	 =  y dx
a

b
2∫ π

EXAMPLE 11

Find the volume of the solid formed when the area enclosed by the curve y = x2, the x-axis and the 
line x = 3 is rotated through one revolution about the x-axis.

Solution
The solid involved can be seen in the diagram:

Required volume	 =  y dx2

0

3

∫ π

	 =  x dx( )2 2

0

3

∫ π

	 =  x dx4

0

3

∫ π

	 = 
243

5
π

 units3

(Does your calculator have any built-in routines for such a calculation? Investigate.)

Rotation about the y-axis
To determine the volume of an object formed by rotating an area made  
with the y-axis, about the y-axis, we again consider a small circular disc, 
this time of thickness δy and radius x, see diagram.

Required volume	 =  x y
y

y a

y b

lim
0

2∑ π δ
δ →

=

=

	 =  x dy
a

b
2∫ π

WS

Solids of revolution

y

y

xb

δx

a

y

xb

y = f (x)

a

y

x

x 
= 

3 y = x2

y

x

x
a

b

δy

y = f (x)
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Exercise 9F

For some of the questions in this exercise, evaluate the definite integrals using your calculator and for 
others show full algebraic reasoning to determine exact answers.

	 1	 Find the volume of the solid formed when the area enclosed by y = x2, the x-axis and the line x = 2 
is rotated through one revolution about the x-axis.

	 2	 Find the volume of the solid formed when the area enclosed by y = 3x2, the x-axis and the line  
x = 1 is rotated through one revolution about the x-axis.

	 3	 Find the volume of the solid formed when the area between the curve  y x=  and the x-axis from 
x = 1 to x = 4 is rotated through one revolution about the x-axis.

	 4	 Find the volume of the solid formed when the area enclosed by the x-axis, the straight line  
y = 2x + 1 and the lines x = 2 and x = 3 is rotated through one revolution about the x-axis.

	 5	 Find the volume of the solid formed by rotating about the x-axis through one revolution, the area 

between the curve  y
x
1=  and the x-axis from

a	 x = 1 to x = 2,	 b	 x = 2 to x = 3.

	 6	 Find the volume of the solid formed when the area between y = x2 + 1 and the x-axis from x = –1 
to x = 2 is rotated through one revolution about the x-axis.

	 7	 Use integration to determine the volume of the cone formed by rotating the area enclosed by the 
line y = 0.5x, the x-axis and the line x = 6 through one revolution about the x-axis.

Show that your answer is consistent with the volume of a right cone of perpendicular height h and 

base radius r being 
r h
3

.
2π

	 8	 Find the volume of the solid formed when the area enclosed by  y xsin=  and the x-axis for  
0 ≤ x ≤ π is rotated through one revolution about the x-axis.

	 9	 Find the volume of the solid formed when the area enclosed by y = sin x, and the x-axis for  
0 ≤ x ≤ π is rotated through one revolution about the x-axis.

	10	 Find the volume of the solid formed by rotating the area enclosed between y = x2 and y = x 
through one revolution about the x-axis.

	11	 Find the volume of the solid formed by rotating the area enclosed between the curves y = 0.125x2 
and  y x=  through one revolution about the x-axis.

	12	 Find the volume of the solid formed when the area enclosed between the curves

	 y = 3 cos x and y = cos x, from x
2

= − π
 to x

2
,= π

is rotated through one revolution about the x-axis.
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	13	 By considering the rotation of the area enclosed between  y r x2 2= −  
 and the x-axis use calculus to determine the formula for the volume 
of a sphere of radius r.

	14	 The diagram on the right shows a straight line passing through  
(0, 0) and (h, r). By considering the rotation of the area between 
this line and the x-axis for 0 ≤ x ≤ h determine the formula for the 
volume of a right cone of perpendicular height h and base radius r.

	15	 Find the volume of the solid formed when the area lying in the first quadrant and enclosed  
by y = x2, the line y = 2 and the y-axis, is rotated through one revolution about the y-axis.

	16	 Use calculus to determine the exact volume of the solid formed when the area between y = x 5   
and the y-axis, from y = 1 to y = 2, is rotated through 360° about the y-axis.

Check your answer using the fact that a right cone of perpendicular height h and base radius r has 

a volume given by 
r h
3

.
2π

	17	 The diagram on the right shows the cross-section of  
a bowl made by rotating about the y-axis that part of the 
curve y = x2 - 3 that lies between the x-axis and the line 
y = 12. Neglecting the thickness of the material determine 
the capacity of the bowl if on each axis 1 unit represents 
1 centimetre.

	18	 A machine component is modelled on computer by rotating for one revolution about the x-axis 
the area in the first quadrant enclosed by the x-axis for 0 ≤ x ≤ 1,  y x ,=   y x 1= −  and x = 4. 
Determine the volume of the solid so formed.

	19	 The team designing the nose cone of a small space probe are considering two possibilities.  

In one possibility the area between  y
xsin

2
=  and the x-axis, from x = 0 to x

2
,= π
 is rotated  

one revolution about the x-axis to give the desired shape.  

The other possibility rotates the area between  y
x

2
=

π
 and the x-axis from x = 0 to x

2
= π

  

one revolution about the x-axis to give the desired shape.

If one unit on each axis is 1 metre determine the exact volume of each design.

y

x

= −y r x2 2

y

x

(h, r)

(0, 0)

y

x
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	20	 A ‘paraboloid’ is formed by revolving a parabola, y = kx2, about its axis of symmetry. The 
paraboloid is bounded by a plane cutting the axis of symmetry perpendicularly at the point 
(0, 20). The intersection of this plane and the paraboloid is a circle of radius 4 units.  
Determine the volume of the paraboloid.

	21	 Area made with the x-axis, rotated about the y-axis

By considering the rotation of a small rectangle  
of thickness δx, height y and located a distance x 
from the y-axis, find a formula involving a 
definite integral for the volume of the solid 
formed by rotating the shaded area shown in 
the diagram one revolution about the y-axis.

Hence determine the volume of the solids 
obtained by rotating each of the following 
shaded areas about the y-axis.

a	 	 b	

	22	 Area made with the y-axis, rotated about the x-axis

By considering the rotation of a small rectangle of  
thickness δy, length x and located a distance y from 
the x-axis, find a formula involving a definite integral 
for the volume of the solid formed by rotating the  
shaded area shown in the diagram one revolution 
about the x-axis.

Hence determine the volume of the solids obtained by 
rotating each of the following shaded areas about the 
x-axis.

a	 	 b	

y

x

y = f (x)

δx

x
ba

y

y

x

y = x2

1 2

y

x

y x= +1

1 4

a

y

b

x

x

y

δy

1 2

y

x

1

2

y
x

= 1

y

x

1

2

1 2

y = 2x
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Numerical integration
Although, at this stage of the course, we are now able to integrate many functions using suitable 
substitutions, partial fractions or just with our knowledge of antidifferentiation, it would be quite 
wrong to assume that we are now able to algebraically integrate any function we might be given. 
Consider, for example,

x dxln  ,∫         e x dxx sin ,∫         e dxx .
2

∫
The first two of these can in fact be reasonably easily integrated using a method called integration 
by parts, which features as an extension activity at the end of this chapter. However not all functions 
can be algebraically integrated and the third example above is one such case. Faced with the task of 
determining a definte integral for such a function, we can fall back on the basic definition of integration 
as the limit of a sum and obtain an approximate answer numerically. Hence the title of this section, 
numerical integration.

Asked to evaluate  e dxx ,
0

2 2

∫  for example, our calculator uses  

such a numerical method to determine an answer.

Suppose we want to determine  f x dx
a

b
( ) ,∫  and f (x)  

is not easily integrated algebraically.

We could divide the area under y = f (x), from x = a 
to x = b, into a number of equal width trapezoidal 
strips and sum the areas.

The diagram on the right shows 4 such strips.

Area  = 
y y y y y y y y

h
2 2 2 2

0 1 1 2 2 3 3 4+
+

+
+

+
+

+





	 =  y y y y y
1
2

[ 2 2 2 ]0 1 2 3 4+ + + +h

For the general case, with n strips, this trapezoidal approach gives the trapezium rule, or 
trapezoidal rule:

f x dx
a

b
( )∫  ≈  y y y y yn n

1
2

[ 2 2     2 ]0 1 2 –1+ + + … + +h

where	 y0 = f (x0) = f (a),    yn = f (xn) = f (b)    and    h = 
b a

n
.

−

Another method is to model the top of each strip as being parabolic in shape. Using an even number of 
such strips this gives Simpson’s rule:

	 f x dx
a

b
( )∫  ≈  + + + + + … + + +− −

1
3

[ 4 2 4 2     2 4 ]0 1 2 3 4 2 1y y y y y y y yn n nh

∫ e dx

16.45262777

x

0

2 2

y

x

h h h h

x0 x1 x2 x3 x4

y0 y1 y2 y3 y4

y = f (x)

x 
= 

b

x 
= 

a

WS

Trapezoidal rule
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Applying the trapezium rule, with n = 4, to estimate  e dxx :
0

2 2

∫
	 e dxx

0

2 2

∫  ≈ 
1
2

 × 0.5 × [y0 + 2y1 + 2y2 + 2y3 + y4]    = =

= = =

with , ,

, , .
0

0
1

0.5

2
1

3
1.5

4
2

2 2

2 2 2

y e y e

y e y e y e	 ≈ 20.64

Using Simpson’s rule:

	 e dxx

0

2 2

∫  ≈ 
1
3

 × 0.5 × [y0 + 4y1 + 2y2 + 4y3 + y4]

	 ≈ 17.35

Neither of the above estimates are particularly close to the calculator value given on the previous page, 
but then we have only used four strips. If instead we considered twenty strips, and used a computer 
spreadsheet to assist us:

A B C D E F G H I

1 x y

2 a 0 0 0 1

3 b 2 1 0.1 1.01005017

4 n 20 2 0.2 1.04081077

5 h 0.1 3 0.3 1.09417428

6 4 0.4 1.17351087

7 5 0.5 1.28402542

8 6 0.6 1.43332941

9 7 0.7 1.63231622

10 8 0.8 1.89648088

11 9 0.9 2.24790799

12 10 1 2.71828183

13 11 1.1 3.35348465

14 12 1.2 4.22069582

15 13 1.3 5.41948071

16 14 1.4 7.09932707

17 15 1.5 9.48773584

18 16 1.6 12.9358173

19 17 1.7 17.9933096

20 18 1.8 25.5337217

21 19 1.9 36.9660528 By Trapezium Rule 16.6339588

22 20 2 54.59815 By Simpson's Rule 16.4552084

Use a computer spreadsheet to estimate definite integrals, using the trapezium rule and Simpson’s rule, for 
other functions. Then compare your approximation to that given by your calculator.

Are there any online calculators for the trapezium rule (trapezoidal rule) and Simpson’s rule? Investigate.

The trapezium rule and Simpson’s rule are not the only rules available for numerical integration. Do some 
research on the internet to investigate the midpoint rule, the Newton-Cotes rules and others.
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Extension: Integration by parts

According to the product rule	
d
dx

uv( )  = v
du
dx

u
dv
dx

.+

Integrating with respect to x:	 uv = v
du
dx

dx u
dv
dx

dx∫ ∫+

Rearranging gives u
dv
dx

dx∫  = uv v
du
dx

dx∫−

This is the formula for integration by parts.

EXAMPLE 

Use integration by parts to determine  xe dxx .∫
Solution
Let	 u = x      and	

dv
dx

 = ex

then	
du
dx

 = 1      and 	  v = ex

Using	 u
dv
dx

dx∫  = uv –  v
du
dx

dx∫
\	 xe dxx∫  = xex –  e dxx (1)∫
	 = xex - ex + c

Note that when determining v from 
dv
dx

 we said v = ex. What about the constant? Would our 

answer have been different had we used v = ex + k?

Exercise

Use integration by parts to determine each of the following integrals.

	 1	 x x dxsin∫ 	 2	 x x dxcos∫ 	 3	 x x dx3 sin 2∫ 	 4	 xe dxx2∫
	 5	 x x dxln2∫ 	 6	 x x dx( 2)5∫ + 	 7	 x x dx2 1∫ + 	 8	 x e dxx2∫
	 9	 x x dxsin2∫ 	 10	 x e dxx2 3 2

∫
Now try the following ‘sneaky’ ones, again using integration by parts.

11	 x dxln∫ 	(Yes it can be done by parts.)	 12	 e x dxx sin∫ 	 13	 e x dxx cos 2∫
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Miscellaneous exercise nine
This miscellaneous exercise may include questions involving the work of this chapter, the work 
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section 
at the beginning of this unit.

For each of questions 1 to 8 find an expression for 
dy
dx

.

	 1	 y = (2x + 1)3	 2	 y = 4 cos 3x + 3 sin 4x

	 3	 y = 
x

x
sin4

	 4	 y = 
x
x

1 2sin
1 cos
+
+

	 5	 y = 
x

x
sin 2

1 sin 2+
	 6	 5xy + 2y3 = 3x2 - 7

	 7	 x = 3t2 - 5t,  y = 3 - 4t3 	 8	 x cos y = y sin x

	 9	 Find the constants a and b given that for {x ∈ ¡: x ≠ ±1}

	
a

x
b

x1 1−
+

+
 = 

x
x
7 5

1
.2

−
−

Hence find an expression for 
x

x
dx

7 5
1

.2∫ −
−

	10	 Determine each of the following indefinite integrals.

a	 x dx4 cos8∫ 	 b	 x x dx2 (3 )2 5∫ + 	 c	 x x dx(2 3 ) 33∫ − +

d	 x x dxsin 2 cos 25∫  	 e	 x
dxsin

2
2∫ 	 f	 x

dxcos
2

3∫
g	 x dxsin 23∫ 	 h	 x x dx6 sin 2 cos∫ 	 i	 x x dx6 cos 2 sin∫

	11	 Find the equation of the tangent to

a	 x2 + xy = 1 + y2 at the point (2, 3).

b	 x3 + y3 = 35 at the point (2, 3).

	12	 Find the volume of the solid formed by rotating the area enclosed between the curve  y
x

1=  and 

the x-axis, from x = 1 to x = 4, through one revolution about the x-axis.
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	13	 The length of a particular rectangle is four times its width and this ratio is maintained as the  
width is increased at 2 mm/s. Find the rate of increase in the area of the rectangle when  
the width is 15 cm.

	14	 The area of the quarter circle shown shaded on the right is given  

by  x dx25 .2

0

5

∫ −

Use the substitution x = 5 sin u to evaluate this definite integral 
exactly and show that your answer is consistent with the area of 
a circle of radius r being πr2.

	15	 Showing full algebraic reasoning, determine the following definite integral giving your answer 
as an exact value.

	 x x
x x

dx
3 5 1

( 2)( 1)

2

21

2

∫ + −
+ +

	16	 The diagram shows a funnel in the shape of an upturned cone  
of height 20 cm and ‘base’ radius 5 cm.

If water flows out of the funnel at 5 cm3/s, how fast is the  
water level falling at the instant that the water in the cone  
has a depth of 10 cm?

	17	 The diagram shows a person of height 1.95 m standing  
24 metres due east of a lamp post that holds a light that 
is 4.2 m above the ground.

If the person runs at 5 m/s, find how fast the length of 
the person’s shadow is changing 2 seconds later if the 
direction in which the person runs is

a	 due east,

b	 due west,

c	 due north.

y

x5

5 y x= −25 2

5 cm

20 cm
depth of

water in cone

North

24 m

North
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•	Differential equations of the form  
dA
dt

 = kA, or x  = kx

•	The logistic model for growth

•	Can we get some idea of what the relationship 
between x and y will look like from the differential 
equation directly, without integrating?

•	Slope fields

•	Euler’s method
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Situation One
(You should manage this situation if you recall the work on growth and decay from Mathematics 
Methods Unit Three.)

Anaesthetic is administered to a patient. The patient’s body ‘uses up’ this anaesthetic such that if P mg 
is in the patient’s body at time t then 

dP
dt

 = -0.022P mg/min. 

A top-up dose is required when the amount in the patient’s body falls to 60% of the initial amount 
administered. 

What time after the initial amount is administered, to the nearest minute, is the top-up dose necessary?

Situation Two

If we were given that	
dy
dx

= 3x2 + 4x - 1

we can obtain	 y  = x3 + 2x2 - x + c.

Further, if we are told that when	 x  = 1,	 y = 5 
we can determine that	 c  = 3.

Hence	 y  = x3 + 2x2 - x + 3.

However, suppose we are given	
dy
dx

= 3x2y,	 y > 0,

and that when	 y  = 1,	 x = 1

can you now find an expression for y in terms of x?
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As suggested on the previous page, you should have managed the first situation from your work on 
growth and decay in Mathematics Methods Unit Three. 

With the second situation, did the fact that having differentiated y with respect to x and still having 
y in the answer make you think that y could be an exponential function (because they differentiate to 
expressions involving themselves)?

Differential equations
Any equation that involves one or more derivatives, e.g. 

dy
dx

,  
dp
dt

,  
dv
dp

,  
d y
dx

2

2  etc, is called  
a differential equation. 

The highest order of derivative featured gives the order of the differential equation.

For example,	
dy
dx

 = 2x + 3    is a first order differential equation.

To solve a differential equation we must find a relationship between the variables involved, that satisfies 
the differential equation, but that does not contain any derivatives. 

To solve	
dy
dx

 = 2x + 3    we integrate both sides with respect to x.

This gives	 y = x2 + 3x + c

Note
Integrating both sides will allow us to solve any differential equation that is of the form

	 ( )f y
dy
dx

 = g(x)

(or that can be expressed in that form).

For example, to solve	 y
dy
dx

 = 4x + 1    we integrate both sides with respect to x:

	 y
dy
dx

dx∫  =  x dx(4 1)∫ +

i.e.	 y dy∫  =  x dx(4 1)∫ +

\	
y
2

2

 = 2x2 + x + c 

Note	 •	 The reader should confirm that differentiating this equation with respect to x does give 
the original differential equation.

•	 With the ‘+ c’ involved we have found the family of solutions to the differential equation. 
We call this the general solution. Given more information that allows ‘c’ to be determined, 
we can find a particular solution, as the next example will show.

WS

Simple differential 
equations
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•	 Though we have integrated each side of the equation it is not necessary for our answer 
to include two constants, as shown below.

	 y dy∫  =  x dx(4 1)∫ +

	
y

c
2

2

1+  = 2x2 + x + c2 

	
y
2

2

 = 2x2 + x + c    where c = c2 - c1. 

•	 In going from  y
dy
dx

 = 4x + 1  to  y dy∫  =  x dx(4 1)∫ +   we are separating 

the variables.

	 The process can be remembered by thinking of 
dy
dx

 as a fraction and rearranging to 

‘put the y s with the dy and the x s with the dx’, and then integrating. 

•	 Some calculators are able to solve differential  
equations. Explore the capability of your 
calculator in this regard.

	 (If solving a second (or higher) order 
differential equation, e.g. y″ = 6x the 
general solution will involve more than 
one constant. Hence, when using a calculator 
to solve a differential equation the calculator 
might number the constants c1, c2, …)

EXAMPLE 1

Solve 
dy
dx

x x
y

3 ( 2)
2 1

,= +
−

 given that when x = 1, y = 2. 

Solution

We are given:	
dy
dx

 = 
x x

y
3 ( 2)

2 1
+
−

Separating the variables and integrating:

	 y dy(2 – 1)∫  =  x x dx(3 6 )2∫ +

\	 y2 - y = x3 + 3x2 + c 
When x = 1, y = 2, thus	 22 - 2 = 13 + 3(1)2 + c  
	 2 = 4 + c 
and so	 c = -2 
\	 y2 - y = x3 + 3x2 - 2

y y x x y
y x x c

y x x y
y x c x c

1

3

deSolve( 4 1, , )
4 2

deSolve( 6 , , )
2

2 2

3

⋅ ′ = ⋅ +
= ⋅ + ⋅ +

′′ = ⋅
= + ⋅ +
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Exercise 10A

Find general solutions for each of the following differential equations.

	 1	
dy
dx

x8 5= − 	 2	
dy
dx

x6= 	 3	 y
dy
dx

x8 4 1= − 	 4	 y
dy
dx x

3
5
2=

	 5	 x y
dy
dx

14 12 =  	 6	 x y
dy
dx

4 sin 2 52 = 	 7	
dy
dx

x
y

(8 1)
2 3

= +
−

	 8	
dy
dx

x x
y

(2 3 )
4 5

= −
−

	 9	 x
dy
dx y

1
cos

2 = 	 10	 y
dy
dx

x
y

( 1)
2

2 5+ =

	11	 Solve 
dy
dx

x6 ,=  given that when x = -1, y = 4. 

	12	 Solve  x y
dy
dx

6 5,2 =  given that when x = 0.5, y = 1.

	13	 Solve  y
dy
dx

(2 cos )+  = 2x + 3, given that when x = 1,  y
2

.= π

	14	 Solve 
dy
dx

x x
y

4 ( 2)
2 3

,
2

= +
+

 given that when x = 1, y = 2. 

	15	 Let us suppose that an object is moving such that its speed, v metres/second (v ≥ 0), when distance 
s metres from an origin (s ≥ 0), is such that

v
dv
ds

 = 6s2. 

If v = 6 when s = 2, find v when s = 3.

	16	 A particular curve is such that 
dy
dx

x
y

sin
.= −

The curve passes through the point 
3

, 2 .
π





a	 If point A, (π, a), a > 0, lies on the curve find a.

b	 If point B,  b
6

, ,
π



  b > 0, lies on the curve find b and the gradient of the curve at point B.

	17	 An experiment involves pumping air into a hollow rubber sphere using a machine that responds 
to the increasing pressure in the sphere by decreasing the amount of air it delivers. Indeed, if the 
sphere has an initial volume of 20 cm3, then its volume, V cm3, t seconds later is such that 

dV
dt V

25
2

.=

a	 Find the volume of the sphere when t = 20.

b	 If pumping ceases when V = 40 find the value of t when this occurs.
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Differential equations of the form dA
dt

 = kA, or ẋ = kx

Situation One at the beginning of this chapter involved an equation of the above form, i.e. 

dP
dt

  =  -0.022P. 

If, as the situation suggested, you remembered your work on growth and decay from Unit Three of 
Mathematics Methods you would have recalled that:

If 
dP
dt

 = kP then P = P0e
kt, where P0 is the value of P when t = 0.

However we can now solve differential equations of this type by separating the variables rather than 
by simply quoting a known solution. The following example demonstrates this separation of variables 
for such differential equations.

EXAMPLE 2

Figures indicate that a particular country’s instantaneous growth rate is always approximately  
5% of the population at that time.

a	 How long does it take the population to double?

b	 If the population now is 2 000 000 in how many years will it be 8 000 000?

Solution
a	 If the population after t years is P then we are told that 

dP
dt

 ≈ 0.05P.

	 Separating the variables	
P

dP
1∫   ≈  dt0.05∫

	 \	 ln P  ≈  0.05t + c    (No need for absolute value as P > 0).
	 Hence	 P  ≈  e0.05t + c

		    =  e0.05tec

	 I.e.	 P  ≈  P0e
0.05t	 (where P0 = ec )

	 Taking ‘now’ as t = 0 then P0 is the current population.

	 If the population is 2P0 in T years then	 2P0  ≈  P0e
0.05T

	 i.e.	 2  ≈  e0.05T

	 Solving by taking natural logarithms, as shown below, or by calculator.

		  ln 2  ≈  0.05 T ln e

		  T  = 
ln 2
0.05

		  ≈  14

	 The population will double in approximately 14 years.

b	 From a it follows that if the population now is 2 000 000 it will be 4 000 000 in 14 years and 
8 000 000 in a further 14 years.

	 The population will be 8 000 000 in approximately 28 years.

WS

Differential equations 
and exponentials
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Exercise 10B

For questions 1, 2 and 3 give answers to the nearest whole number.

(The above statement is made to enable you to check your answers, thus confirming correct method. 
However you might like to consider what more appropriate rounding would be for each of these 
questions, given the data supplied.)

	 1	 If 
dA
dt

 = 1.5A, A > 0, and A = 100 when t = 0, find A when

a	 t = 1,	 b	 t = 5.

	 2	 If 
dP
dt

 = 0.25P, P > 0, and P = 5000 when t = 0, find P when

a	 t = 5,	 b	 t = 25.

	 3	 If 
dQ
dt

 = -0.01Q, Q > 0, and Q = 100 000 when t = 0, find Q when

a	 t = 20,	 b	 t = 50.

	 4	 A particular radioactive isotope decays continuously at a rate of 8% per year. Five kilograms of this 
isotope are produced in a particular industrial process. How much remains undecayed after 25 years?

	 5	 A particular radioactive isotope decays continuously at a rate of 2% per year. Twenty kilograms of 
this isotope are produced in a particular industrial process. How much remains undecayed after 
50 years?

	 6	 Find the half-life of a radioactive element that decays according to the rule:

dA
dt

 = -0.0004A, where A is the amount present after t years.

(The half-life of a radioactive element is the time taken for the amount present to halve.)

	 7	 Cesium-137, a radioactive form of the metal Cesium, decays such that the mass M(t) kg present 

after t years satisfies the rule 
dM
dt

 = -kM.

The half-life of a radioactive element is the time taken for the amount present to halve, and for 
Cesium-137 this is 30 years.

If 1 kg of Cesium-137 is produced in a certain industrial process how much of this remains 
radioactive after

a	 30 years?	 b	 60 years?	 c	 40 years?

	 8	 The radioactive Uranium isotope U-234 decays such that the mass M(t) kg present after t years 

satisfies the rule 
dM
dt

 = -kM.

The half-life of a radioactive element is the time taken for the amount present to halve, and for 
U-234 this is 250 000 years.

What percentage of an original amount of U-234 remains after 5000 years?
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	 9	 Worldwide numbers of a particular endangered species of animal fell from 325 000 to 56 000 in the 
space of 8 years. If we take this decline to be such that the instantaneous rate of decline was always 
approximately p% per annum, find p.

	10	 All living plants and animals are thought to maintain a constant level of radiocarbon in their bodies. 
When the plant or animal dies the radiocarbon is no longer absorbed with the intake of air and 
food and so the radiocarbon levels in the plant or animal declines according to the rule: 

dC
dt

 = -kC

where C(t) is the mass of radiocarbon t years after death.

The half-life of radiocarbon is 5700 years. If the level of radiocarbon in an animal bone fragment 
is found to be 60% of the level maintained by the live animal, estimate the number of years ago 
that the animal died.

	11	 Following a nuclear leakage an area is designated unsafe for humans due to the level of 
radioactivity caused by an element, with a half-life 30 years, decaying according to the rule

dM
dt

 = -kM

where M(t) is the mass of the radioactive element present at time t years.

The level of radioactivity is found to be 15 times the level considered ‘safe’. For how many 
years after this measurement was taken should the area be considered unsafe?

	12	 Suppose you wish to determine how long it will take to double the value of an investment if 
the interest rate is p% per annum, compounded continuously. According to the ‘rule of 72’ 
an approximate answer can be obtained by dividing 72 by p.

A more accurate answer would be obtained if a ‘rule of 69.3’ was used.

a	 Justify the above statements mathematically.

b	 If the ‘rule of 69.3’ gives a more accurate answer than the ‘rule of 72’ why is it that it is 
the latter rule that tends to be used?

	13	 If a hot item is placed in an environment that has a temperature of 28°C and left to cool, the 
temperature (T°C) of the item t minutes later satisfies the equation

dT
dt

 = -k(T - 28)

where k is a positive constant.

Some time after initial placement the temperature of the item was found to be 135°C and, 
ten minutes later, it was found to be 91°C.

The temperature of the item was known to be 240°C when initially placed in the cooling 
environment. How long before the 135°C temperature was recorded was the item placed in 
the 28°C environment?

How might the above concept be used by a forensic team to estimate a time of death if they 
are called to the scene of a recent suspicious death?
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The logistic model for growth
Let us consider further the differential equation

	
dP
dt

 = kP, with k > 0,

and its solution	 P = P0e
kt, shown graphed on the right.

Whilst this model might apply for some growth situations, in many  
cases the exponential increase might not continue indefinitely in this 
way. The increase in a population, be it human, animal, bacterial, etc., 
may well be influenced by other factors such as food supply, available 
space, predators, etc. For some situations it may be more likely that 
the initial growth rate will, after a while, decrease and the population 
may start to head towards some steady, maintainable level. For such 
situations the unbroken line in the second graph might be a better 
model to use.

Such a model can be described algebraically by a differential equation 
of the form:

	
dP
dt

 = k1P - k2P
2 

Or, using y and t for our variables and a and b as the constants:

	
dy
dt

 = ay - by2, with a > 0 and b > 0.

This is called the logistic equation. It has the general solution

	 y = 
a

b ce at+ −     where c is some constant.

Note that with	 y = 
a

b ce at+ −     as t → ∞ then y → 
a
b

.

Hence the levelling-out or limiting population, also called the carrying capacity, is 
a
b

.

For this reason the logistic equation general solution  

is sometimes written as    y = 
K
Ce at1+ −  

because, in this form, K is the levelling-out population. 

To give the required growth model we require C > 0 because  
then, as t → ∞, the population will approach the limiting  
value K ‘from below’.

The reader should view the graphs of		 y = 500e0.2x	 (uninhibited growth)

	 and	 y = 
e x

5000
1 9 0.2+ − 	 (logistic model)

(use 0 ≤ x ≤ 30 and 0 ≤ y ≤ 6000) and see if a ‘levelling off’ is achieved.

(0, P0)

P

t

(0, P0)

P

t

Note
The reader should confirm that 
differentiating this general solution 
with respect to t does indeed give 
a differential equation of the 
required form.

(0, P0)

P

t

K
a
b

=



ISBN 9780170395274 10. Differential equations 251

EXAMPLE 3

Currently (i.e. t = 0), N, the number of inmates in a particular prison suffering, or having previously 
suffered, from a particular form of influenza, is 40. 

The value of N is expected to grow such that 
dN
dt

 = 
N N
4 8000

,
2

−  with t measured in days. 

a	 The logistic growth model with differential equation 
dy
dt

 = ay - by2 has the limiting value of y 

as 
a
b

.  Find the limiting value of N according to this model.

b	 Find N(t), a formula for N as a function of t. 

Solution
a	 Comparing the given expression to ay - by2 we have a = 

1
4

 and b = 
1

8000
.

	 Hence the limiting value of N is 2000.

b	 We are given	
dN
dt

  = 
N N
4 8000

2

− 	 = 
N N(2000 )

8000
.

−

	 Separating the variables		
N N

dN
8000

(2000 )∫ −
  =  dt∫

	 Using our understanding of partial fractions we can write this as:

		
N N

dN1 1
2000∫ +

−




   =  dt

1
4∫ � [1]

	 The limiting value of N is 2000, and N is +ve, so both denominators will be positive.
	 \	 ln N - ln (2000 - N)  =  0.25t + c

		
N

N
ln

2000 −




   =  0.25t + c

		
N

N2000 −
  =  A e0.25t (where A = ec) 

	 When t = 0, N = 40. Hence A = 
1
49

.

	 Substituting for A and re-arranging gives:	 N  = 
e t

2000
1 49

.0.25+ −

	 Alternatively, had we not noticed that the denominators would be positive: 
	 From [1]:	 N Nln ln 2000− −   =  0.25t + c.

	 Hence	
N

N
ln

2000 −
  =  0.25t + c

	 and so	
N

N2000 −
  =  A e0.25t (with A = ec).

	 Either	
N

N2000 −
  =  A e0.25t  	  or  

N
N2000 −

  =  -A e0.25t 

	 In both cases, with N = 40 when t = 0, we obtain  
N

N2000 −
  =  e t1

49
.0.25

	 This rearranges to    N  = 
e t

2000
1 49 0.25+ −     as before.
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	 Alternatively we could write:

	 From [1]:	 N Nln ln 2000− −   =  0.25t + c.

	 Hence 	
N

N−
ln

2000
  =  0.25t + c

	 and so	
N

N2000 −
  =  ±A e0.25t	 (with A = ec ).

		    =  Ce0.25t	 (with C = ±A).

	 Using N = 40 when t = 0 to determine C, substituting for C and rearranging gives:

N  = 
e t

2000
1 49 0.25+ −      as before.

	 The logistic model has applications in a number of areas, as the previous example and some of 
the questions of the next exercise show.

Exercise 10C

	 1	 When a new technological device is introduced to a country the number of people having the 
device can grow according to a logistic model. Let us suppose that N, the number of people, in 
millions, having the device, t months after the monitoring of such numbers began, was such that

dN
dt

 = 0.45N - 0.015N 2.

When monitoring commenced 500 000 people had the device (i.e. N = 0.5).

Use the fact that a differential equation of the form

dy
dt

 = ay - by2,    with a > 0 and b > 0,

has the general solution y = 
a

b ce at ,
+ −  where c is some constant, to determine

a	 the value of c for the take up of device situation,

b	 the number of people with the device 10 months after the monitoring began.

	 2	 A researcher investigates how quickly a rumour spreads amongst an island community of 150 000 
people. When the research commences it is thought that 300 of the 150 000 know the rumour. 
One day later 920 know it. 

Applying a logistic model to this situation, if y is the number of people from the community of 
150 000 who know the rumour, t days after research commenced:

y = 
K
Ce at1

,
+ −     with K = 150 000.

How many people does the model predict will know the rumour 5 days after the research began 
(to the nearest 100 people)? 
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	 3	 Using separation of variables and partial fractions find the particular growth solution, y = f (x), 
to the logistic growth model with differential equation

dy
dx

y y(300 )
500

,=
−

given that 0 < y < 300 and when x = 0, y = 100. 

	 4	 A scientist monitored the length, L cm, of a particular animal from birth, when it was 
51 centimetres long, to being fully grown 25 years later. The scientist found that the length 
of the animal could be well modelled by a logistic growth model with the differential equation: 

dL
dt

L L
1

500
(200 )= −

where t is the time in years since birth. 

a	 For the logistic growth model with differential equation 
dy
dt

 = ay - by2 the limiting value of  

y is 
a
b

.  Find the limiting value of L and explain its meaning.

b	 Using separation of variables and partial fractions find L(t).

c	 According to the model what was the length of the animal on its 10th birthday?

	 5	 A particular species of lizard is only found to exist naturally on a particular island nature reserve.

Because of favourable breeding conditions and the elimination of feral predators, researchers 
believe that the current (t = 0) population of 160 of these lizards is likely to increase such that P, 
the population t years from now will follow a logistic growth model with differential equation:

dP
dt

P P
1
5

1
12500

2= −

a	 Use the technique of separating the variables and partial fractions to determine an expression 
for P in terms of t for this logistic growth model, giving your answer in the form

P
K
Ce at1

.=
+ −

b	 According to this model what is the long-term population limit for this species on this island?

c	 Determine an estimate for the number of lizards of this species on the island in 10 years’ time.

	 6	 N, the number of fungal units present in a laboratory tray at time t hours, rises from its initial 
(t = 0) value of 200, when counting commenced, such that the rate of change of N is given by

dN
dt

N
N

0.8 1
20 000

.≈ −






Approximately how many fungal units would be in the tray 8 hours after counting commenced?

iS
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nn

ym
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Can we get some idea of what the relationship 
between x and y will look like from the differential 
equation directly, without integrating?
Whilst there are a number of methods for solving differential equations, other than separating the 
variables, not all differential equations are solvable algebraically. 

In such cases we might be able to use the differential equation to learn what the graph of the 
relationship looks like. To help us understand this approach we will initially consider it for differential 
equations that we could algebraically integrate.

Consider the differential equation  
dy
dx

 = 2.

By integrating we know this has the general solution y = 2x + c.

Could we make this general solution apparent without integrating? 

One way is to draw the slope field of the differential equation, also called the direction field or 
gradient field.

Slope fields
A slope field of a differential equation shows the derivative at a given point as a line segment drawn 
at that point, with the gradient of the line segment equal to the derivative at that point. 

For the differential equation  
dy
dx

 = 2    the gradient is always equal to 2 so we would expect the 

slope field to show line segments all having a gradient of 2.

This is indeed the case in the diagrams shown, which show the  
slope field for this differential equation, as a graph below and  
on a calculator display on the right.

y

x7−4

−4

7

Can you see how the lines of the slope field suggest the family of curves that form the general solution, 
i.e. y = 2x + c?
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Now consider the differential equation 
dy
dx

 = 2(x - 1).

What would we expect the slope field to look like?

Well:	 •	 If x = 1 we would expect the gradient to be zero. 

•	 If x > 1 we would expect the gradient to be positive and becoming ‘larger positive’  
as x becomes ‘larger positive’.

•	 If x < 1 we would expect the gradient to be negative and becoming ‘larger negative’  
as x becomes ‘larger negative’.

These expected features are indeed evident on the slope field diagram below.

Note
In the slope field diagram on the right, the gradient 
lines are ‘centred’ on their x-value. Some applications 
will draw them with their ‘start’ on the x-value. In that 
case all of the lines shown here would move a little. 
This need not cause a problem, just be aware that 
some slope fields may be presented differently.

Again can you see how the lines of the slope field 
suggest the family of curves that form the general 
solution, i.e. y = (x - 1)2 + c?

On a calculator capable of displaying slope fields, view 
the slope field of the differential equation y′ = 2(x - 1).

Are there any programs on internet sites capable of 
displaying slope fields? Investigate.

Exercise 10D

For each of the following differential equations think what the slope field will look like and use your 
thoughts to make a rough sketch of what you think it will be like.

Then turn the page where all eight slope fields are drawn, plus two extras, and match up each equation 
with a slope field shown.

	 1	
dy
dx

 = 1	 2	
dy
dx

 + 2 = 0

	 3	
dy
dx

 = 4 - 2x	 4	
dy
dx

 = x(x - 3)

	 5	
dy
dx

 = (x + 1)(3 - x)	 6	
dy
dx

x=

	 7	
dy
dx

 = 2x	 8	
dy
dx

x
2

=

−4

−4 4

y

x

4



ISBN 9780170395274MATHEMATICS SPECIALIST  Units 3 & 4256

A	 	 B	

C	 	 D	

E	 	 F	

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−4

−4 4

y

x

4
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G	 	 H	

I	 	 J	

	 9	 Consider the differential equation

y′ = xy.

At the point (1, 1)	 y′  =  1 × 1 
	 =  1

A small line, with gradient 1, has been drawn 
on the graph at the point (1, 1).

Similarly a line has been drawn at the point 
(2, 1) and with gradient 2.

On graph paper draw the axes as shown, 
i.e. -2 ≤ x ≤ 2 and -2 ≤ y ≤ 2, and put small 
gradient lines at all of the points (a, b) for 
integer a and b.

View the slope field for y′ = xy on a graphic 
calculator or internet facility.

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−4

−4 4

y

x

4

−2

−2 −1 1 2

−1

1

2
y

x
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Euler’s method
We will consider here a numerical method for finding an approximate graphical solution to a 
differential equation, given some initial conditions. A numerical method would be of most use when 
solving differential equations that are not easily solved agebraically, and whose slope fields may not be 
easy to draw. However we will apply the method to a differential equation we could solve algebraically, 
so that we can see how accurate our solution obtained numerically is.

First recall the small changes formula, or incremental formula, first encountered in Mathematics 
Methods Unit Three, and revised earlier in this book.

δy, the small change in y, caused by δx, the small change in x, can be approximately determined using

δy ≈ 
dy
dx

x.δ

Consider the differential equation	
dy
dx

 = 2x - 4 for x ≥ 0, and suppose that when x = 0, y = 1.

We know that the solution is	 y  =  x2 - 4x + 1 
which is shown graphed on the right, for x ≥ 0.

Let us now try to obtain this graph by applying a numerical method 
to the differential equation.

Starting at our known point (0, 1) we will increase the x-coordinate 
by δx. Then, using the incremental formula to determine δy, the 
approximate change in y, we will have a new point (x + δx , y + δy). 
We then repeat the process with this new point to give the next 
point, and so on. Plotting the points will give us an approximate 
graphical solution to the differential equation.

Let us choose δx = 1, and so    δy ≈ 
dy
dx

(1)

	 = (2x - 4)(1)

Now create a table starting at (0, 1) and increasing by δx = 1 each step.

(Next point)

x y δx δy = (2x - 4)(1) x + δx y + δy

From 1st point 0 1 1 2(0) - 4 = -4 1 -3

From 2nd point 1 -3 1 2(1) - 4 = -2 2 -5

From 3rd point 2 -5 1 2(2) - 4 = 0 3 -5

From 4th point 3 -5 1 2 4 -3

From 5th point 4 -3 1 4 5 1

From 6th point 5 1 1 6 6 7

y

x5

−5

5

(0, 1)
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The approximate graphical solution is shown on the right.

Not a very good approximation to what we know the accurate answer should 
be, you may say. Well, you would be correct but then we were using δx = 1. 
If we make our incremental increase in x smaller, our incremental formula 
will give a better approximation.

The process is repeated below for δx = 0.25 and, as can be seen, the 
approximation is now much improved.

x y δx δy = (2x - 4)(0.25) x + δx y + δy

0 1 0.25 -1 0.25 0

0.25 0 0.25 -0.875 0.5 -0.875

0.5 -0.875 0.25 -0.75 0.75 -1.625

0.75 -1.625 0.25 -0.625 1 -2.25

1 -2.25 0.25 -0.5 1.25 -2.75

1.25 -2.75 0.25 -0.375 1.5 -3.125

1.5 -3.125 0.25 -0.25 1.75 -3.375

1.75 -3.375 0.25 -0.125 2 -3.5

2 -3.5 0.25 0 2.25 -3.5

2.25 -3.5 0.25 0.125 2.5 -3.375

2.5 -3.375 0.25 0.25 2.75 -3.125

2.75 -3.125 0.25 0.375 3 -2.75

3 -2.75 0.25 0.5 3.25 -2.25

3.25 -2.25 0.25 0.625 3.5 -1.625

3.5 -1.625 0.25 0.75 3.75 -0.875

3.75 -0.875 0.25 0.875 4 0

4 0 0.25 1 4.25 1

4.25 1 0.25 1.125 4.5 2.125

4.5 2.125 0.25 1.25 4.75 3.375

4.75 3.375 0.25 1.375 5 4.75

5 4.75 0.25 1.5 5.25 6.25

5.25 6.25 0.25 1.625 5.5 7.875

5.5 7.875 0.25 1.75 5.75 9.625

5.75 9.625 0.25 1.875 6 11.5

The numerical method used above is known as Euler’s method.

A computer speadsheet can be very useful when constructing tables like the one above.  
Some interactive websites display the process.

Produce graphs and tables like those just shown but now for the differential equation
dy
dx

 = 6 - 2x , with y = -5 when x = 0.

Consider 0 ≤ x ≤ 6 and use δx = 1 and then δx = 0.25.

y

x5

−5

5

(0, 1)

y

x5

−5

5

(0, 1)
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Miscellaneous exercise ten

This miscellaneous exercise may include questions involving the work of this chapter, the work 
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section 
at the beginning of the unit.

	 1	 The three slope fields shown below are for the differential equations 

	
dy
dx

 = y - x	
dy
dx

x
y

= 	
dy
dx

 = y - 1

By considering locations where 
dy
dx

 = 0 match each equation to a slope field.

y

x

−5

−5 5

5

Slope �eld A
y

x

−5

−5 5

5

Slope �eld B
y

x

−5

−5 5

5

Slope �eld C

	 2	 In enzymology (the study of enzymes), an important differential equation is the Michaelis-Menten 
equation, which takes the form:

ds
dt

Vs
K s

,= −
+

 where s and t are variables (s > 0) and V and K are constants.

Use the method of separation of variables to obtain the general solution

s + K ln s = -Vt + c, where c is some constant.

	 3	 If 
dy
dx

ex2
=  use the incremental formula 

y
x

dy
dx

δ
δ

≈  to find the approximate change in y when x 

changes from 2.001 to 2.002.

Compare your answer with a calculator evaluation of  e dxx .
2.001

2.002 2

∫

	 4	 Find an expression for 
dy
dx

 for each of the following:

a	 y = 2 sin x	 b	 y = sin2 x	 c	 y = sin (sin x)

d	 y = 
x

x
2 3
5 3

+
−

	 e	 y = (2x + 3)3	 f	 2xy + y3 - 15 = 3 sin x

g	 x2 + 3y2 = y ln x	 h	 5x + 3 ln (2y + 1) = 3xy
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	 5	 Solve  y
dy
dx

2  = e2x, given that when x = 0, y = 3.

	 6	 Find the equations of the tangents to the curve

y2 + 5xy + x2 = 15

at the points on the curve where x = 1.

	 7	 The area lying in the first quadrant and bounded by the y-axis, the straight lines y = 2 and y = 4 
and the curve y = x2 is rotated one revolution about the y-axis. 

Find the volume of the solid so formed.

	 8	 Using the suggested substitution, or otherwise, determine each of the following indefinite integrals 
algebraically.

a	 x x dx(3 – 5)2 7∫ 	 u = 3x2 - 5	 b	 x x dx( – 5)7∫ 	 u = x - 5

c	 x

x
dx

8

32∫ −
	 u = x2 - 3	 d	 x x dx10 5 2∫ − 	 u = 5x - 2

e	 x x dx8 sin ( – 5)2∫ 	 u = x2 - 5	 f	 e e dxx x(1 )4∫ + 	 u = 1 + ex

g	 x
x

dx
4

3∫ −
	 u = x - 3	 h	 x

x
dx

2 1
( 2)3∫ +

+
	 u = x + 2

	 9	 Find a formula for the rate of increase in the volume of a sphere when the radius, r cm, is 
increasing at a constant rate of 0.25 cm/s.

a	 What is the rate of change of volume when r = 10?

b	 What is the radius of the sphere when the rate of change of volume is 256π cm3/s?

	10	 A balloon is released from a point A on horizontal ground  
and rises vertically.

From a point B, 600 metres from A and on the same 
horizontal level as A, the angle of elevation of the  
balloon, θ radians, is monitored.

If the balloon rises at a steady 10 m/s find the rate of  
change of θ, in rad/s, when the balloon is 800 metres  
above the ground.

	11	 The diagram shows a funnel in the shape of an upturned  
cone of height 18 cm and ‘base’ radius 8 cm.

If water is flowing in at 16 cm3/s and out at 4 cm3/s, how 
fast is the water level rising at the instant that the water  
in the cone has a depth of 6 cm?

600 m

h m

B
θ

A

8 cm

18 cm
Depth of

water in cone

Water level
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	12	 Show that if x = a sin u then

a x
dx

1
2 2∫ −

 = u + c,

where c is some constant.

	13	 Suppose that the function A(t) gives the total worldwide reserve of a particular natural resource at 
time t years. If this resource is being used at an instantaneous rate of R tonnes/year, A will decrease 

and so R = 
dA
dt

.−

If R itself is continuously increasing at 8% per year then 
dR
dt

 = 0.08R,

i.e.    R = R0e
0.08t where R0 is the rate of use, in tonnes/year, when t = 0.

Thus the rate of change of world reserves of this commodity is given by:

dA
dt

 = -R0e
0.08t

If our current instantaneous rate of use is 5 000 000 tonnes per year, find

a	 the amount we will use during the next ten years,

b	 in how many years the resource will be exhausted if current world reserves are 
200 000 000 tonnes and no new reserves are discovered.

	14	 One of the worked examples in an earlier  
chapter determined that the antiderivative 
of cos4 x is 

x
x x

c
3
8

sin 2
4

sin 4
32

.+ + +

However, as the display above right suggests, 
the answer could be

x x x x xsin cos
4

3sin cos
8

3
8

.
3

+ +

Show that, with the exception of the fact that the calculator display does not show the constant, 
these two expressions are the same.

x dx

x x x x x

(cos( ))

sin( ) (cos( ))
4

3 sin( ) cos( )
8

3
8

4

3
∫ ( )

⋅ + ⋅ ⋅ + ⋅
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Revision of rectilinear motion
Before investigating simple harmonic motion, the title of this chapter, let us first refresh our knowledge 
of general motion in a straight line, and also extend that knowledge a little.

From your previous study of Units Two and Three of Mathematics Methods you should be familiar with 
the following:

Differentiate with respect to time

Antidifferentiate with respect to time

Displacement AccelerationVelocity

EXAMPLE 1

A particle is initially at an origin O. It is projected away from O and moves in a straight line such 
that its displacement from O, t seconds later, is x metres where x = t(10 - t).

Find	 a	 the speed the particle when t = 12,

	 b	� the value of t when the particle comes to rest and the distance from the origin at  
that time,

	 c	 the distance the particle travels from t = 3 to t = 6.

Solution
a	 If     x = 10t - t2    then	 v = 10 - 2t

	 Thus when t = 12	 v = -14 m/s

	 The speed when t = 12 is 14 m/s.

b	 With	 v = 10 - 2t	 then the particle being at rest means 10 - 2t = 0, i.e. t = 5.

	 When	 t = 5,	 x = 5(10 - 5)    i.e. x = 25.

	 The particle is at rest when t = 5 and it is then 25 m from O.

c	 When t = 3 the particle is 21 m from O and when t = 6 it is 24 m from O.

	 However the distance travelled in this time is not simply (24 - 21) m. Our answer to b 
indicates that the particle stopped when t = 5, at x = 25 m.

	 From t = 3 to t = 6 the particle travels from A to C  
to B (see diagram).

	 The particle travels 5 m from t = 3 to t = 6. 21 22 23 24 25

A B C
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EXAMPLE 2

A particle travels along a straight line with its velocity at time t seconds given by v m/s where  
v = 6t2 – 3.
The initial displacement of the particle from a point O on the line is 5 metres.
Find the displacement of the particle from O when t = 5.

Solution
	 x =  v dt∫ 	=  t dt(6 – 3)2∫
		  = 2t3 - 3t + c

We know that initially, i.e. when t = 0, x = 5.

\	 5 = 2(0)3 - 3(0) + c	 i.e. c = 5.

Thus	 x = 2t3 - 3t + 5	 ∴ When t = 5, x = 240.

When t = 5 the displacement from O is 240 metres.

The previous two examples involved functions given in terms of t, the time. This may not always be 
the case. We could, for example, be given the velocity, v, in terms of the displacement, x, (as we saw in 
chapter 8). The next examples involve such situations, but first note the following useful rearrangement.

	 Acceleration  = 
dv
dt

	 = 
dv
dx

dx
dt

. 	 But 
dx
dt

 = v .

Hence,	 acceleration  =  v
dv
dx

. 	 This could also be written as 
d
dx

v
1
2

.2





In the examples that follow assume that x m, v m/s and a m/s2 represent displacement, velocity and 
acceleration respectively.

EXAMPLE 3

If v = 3x find the acceleration when x = 2.

Solution
	 a = 

dv
dt

	= 
dv
dx

dx
dt

	 	= v
dv
dx

	 	= (3x) (3) 
		 = 9x

Thus when x = 2, a = 18. When x = 2 the acceleration is 18 m/s2.

Repeat the previous example but instead write 
dx
dt

 = 3x, integrate using separation of variables to 

find an expression for x and then differentiate twice to find the acceleration.
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EXAMPLE 4

a = 2x + 4, and when x = 1, v = 2. Find v, v ≥ 0, when x = 3.

Solution
	 a = 

dv
dt

	= 
dv
dx

dx
dt

	 = v
dv
dx

Thus	 v
dv
dx

 = 2x + 4

Separating the variables and integrating:	 v dv∫  =  x dx(2 4)∫ +

	
v
2

2

 = x2 + 4x + c

When x = 1, v = 2, thus	 c = -3

Therefore	
v
2

2

 = x2 + 4x - 3

When x = 3	 v = 6	 (v ≥ 0).

EXAMPLE 5

a = 
v
2

,  v > 0, and initially, i.e. when t = 0, x = 8 and v = 3.

a	 Find v, v > 0, when t = 10.	 b	 Find v, v > 0, when x = 10.

Solution
a	 This part involves t and v.	 b	 This part involves x and v.

	 Write	
dv
dt

 = 
v
2

		  Write	 v
dv
dx

 = 
v
2

		  v dv∫  =  dt2∫ 			   v dv2∫  =  dx2∫
		

v
2

2

 = 2t + c			 
v
3

3

 = 2x + d

	 When t = 0, v = 3 and so c = 4.5.		  When x = 8, v = 3 and so d = -7.

		  v2 = 4t + 9			   v3 = 6x - 21

	 Thus when t = 10, v = 7.		  Thus when x = 10, v =  39.3

Exercise 11A

Questions 1 to 8 all involve rectilinear motion with x metres, v m/s and a m/s2 the displacement, 
velocity and acceleration of a body respectively, relative to an origin O, at time t seconds.

	 1	 If v =  t t6 16 2+  find	 a	 the acceleration when t = 0,

		  b	 the displacement when t = 3 if when t = 0, x = 8.
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	 2	 a = 
t t6 ( 1)

5
.

2+
 Find the velocity when t = 0 given that when t = 1, v = 2 m/s.

	 3	 If x = 5 + 2 cos t find	 a	 the velocity when t = 
6

,
π

	 b	 the acceleration when t =  π
2

.

	 4	 If v = 4 sin 2t find	 a	 the acceleration when t = 
6

,
π

		  b	 the displacement when t = 
2
π

 given that for t = 0, x = 3.

	 5	 If a = 4 sin t cos t and when t = 0, the displacement is 5 m and the velocity is 3 m/s, find

a	 the velocity when t = 
3

,
π

	 b	 the displacement when t = 
3

.
π

	 6	 If v = 5 + x2 find the acceleration when x = 1.

	 7	 If a = 3x2 + 1 and when x = 0, v = 2, find the velocity, v > 0, when x = 3.

	 8	 If a = v2, v > 0, and when t = 2, x = 0 and v = 0.1, find
a	 v when t = 10,	 b	 v when x = 2.

	 9	 The displacement of a body from an origin O, at time t seconds, is x metres, where

	 x = 
t
t

1
2 3

,
+
+

    t ≥ 0.

Find	 a	 expressions for the velocity and acceleration of the body in terms of t,
		  b	 the displacement, velocity and acceleration of the body when t = 1.

	10	 An object projected vertically upwards from a point above ground level is h metres above ground 
level t seconds later, where h = 42 + 29t - 5t2 (t ≥ 0). For what value of t, and at what speed, does 
the object hit the ground?

	11	 A particle is initially at an origin O. It is projected away from O and moves in a straight line such 
that its displacement from O, t seconds later, is x metres, where
	 x = t(16 - t).
Find	 a	 the speed of the particle when t = 20,
	 b	 the value of t when the particle comes to rest and the distance from the origin at that time,
	 c	 the distance the particle travels from t = 1 to t = 5,
	 d	 the distance the particle travels from t = 5 to t = 10.

	12	 A body is initially at an origin, O. At that instant the velocity of the body is 35 m/s. The 
acceleration, t seconds later, is 6(t - 4) m/s2. Find the velocity of the body when it is next at O.

	13	 A particle passes through an origin O at time t = 0 and travels along a straight line such that its 
velocity t seconds later, is v m/s where
	 v = 2 sin 2t
Determine	 a	 the maximum velocity of the particle during the motion,
		  b	 an expression for the acceleration of the particle at time t,
		  c	 the maximum acceleration of the particle during the motion,
		  d	 an expression for the displacement of the particle at time t,
		  e	 the maximum displacement of the particle during the motion.
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	14	 A particle moves in a straight line such that its velocity, v m/s, depends upon displacement, x m, 
from some fixed point O according to the rule
	 v = 3x + 2

Determine	 a	 an expression in terms of x for the acceleration of the particle,

		  b	 the velocity and acceleration of the particle when x = 4.

	15	 A particle is initially (i.e. t = 0) at an origin (i.e. x = 0) and moving with a velocity of 4 m/s. The 
particle moves such that its acceleration at any time is a function of its velocity at that time, with 
acceleration = –(1 + v2) m/s2.

Find the exact distance the particle moves in reducing its velocity to one-quarter of its initial velocity.

A particular type of rectilinear motion: 
Simple harmonic motion
Suppose that an object moves along a straight line with its acceleration proportional to its displacement 
from some fixed point, O, on the line, and always directed towards O. As the object gets further away 
from O it will experience an increasing ‘pull’ back towards O. This will cause the object to oscillate 
about O as shown below:

P

amplitude

accel vel

amplitude

x

C O B

In the diagram the fixed point, or mean position, is O. The object is shown at some point P, 
displacement x from O, and is travelling away from O with velocity v. The acceleration is towards 
O and will cause the object to slow down. If it just reaches point B we call OB the amplitude of the 
motion. The acceleration will then cause the object to travel back through O and to just reach C, then 
returning through O to just reach B again, and so on.

This oscillatory motion is called simple harmonic motion.

With the acceleration proportional to the displacement then

d x
dt

2

2  is proportional to x.

In mathematics we write this:	 x ∝ x

Introducing k2 as the constant of proportionality we have

	 x = -k2x

A squared constant is used to make later integration more straightforward and the negative sign is 
because the acceleration is always directed towards O.

If a body moves such that    x = -k2x

then the body is moving with simple harmonic motion (SHM).
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Solving the differential equation x  = -k2x
As we have already seen in the previous chapter:

•	 Any equation that involves one or more derivatives, e.g. 
dy
dx

,  
dp
dt

,  
d x
dt

,
2

2  etc, is called a  

differential equation.

•	 To solve a differential equation we must find a relationship between the variables involved, that 
satisfies the differential equation, but that does not contain any derivatives.

Thus, to solve x  = -k2x we need to find a relationship between x and t, not involving derivatives.

From	 x   =  -k2x

it follows that	
dv
dt

  =  -k2x .

Hence, by the chain rule	
dv
dx

dx
dt

  =  -k2x.

But 
dx
dt

 = v and so	 v
dv
dx

  =  -k2x.

Separating the variables	 v dv∫   =  k x dx2∫−

	
v
2

2

  = 
k x

2

2 2

−  + c

But if ‘a’ is the amplitude then when x = a, v = 0.

Hence	 0  = 
k a

2

2 2

−  + c

i.e.	 c  = 
k a

2

2 2

Thus	 v2  =  k2(a2 - x2)

where a is the amplitude of the motion.

Taking the positive square root	 v  =  k a x2 2−

i.e.	
dx
dt

  =  k a x2 2−

Separating the variables	 ∫
−

dx

a x
dx

2 2
  =  k dt∫

Using the substitution	 x  =  a sin u, from which 
dx
du

 = a cos u,

	 du1∫   =  k dt∫
i.e.	 u  =  kt + α� (α is the integration const.) 
\	 x  =  a sin (kt + α)
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Hence, as we might have expected, the motion is periodic. Wherever the object is at some time t1 it will 

be there again at time t1 + 
k

2
.

π
 The time period is 

π
.

k
2

The constant α (the Greek letter, ‘alpha’) is the phase angle and depends on the position of the object 
when timing commences, i.e. when t = 0.

P

amplitude

accel vel

amplitude

x

C O B

The following points follow from the displacement equation    x = a sin (kt + α).

•	 Suppose timing commences when the object is at O (see diagram above for O).

	 Then x = 0 when t = 0.    Thus	 0 = a sin α	 allowing us to have α = 0.

	 In such cases	 x = a sin kt

•	 Suppose timing commences when the object is at B (see diagram above for B).

	 Then x = a when t = 0.    Thus	 a = a sin α	 allowing us to have α = 
2

.
π

	 In such cases	 x = a ktsin
2

+ π





		  = a cos kt

•	 The velocity is given by:	 v = x  = ak cos (kt + α)

	 Thus the extreme values of v are ± ak and they occur when cos (kt + α) = ±1. At such points  
x (= a sin (kt + α)) will be zero. Thus the extreme velocities occur as the object passes through O.

	 Earlier we found that	 v2 = k2(a2 - x2)      which also shows that the extreme 
values of v are ±ka and occur when x = 0.

Summary

•	 For a body moving with SHM about x = 0,	 x  =  -k2x.

•	 A solution to this equation is	 x  =  a sin (kt + α).

•	 If timing commences at O (see diagram above)	 x  =  a sin kt.

•	 If timing commences at B (see diagram above)	 x  =  a cos kt.

•	 The motion is periodic with period T, where	 T  = 
k

2
.

π

•	 The amplitude of the motion is  a .

•	 The velocity, v, at time t is given by	 v  =  ak cos (kt + α)

	 It also follows that	 v2  =  k2 (a2 - x2)

	 and	 vmax  =  ka .
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From earlier work involving trigonometric functions we know that many trigonometrical expressions 
can be written in other ways.

For example we can write	 sin θ	 as	 cos
2

,θ − π





we can write	 sin (θ + α)	 as	 sin θ cos α + cos θ sin α� etc.

Hence it may come as no surprise that	 x = a sin (kt + α)  is not the only way of expressing 

the solution to	
d x
dt

2

2  = -k2x.

Show that	 x = a cos (kt + β)

and	 x = C cos kt + D sin kt

each satisfy the equation	
d x
dt

2

2  = -k2x.

Note:	 Earlier, when solving		  x  = -k2x

we obtained the equation		  v2 = k2 (a2 - x2).

Then ‘taking the positive square root’, i.e.		  v = k a x2 2−

we wrote this as		
dx
dt

 = k a x2 2−

separated the variables and integrated using the substitution

			   x = a sin u.

Repeat this process but instead use the negative square root, separate the variables and 
integrate using the substitution

			   x = a cos u.

EXAMPLE 6

Determine the period of the simple harmonic motion defined by the equation

x  = -16 x.

Solution
Comparing	 x  = -16 x     with	 x  = -k2x     gives    k = 4.

Using	 T = 
k

2π
	 T = 

2
4
π

		  = 
2

.
π

The period of the simple harmonic motion is 
2
π

 seconds.
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EXAMPLE 7

A body moves such that its displacement from an origin O at time t seconds is x metres, where  
x = 4 sin 2t.

a	 Prove that the motion is simple harmonic.

b	 Determine the period and amplitude of the motion.

c	 How far does the body move in the first second?

Solution
a	 To prove SHM we must show that	 x  = -k2x.

	 We are given that	 x  = 4 sin 2t

	 Therefore	 x  = 8 cos 2t

	 and	 x  = -16 sin 2t

		  = -4x

	 This is of the form 	 x  = -k2x.

	 The motion is simple harmonic.

b	 From a, or by comparing x = 4 sin 2t with x = a sin kt, we see that k = 2.

	 The time period, T, is given by	 T = 
k

2π

		  = π

	 The time period is π seconds.

	 Comparing x = 4 sin 2t with x = a sin kt gives a = 4.

	 The amplitude of the motion is 4 metres.

c	 When	 t = 0	 x = 0.

	 When	 t = 1	 x = 4 sin 2 
		  = 3.64 (to 2 decimal places).

	 But when	 t = 
4
π

	 x = 4.

	 Thus the distance travelled in the first second is 4 + (4 - 3.64) = 4.36 m.

3.64 m

4 m

t =
 0

t =
 1

O

t
=
π 4
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EXAMPLE 8

A body moves with SHM about some mean position O. The amplitude of the motion is 0.5 metres, 
the period is 2π seconds and when t = 0 the body is at O.
Find	 a	� the two possible expressions of the form x = a sin (kt) for the displacement of the body 

from O at time t,
	 b	 the speed of the body when t = 

3
.

π

Solution
a	 The amplitude is 0.5 m and when t = 0 the body is at O.
	 Therefore	 x = ± 0.5 sin kt
	 (The ± is necessary because at t = 0 motion may be to the right or to the left. We are not told 

whether the displacement is positive or negative for small positive t.)

	 The period is 2π , therefore 
k
π2

 = π  giving k = 1.

	 The displacement of the body from O at time t is x m where x = ± 0.5 sin t.

b	 If	 x = ± 0.5 sin t    then	 x  = ± 0.5 cos t

	 When	 t = 
3
π

	 x  = ± 0.25

	 When	 t = 
3
π

    the body has speed 0.25 m/s.

EXAMPLE 9

A body moves with SHM about some mean position O. The amplitude of the motion is 2 metres, 

the period is 
5
π

 seconds and when t = 0 the displacement of the body from O is 1 metre and the 

velocity is positive.
Find	 a	� an expression for the displacement of the body from O at time t, giving your answer 

in the form x = a sin (kt + α) for 0 ≤ α ≤ π,
	 b	 the greatest speed attained by the body,
	 c	 the greatest acceleration of the body.
Solution
a	 The amplitude is 2 m therefore	 x = 2 sin (kt + α).

	 The period is 
5

,
π

 therefore	
k

2π
 = 

5
π

    i.e. k = 10

	 Thus	 x = 2 sin (10t + α)
	 When t = 0, x = 1, therefore	 1 = 2 sin α

	 giving	 α = 
6
π

 or 
5
6
π

	 If	 x =  t2sin 10
6

+ π



 	 v =  t20 cos 10

6
+ π





	 and if	 x =  t2sin 10
5
6

+ π



 	 v =  t20 cos 10

5
6

+ π





	 Only the first of these velocities is positive when t = 0.
	 The displacement from O at time t is x m where x =  t2sin 10

6
+ π





0.5 m 0.5 m

t = 0

O

x = 1

t = 0

2 m 2 m

O



ISBN 9780170395274 11. Simple harmonic motion 275

b	 If	 x =  t2sin 10
6

+ π



 	 then		 x  =  t20 cos 10

6
+ π





			   and so 	 xmax  = 20

	 The maximum speed is 20 m/s.

	 (Alternatively, obtain this same answer using vmax =  ka .)

c	 Now    x  = -k2x	 so, in this case,	 x  = -100x 
	 and so	 xmax  = -100(-2) 
		  = 200

	 The greatest acceleration of the body is 200 m/s2.

Exercise 11B

	 1	 With x metres representing the displacement of a body at time t seconds, determine the amplitude 
and period of SHM with

a	 x = 5 sin 2t,	 b	 x = 4 sin 5t,	 c	 x = 2 cos 4t.

	 2	 With x metres representing the displacement of a body at time t seconds, determine the period 
of the simple harmonic motion defined by the equation

a	 x  = -4x,	 b	 x  = -x,	 c	 x  = -25x.

	 3	 A particle moves with simple harmonic motion about some mean position O and when timing 
commences the particle is at O. Write an equation for x, the displacement of the particle from O 
in metres, t seconds later, given that the motion has

a	 amplitude 1 m, period 4π seconds and an initial positive velocity,

b	 amplitude 1 m, period 4π seconds and an initial negative velocity,

c	 amplitude 3 m and period π seconds and an initial positive velocity,

d	 amplitude 0.5 m and period 2 seconds and an initial negative velocity.

	 4	 A particle moves with simple harmonic motion about some mean position O and when timing 
commences the particle is at its maximum displacement from O. Write an equation for x, the 
displacement of the particle from O in metres, t seconds later given that the motion has

a	 amplitude 2 m and period π seconds,

b	 amplitude 1.5 m and period 0.5π seconds,

c	 amplitude 0.5 m and period 0.5 seconds.

	 5	 A body moves with simple harmonic motion about some mean position O. The amplitude of the 
motion is 2.5 metres, the period is π seconds and initially (i.e. when t = 0) the body is at O.

Find	 a	� the two possible expressions of the form x = a sin kt for the displacement of the body 
from O at time t,

	 b	 the speed of the body when t = 
6

.
π

	 6	 With x metres representing the displacement of a body at time t seconds, determine the amplitude 
and period of SHM with:

a	 x = 5 cos 5t + 3 sin 5t	 b	 x = 3 cos 2t + 7 sin 2t
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	 7	 A body moves such that its displacement from an origin O at time t seconds is x m, where x =  πt4 sin
10

.

a	 Prove that the motion is simple harmonic.

b	 Determine the period and amplitude of the motion.

c	 How far does the body move in the first two seconds (to the nearest cm)?

	 8	 A body moves such that its displacement from an origin O at time t seconds is x m,  

where x =  πt2sin
3

.

a	 Prove that the motion is simple harmonic.

b	 Determine the period and amplitude of the motion.

c	 Exactly how far does the body move in the first two seconds?

	 9	 A body moves such that its displacement from an origin O at time t seconds is x m,  

where x =  t3sin 2
6

.+ π





a	 Prove that the motion is simple harmonic.

b	 Determine the period and amplitude of the motion.

c	 How far does the body move in the first second (to the nearest cm)?

	10	 A body moves with simple harmonic motion about some mean position O. The amplitude of the 
motion is 4 metres, the period is 2 seconds and initially (i.e. when t = 0) the displacement of the 
body from O is 2 metres and the velocity is negative.

Find	 a	� an expression for the displacement of the body from O at time t seconds giving your 
answer in the form x = a sin (kt + α) for 0 ≤ α ≤ π.

		  b	 the speed of the body when t = 
1
6

.

	11	 A body moves with simple harmonic motion about some mean position O.

The amplitude of the motion is 2 metres, the period 
2
5
π

 seconds and when t = 0 (i.e. initially) the 

displacement of the body from O is  2  m and the velocity is positive.

Find	 a	� an expression for the displacement of the body from O at time t sec giving your 
answer in the form x = a sin (kt + α) for 0 ≤ α ≤ π,

	 b	 the greatest speed attained by the body,

	 c	 the greatest acceleration of the body.

	12	 A body moves with SHM with equation x  = -4x, where x m is the displacement of the body from 
a fixed point O at time t seconds. Initially, i.e. when t = 0, the body is at O and has a positive velocity.

If the amplitude of the motion is 0.6 m determine

a	 the displacement of the body from O when t = 
6

,
π

b	 the displacement of the body from O when t = 
3

,
π

c	 the value of t (t ≥ 0) when the body is a distance of 0.3 m from O for

	 i	 the first time,	 ii	 the second time,	 iii	 the third time.
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	13	 A body moves with SHM with equation x  = -π2x, where x m is the displacement of the body 
from a fixed point O at time t seconds. Initially, i.e. when t = 0, the body is at O and has 
a negative velocity.

If the amplitude of the motion is 3 m determine

a	 the displacement of the body from O when t = 
1
3

,

b	 the velocity of the body when t = 
1
3

,

c	 the speed of the body when t = 
1
3

,

d	 the value of t (t ≥ 0) when the body next has the speed it had at t = 
1
3

.

	14	 The five points A, B, C, D and E lie in that order on a straight line such that

	 AB = BE = 3m    and    BC = CD = DE.

	A particle performs SHM along this line, with time period π seconds, point B as the mean position 
and points A and E as the extreme positions.

How long, to the nearest 0.01 second, does it take for the particle to travel

a	 from A to C?	 b	 from C to D?	 c	 from D to E?

d	 Determine the two possible times that could elapse from the particle leaving D until it next 
returns to D (again to nearest 0.01 second).

	15	 A body moves with simple harmonic motion such that its displacement from the mean position O 
at time t seconds is x m, where x = 2 sin 4t. For how long in each cycle of the motion is the particle 
at least 1.5 m from O? (Answer to the nearest hundredth of a second.)

	16	 A body moves with SHM with equation x  = -4x, where x m is the displacement of the body from 
a fixed point O at time t seconds. If v m/s is the velocity of the body at time t find an expression 
for x in terms of t given that

a	 when t = 0, x = 0 and v = 4,	 b	 when t = 0, x = 4 and v = 0.

	17	 The diagram on the right shows a mass hanging from a spring.  
The mass is pulled down 2 cm below its equilibrium level and released 
from rest. The mass performs SHM about the equilibrium level such 
that if x metres is the displacement of the mass from the equilibrium 
level t seconds after release, then x  = -64x.

Find	 a	 the amplitude of the motion,

		  b	 the period of the motion,

		  c	� the time from release to the mass reaching the 
equilibrium position for the first time,

		  d	� the speed of the mass as it passes through the  
equilibrium level,

		  e	� the time from release to the mass first reaching a speed equal to half of the maximum 
speed it attains during the motion.

x

Equilibrium
level
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	18	 An object moves such that its displacement, x metres, from some fixed point O, at time t seconds, 
is given by x =  t t4 3 sin 2 4 cos 2 .− −
a	 How far is the object from O when t = 0?

b	 Prove that for this motion x  = -k2x and determine the value of k.

c	 How far does the object move in the first 1.5 seconds (to the nearest cm)?

	19	 A particle moves such that its displacement, x m, from some fixed point O at time t seconds is 
given by
	 x = 3 + 4 sin πt

a	 Show that this satisfies  p  = -k2p where p = x - 3 and k is a constant.

b	 By completing part a you have shown that the motion is simple harmonic. What is the period 
and amplitude of the motion?

c	 If point B is the mean position of the SHM, how far is B from O?

d	 What is the greatest distance that the particle is from O during the SHM?

	20	 A particle moves such that its displacement, x m, from some fixed point O at time t seconds is 
given by
	 x = 5 - 3 cos 2t

a	 Show that this satisfies s  = -k2s where s = x - 5 and k is a constant.

b	 By completing part a you have shown that the motion is simple harmonic. What is the period 
and amplitude of the motion?

c	 If point P is the mean position of the SHM, how far is P from O?

d	 What is the least distance that the particle is from O during the SHM?

	21	 An object moves along the x-axis with its velocity, v m/s, at time t seconds given by:

	 v = 
1
4

cos t.

Determine	 a	� the distance travelled by the object from t = 0 to t = 1, giving your answer  
to the nearest centimetre.

	 b	� the distance travelled by the object from t = 0 to t = 2, giving your answer  
to the nearest centimetre.

	22	 A particle moves with SHM about some mean position O with its displacement from O at time 
t seconds being x m and its velocity at that instant being v m/s.

If x = 20 when v = 30 and x = 24 when v = 14 find the period and amplitude of the motion.

	23	 A particle moves with SHM about some mean position O with its displacement from O at time 
t seconds being x m and its velocity at that instant being v m/s.

If x = 0.6 when v = 0.75 and x = 0.39 when v = 1.56 find the period and amplitude of the motion.
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Miscellaneous exercise eleven

This miscellaneous exercise may include questions involving the work of this chapter, the work 
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section 
at the beginning of this unit.

	 1	 Determine 
dy
dx

for each of the following:

a	 ln y = 3x2	 b	 4xy + y5 - 15x = 4 sin 2x

	 2	 Clearly showing your use of calculus, find the half-life of a radioactive element that decays 

according to the rule 
dA
dt

 = -0.02A, where A is the amount present after t years.

	 3	 A particle passes through an origin O at time t = 0 and travels along a straight line such that its 
velocity t seconds later is v m/s, where
	 v = 3 sin2 t

Determine	 a	 the minimum velocity of the particle during the motion,

	 b	 an expression for the acceleration of the particle at time t,

	 c	� the smallest value of t (t ≥ 0) for which the acceleration is at its maximum value,

	 d	 an expression for the displacement of the particle at time t,

	 e	 the displacement of the particle when t = 
6

.
π

	 4	 A particle moves in a straight line such that its velocity, v m/s, depends upon displacement, x m, 
from some fixed point O according to the rule

	 v = 3x2 - 2

Determine	 a	 an expression in terms of x for the acceleration of the particle,

	 b	 the velocity and acceleration of the particle when x = 1.

	 5	 Find the equation of a curve having a gradient at the general point (x, y) on the curve equal  

to 
x
y

2
3 2  and passing through the point (2, 1).

	 6	 A kite is being controlled from point A on horizontal ground  
using 50 metres of string.

The string makes a straight line from A to the kite.

The kite is rising vertically at 1.2 m/s and the fixed length of 
string means that point B on the ground, directly below the 
kite, approaches A.

If θ radians is the angle of elevation of the kite from point A 

at time t seconds find 
d
dt
θ

 and the rate at which B approaches 

A when the kite is 40 metres above the ground.

1.2 m/sec

50
 m

etr
es

BA
θ

h m
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	 7	 Find the volume of the solid formed by rotating the area enclosed between the curve y =  x4  and 
the x-axis from x = 3 to x = 5 through one revolution about the x-axis.

	 8	 Find the area bounded by y = cos3 x and the x-axis from x = 0 to x = 
2

.
π

	 9	 a	 Find, exactly, the area of the region lying in the first quadrant  
and enclosed by: 

	 the curve y = 2(x2 + 1), 

the x-axis, the y-axis and the line x = 2.

b	 Find, exactly, the volume of the solid of revolution formed  
by rotating the region described in part a through 360°  
about the x-axis.

c	 Find, exactly, the volume of the solid of revolution formed  
by rotating the region described in part a through 360°  
about the y-axis.

	10	 A particle travels along a straight line with its acceleration at time t seconds equal to (6t + 4) m/s2.  
The particle has an initial positive velocity and travels 32 m in the third second. Find the velocity 
of the body when t = 1.

	11	 In each of the following x m is the displacement of an object from some fixed origin O at time 
t seconds. Prove that each object is executing simple harmonic motion, and in each case find the 
period of the motion, the value of x when t = 0 and the distance from the mean position to the 
point O.

a	 x = 2 sin 4t,	 b	 x = 5 cos 3t,

c	 x = 2 cos 2t + 4 sin 2t,	 d	 x = 1 + 3 sin 5t.

12	 Particles A and B are each executing simple harmonic motion.

The displacement, x metres, from the respective mean positions, at time t seconds is given by

	 x = c sin k1t	 for particle A

and	 x = d sin k2t	 for particle B,	 (c, k1, d and k2 all positive constants).
A graph for each motion is shown below.
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1
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−2 −1 1 2 3−3

Find c, d, k1, k2 and the time period for each particle.
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Note
For the purposes of this chapter it is anticipated that, from your study of Mathematics Methods, you are  
now familiar with the idea of probability distributions and the binomial, uniform and normal distributions 
in particular.

Sampling
In some cases it is simply too expensive, too inconvenient or just unwise to obtain information about 
a particular set by testing all of the elements that make up the set. 

For example, if a doctor wishes to check on the  
progress of a human pregnancy they may carry  
out an amniocentesis on the mother. This process 
involves the doctor in taking, and having analysed,  
a sample of the amniotic fluid (the fluid surrounding 
the baby) from the mother. In this case, a sample of  
the amniotic fluid should be taken, not all of it!

	 If a commercial cherry 
grower wants to test how 
nice his cherries are he 
might taste a few - he 
would not eat them all!

Judgements can then be made about the population as a whole based on what we find from the sample. 
In this chapter we will consider making judgements about what the mean of a population might be 
(be it mean height, mean weight, mean sugar content or whatever) from the mean of that quantity 
found in a sample that we take. 

If you are also studying Mathematics Methods Unit Four at this time it is likely that you are considering, 
or are soon to consider, the idea of predicting a population proportion based on a sample proportion. 
This prediction of a population characteristic follows very similar ideas whether we are predicting 
a population proportion, as in Mathematics Methods, or predicting a population mean, as in this unit 
of Mathematics Specialist.

Numerical characteristics about an entire population, for example, the proportion of Australians who 
are left-handed, or the mean length of the crocodiles in an area, are called population parameters. 
Predicting a value for a population parameter, based on the equivalent sample statistic, is often why 
we collect data from a sample.

The bigger our sample the more confident we can be that information from the sample reflects the 
same information about the population. 
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We might consider taking a number of samples to assess whether our one sample is typical of others 
and to ‘get a feel for’ the variability that may exist between samples.

If we wanted information about Australian school children we might use a sample involving, say, 
500 Australian school children, and use the information from this sample to suggest information  
about the entire population of Australian school children. 

If our sample of 500 Australian school children is a random sample then it is constructed in such  
a way that each Australian school child has an equal chance of being in the sample of 500.

Distribution of sample means
Suppose we want to investigate the mean value obtained  
when a normal six-sided die is rolled many times. 

We know from the symmetry of the situation that each 
of the numbers 

1,    2,    3,    4,    5,     6

has an equal chance of occurring on each roll. 

The mean or expected value, i.e. the long term average,  
of this uniform distribution is 3.5 (and the standard  

deviation is 
35
12

 or, to two decimal places, 1.71).

Suppose we were to investigate this situation by sampling just 4 rolls of a normal die.

Question:	 Would the mean of the 4 rolls necessarily be 3.5?

Answer:	 Whilst the mean could be 3.5 it does not have to be 3.5. 
i.e. the mean is not necessarily equal to 3.5.

One such sample of 4 rolls of a normal die gave

4,    6,    3,    2.        Mean  =  3.75

Suppose we again roll the die 4 times.

Question:	 Would the mean of the 4 rolls again be 3.75?

Answer:	 Not necessarily.

The next sample of 4 rolls of a normal die gave

6,    1,    2,    1.        Mean  =  2.5

If we were to continue rolling the die 4 times and were to calculate the mean score each time, we would 
expect some variation to occur in these mean scores, i.e., we would expect a distribution of sample 
means, the first two of which were 3.75 and 2.5.

P (X = x)

x1 2 3 4 5 6

1
6
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Suppose we continue the process to obtain 30 samples of 4 rolls, i.e. 30 samples of ‘sample size’ 4:

	 4	 6	 3	 2	 mean	 3.75	 6	 6	 4	 1	 mean	 4.25
	 6	 1	 2	 1		  2.5	 3	 1	 1	 4		  2.25
	 1	 5	 4	 5		  3.75	 4	 3	 5	 1		  3.25
	 2	 5	 1	 2		  2.5	 6	 1	 1	 4		  3
	 6	 5	 3	 6		  5	 5	 4	 3	 4		  4
	 4	 1	 3	 2		  2.5	 1	 5	 3	 5		  3.5
	 6	 2	 6	 6		  5	 1	 1	 3	 3		  2
	 6	 6	 2	 4		  4.5	 3	 5	 6	 6		  5
	 2	 2	 1	 4		  2.25	 6	 6	 2	 1		  3.75
	 4	 4	 1	 2		  2.75	 2	 6	 3	 4		  3.75
	 3	 5	 5	 4		  4.25	 6	 1	 4	 2		  3.25
	 1	 2	 1	 3		  1.75	 5	 5	 4	 3		  4.25
	 2	 6	 5	 4		  4.25	 1	 6	 1	 5		  3.25
	 1	 2	 3	 4		  2.5	 5	 4	 4	 2		  3.75
	 2	 2	 2	 2		  2	 5	 4	 1	 2		  3

For these 30 samples of 4 rolls, our distribution of sample means is as follows:

Mean 1.75 2 2.25 2.5 2.75 3 3.25 3.5 3.75 4 4.25 4.5 4.75 5

Frequency 1 2 2 4 1 2 3 1 5 1 4 1 0 3

Mean of sample means (2 decimal places):	 3.38

Standard deviation of sample means (2 decimal places):	 sn = 0.93, sn - 1 = 0.95.

Grouping the data:

Mean  x( ) 1 ≤ x  < 2 2 ≤ x  < 3 3 ≤ x  < 4 4 ≤ x  < 5 5 ≤ x  < 6 

Frequency 1 9 11 6 3

Note:	 •	 Whilst dice-rolling involves a uniform distribution of outcomes the distribution of sample 
means does not display this same uniformity. Most of our means are close to the population 
mean of 3.5.

•	 The standard deviation of a sampling distribution of mean values is sometimes referred 
to as the standard error of the mean.

Increasing the number of samples
Suppose we increase the number of samples of 4 rolls of the die from 30 to, say 100, or even 200, to get 
more sample means. 

How do you think the mean and the standard deviation of the sample means would compare to the 
		  3.38 (mean) 
	 and	 0.93 (standard deviation) 
values obtained above for 30 samples?
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The following statistics were obtained for 100 and 200 samples of 4 rolls:

For 100 samples of four rolls:	 Mean of sample means	 3.523 
	 Standard deviation of sample means	 σn - 1 = 0.847,  σn = 0.843

For 200 samples of four rolls:	 Mean of sample means	 3.518 
	 Standard deviation of sample means	 σn - 1 = 0.836,  σn = 0.834

Do these figures support what you thought would be the case?

Increasing the sample size
Suppose we increase the sample size from samples involving 4 rolls of the die to samples involving 
10 rolls of the die, or perhaps 35 rolls of the die or even 100 rolls of the die. 

How would you expect this increased sample size to affect the 
mean and the standard deviation of the sample means?

The sample means for 30 samples each involving 10 rolls (i.e. sample size 10) were:

	 4.1	 4.1	 3	 3.7	 2.9	 4	 3.8	 3.9	 2.6	 3.8 
	 3.9	 4.2	 3.8	 3.6	 3.8	 2.9	 2.9	 3.5	 3.5	 4.4 
	 3.9	 3.4	 3.7	 3.8	 3.2	 4.1	 3.2	 3.4	 3.2	 2.7

Mean of sample means:	 3.567 
Standard deviation of sample means:	 σn - 1 = 0.477,  σn = 0.469

The sample means for 30 samples each involving 35 rolls (i.e. sample size 35) were:

	 4.057	 3.371	 3.114	 3.571	 3.228	 3.429	 4.086	 3.227	 3.457	 3.4 
	 3.757	 3.2	 3.457	 3.029	 3.171	 3.657	 2.886	 3.286	 3.086	 3.057 
	 3.771	 3.629	 3.457	 3.6	 3.343	 3.086	 3.743	 3.029	 3.571	 3.629

Mean of sample means:	 3.413 
Standard deviation of sample means:	 σn - 1 = 0.303,  σn = 0.298

The sample means for 30 samples each involving 100 rolls (i.e. sample size 100) were:

	 3.31	 3.45	 3.66	 3.54	 3.43	 3.71	 3.32	 3.48	 3.36	 3.42 
	 3.25	 3.52	 3.35	 3.44	 3.53	 3.54	 3.5	 3.53	 3.34	 3.64 
	 3.57	 3.29	 3.41	 3.89	 3.54	 3.23	 3.47	 3.64	 3.2	 3.68

Mean of sample means:	 3.475 
Standard deviation of sample means:	 σn - 1 = 0.157,  σn = 0.155

Notice that the mean of the sample means is quite close to 3.5, the mean of the uniform distribution 
from which the samples were drawn. Also note that in each case the standard deviation of the sample 
means is less than 1.71, the standard deviation of the uniform distribution from which the samples were 
drawn, and that as the sample size increased the standard deviation decreased. The greater the sample 
size, the less variation there is in the sample means.
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The previous paragraph made two important claims, based on the results of the previous pages:

•	 The sample means are quite close to the mean of the distribution from which the samples were 
drawn, in this case 3.5.

•	 The greater the sample size, the less variation there is in the sample means, i.e. as the sample size 
increased the standard deviation of the sample means decreased.

Let us take this second statement even further and suggest that for a sample size of n the standard 

deviation of the sample means is close to 
n

σ
 where σ is the standard deviation of the population. 

In this dice rolling situation σ =1.7078, correct to 4 decimal places, so this further suggestion would 
mean that:

For a sample size of 4 the standard deviation would be approximately 0.85. 
For a sample size of 10 the standard deviation would be approximately 0.54. 
For a sample size of 35 the standard deviation would be approximately 0.29. 
For a sample size of 100 the standard deviation would be approximately 0.17.

Compare these theoretical figures for the standard deviations with those actually obtained as shown 
on the previous page.

Okay, now it’s time that you checked the above claims based on data you obtain, rather than data 
presented to you.

In a moment you will roll four dice (or one die four times), find the mean of the four scores 
obtained, and note the result. Repeating this a further 99 times will give you 100 mean values, 
each from samples of size 4.

You can then check if your results agree with the above statements, i.e. is the mean of your 
100 sample means close to 3.5, the mean of the distribution from which the samples are drawn, 

and is your standard deviation of the 100 means close to  ?
1.7078

4

Then you can check for sample sizes of 20, 50, … 

But first let us consider how best to proceed with this data collection.

One way would be to physically roll four dice, note the  
four scores, find the mean, record the result and then repeat 
the process until you have 100 sample means recorded.

Alternatively you could simulate such an activity using the 
random number generator of some calculators, spreadsheets 
or internet sites, as the next page explains. iS
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Some calculators can randomly generate a list consisting  
of a specified number of integers in a given range, as 
the first line of the display shown on the right suggests. 
The second line then calculates the mean of these 
four numbers.

Alternatively generate four numbers and find their mean 
‘in one go’, as the third line suggests.

Twenty mean values generated in this way are shown below:

4 4 3 2.25 3.75 2.75 4.75 3.5 3.25 2.25

3.25 3 4.25 3.5 3.25 3.75 4.75 3 2.5 3.25

These same twenty mean values presented as a frequency table:

Value  2.25 2.5 2.75 3 3.25 3.5 3.75 4 4.25 4.5 4.75

Frequency 2 1 1 3 4 2 2 2 1 0 2

Analysing these values with a calculator gives    x  = 3.4, σn = 0.7, σn - 1 = 0.718.

Alternatively, using a computer spreadsheet:

A B C D E F G H I J K L M N O P Q R S T U

5 5 6 5 6 2 6 4 2 4 3 5 3 3 6 4 3 2 4 5

3 2 1 4 1 6 5 6 4 4 3 3 4 5 5 1 5 4 3 6

3 3 3 5 5 6 5 3 1 4 5 2 6 3 6 1 3 1 2 4

1 3 1 3 2 1 4 2 5 4 4 3 1 5 2 4 3 3 3 5

Mean 3 3.25 2.75 4.25 3.5 3.75 5 3.75 3 4 3.75 3.25 3.5 4 4.75 2.5 3.5 2.5 3 5

Mean 2.25 2.5 2.75 3 3.25 3.5 3.75 4 4.25 4.5 4.75 5

Count 0 2 1 3 2 3 3 2 1 0 1 2

Mean of sample means 3.6

Standard deviation σ n 0.73 n–1 0.75

Calculators and spreadsheets can be instructed to display and analyse lists of random numbers, and 
their mean values, in a number of ways. There are also interactive websites that will display sample 
means. The reader is encouraged to investigate the capability of their own calculator, spreadsheets 
and the internet in this regard.

Now carry out the activity mentioned on the previous page:

•	 Find the mean score obtained for rolling four normal dice (simulated), and repeat this activity to 
give 100 such sample means (i.e. obtain 100 sample means for sample size 4), recording the sample 
means in a frequency table. Analyse your results and see if the sample means have a mean close to 

3.5 and a standard deviation close to 
n

1.7078
,  in this case for n = 4.

•	 Repeat the activity but now obtaining 100 sample means for sample size 20.

•	 Repeat the activity but now obtaining 100 sample means for sample size 50.

randList(4,1,6)
{5,5,4,1}

sum(ans) / 4
3.75

sum(randList(4,1,6)) / 4
2.5

RANDBETWEEN(1,6)
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The graph below shows the distribution of sample means for one particular set of 100 samples 
of sample size 50. (The graph involves grouped data but the summary statistics shown have been 
calculated from the original 100 sample means.)
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The graph below shows the distribution of sample means for one particular set of 100 samples 
of sample size 100. (The graph involves grouped data but the summary statistics shown have been 
calculated from the original 100 sample means.)
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The central limit theorem

According to the central limit theorem, as the sample size, n, increases:

•	 the distribution of sample means approaches a normal distribution

•	 the mean of the sample means, x,  approaches the population mean

•	 the standard deviation of the sample means approaches 
σ
n

 where σ is the standard 
deviation of the population

We have seen that the above statements seem to be the case when the samples are drawn from 
a uniform distribution. Will they also be the case if the samples are drawn from other distributions, 
for example, the normal distribution itself?

Some calculators and spreadsheets can generate random numbers from normal distributions. Investigate 
sample means from such a distribution. Do the three bold statements above still seem to be the case?
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Sample size
The central limit theorem applies irrespective of the type of distribution the samples are drawn from. 
However, note the following points regarding the sample size needed for the ‘approximation to normal’ 
to be valid.

•	 If the population from which our samples are drawn is not normally distributed then, as an 
approximate ‘rule of thumb’, we assume that for n ≥ 30 the sample means can be well-modelled 
by a normal distribution.

•	 If the population from which our samples are drawn is normally distributed we can assume that 
the sample means will be normally distributed for all n.

EXAMPLE 1

Note:	 For the repeated rolling of a normal die we expect a long term mean of 3.5 and standard 
deviation 1.71.

A computer is used to simulate the rolling of a normal fair six-sided die 100 times and to calculate 
and record the mean of these 100 scores. 

The computer carries out this process 250 times.

a	 How would you expect the 250 mean scores to be distributed?

b	 How would you expect the 250 mean scores to be distributed if instead the repeated 
simulation involved 200 rolls of the die?

Solution
We are sampling from a population with mean 3.5 and standard deviation 1.71.

a	 The sample size is 100.

	 From the central limit theorem the sample means will be approximately normally distributed 

with a mean of 3.5 and a standard deviation of =1.71
100

0.171.

b	 The sample size is 200.

	 From the central limit theorem the sample means will be approximately normally distributed 

with a mean of 3.5 and a standard deviation of =1.71
200

0.121.

Knowing that the sample means form a distribution that is approximately normal allows us to use 
our understanding of the normal distribution:

•	 to determine the likelihood of the mean of a particular sample lying in a given interval 

and	 •	 to thereby gain some indication of whether a particular sample mean seems unexpectedly 
high or unexpectedly low.
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EXAMPLE 2

	A random variable X is known to have	 a mean of 65 
	 and	 a standard deviation of 8.

A random sample involves 100 measurements of X.

What is the probability that the mean of such a sample is less than 64?

Solution
From the central limit theorem we can assume that the distribution of sample means will be 

approximately normal with mean 65 and standard deviation 
8
100

,  i.e. the sample means are 

normally distributed with a mean of 65 and a standard deviation of 0.8.

Using a calculator, if	 Y  ~  N(65, 0.82)
	 P(Y < 64)  =  0.1056

The probability that the mean of such a sample is less than 64 is approximately 0.11.

EXAMPLE 3

	A random variable X is normally distributed with	 a mean of 27.6 
	 and	 a standard deviation of 3.6.

A random sample involves 16 measurements of X.

What is the probability that the mean of such a sample is less than 27?

Solution
Whilst the sample size is small the sample means will be normally distributed because the 
population from which the sample is drawn is normally distributed. Thus the sample means 

will be normally distributed with mean 27.6 and standard deviation 
3.6
16

,  i.e., N(27.6, 0.92).

Using a calculator, if	 Y  ~  N(27.6, 0.92)
	 P(Y < 27)  =  0.2525

The probability that the mean of such a sample is less than 27 is approximately 0.25.

62.6 63.4 64.2

64

65 65.8 66.6 67.4

24.9 25.8 26.7

27

27.6 28.5 29.4 30.3
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Samples with means that are unusually high 
or unusually low
From your studies of Mathematics Methods Unit Four you should be  
familiar with the standard normal distribution being a normal 
distribution with mean 0 and standard deviation 1, i.e. Z ~ N(0, 12), 
and with its associated ‘z scores’.

	 Solving	 P(Z < k)  =  0.975 
	 gives	 k  =  1.960

Thus for a normal distribution 95% of the distribution lies within 
1.96 standard deviations of the mean.

With the sample means belonging to a normal distribution, if a sample mean is found to lie further 
than 1.96 standard deviations from the mean of this distribution we may wonder if the sample is 
unusual in some way. (In such a case a possible course of action might be to carry out further sampling.)

When a sample mean is outside of this 95% interval we say that this particular sample mean is 
significantly different from the expected mean at the 5% level.

We say there is:	 a significant difference at the 5% level.

I.e., the fact that the mean of our sample is at one of the extremes, where we would expect only 5% 
of the sample means to lie, is significantly unusual.

EXAMPLE 4

A company manufacturing breakfast cereal claims that the weight of cereal in packets of a particular 
brand of their cereal, each claiming to contain 500 grams of the cereal, is normally distributed with 
mean 504.3 grams and standard deviation 2.1 grams.

An independent survey samples such packets of cereal to check this claim.

In each of the following cases, determine whether the sample mean is significantly different to the 
expected sample mean at the 5% level.

a	 sample size 30, sample mean 504.9 g,

b	 sample size 100, sample mean 504.9 g.

Solution
a	 We would expect the sample means to be normally distributed with mean 504.3 g and standard 

deviation 
2.1
30

 g. Hence 95% of the sample means will lie between

		  504.3 - 1.96 × 
2.1
30

	 and	 504.3 + 1.96 × 
2.1
30

	 i.e. between 	 503.55	 and	 505.05.

	 With our sample mean of 504.9 g lying within this interval  
there is not a significant difference at the 5% level.

−3 −2 −1 0 1 2 3

−3 −2 −1 0

−1.960

2.5% 2.5%95%

1.960

1 2 3

−3 −2 −1 0

−1.960

2.5% 2.5%95%

1.960
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b	 We would expect the sample means to be normally distributed with mean 504.3 g and standard 

deviation 
2.1
100

 g. Hence 95% of the sample means will lie between

		  504.3 - 1.96 × 
2.1
100

	 and	 504.3 + 1.96 × 
2.1
100

	 i.e. between 	 503.89	 and	 504.71.

	 With our sample mean of 504.9 g lying outside of this  
interval there is a significant difference at the 5% level.

•	 Alternatively, rather than setting up the 95% interval, the above example could be answered 
by comparing P(mean ≥ 504.9 g) to 2.5% or by seeing how many standard deviations 504.9 g 
is from 504.3 g.

•	 The values for the central 95% interval can be determined directly from some calculators. 
Explore the ability of your calculator in this regard.

Exercise 12A

	 1	 Note:	 For the repeated rolling of a normal die we expect a long-term mean of 3.5 and standard 
deviation 1.71.

A computer is used to simulate the rolling of a normal fair six-sided die 50 times and to calculate 
and record the mean of these 50 scores. 

The computer carries out this task 200 times.

How would you expect the 200 mean scores to be distributed?

How would the distribution of means differ if instead the repeated simulation involved 150 rolls 
of the die each time?

	 2	 If we define the random variable X as the number obtained from  
the spinner on the right, the probability distribution for X is as 
shown below.

x 1 2 3

P(X = x) 0.125 0.375 0.5

Use your calculator to confirm that the mean and standard deviation of 
this distribution are respectively 2.375 and 0.696 (to three decimal places).

The spinner is spun 60 times and the mean of the 60 numbers obtained is determined.

If this process were repeated a large number of times how would the mean values be distributed?

How would the distribution compare with the previous case if instead the process involved 
repeatedly calculating the mean of 100 spins?

−3 −2 −1 0

−1.960

2.5% 2.5%95%

1.960

1 2 3
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3
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	 3	 If we define the random variable X as the number obtained when two normal dice are rolled 
and the numbers on the uppermost faces are added together, X has the probability distribution 
shown below:

x 2 3 4 5 6 7 8 9 10 11 12

P(X = x) 1
36

1
18

1
12

1
9

5
36

1
6

5
36

1
9

1
12

1
18

1
36

Use your calculator to confirm that the mean and standard  
deviation of this distribution are respectively 7 and 2.415  
(to three decimal places).

A computer is used to simulate the rolling of two normal 
dice 36 times, each time recording the sum of the two numbers 
obtained, and then calculating the mean of the 36 numbers. 
The computer carries this simulation of 36 rolls of the two 
dice 100 times. 

How would you expect the 100 mean scores to be distributed?

How would the distribution of the 100 means compare with  
the previous case if instead each simulation involved 120 rolls 
of the two dice rather than 36?

	 4	 A random variable X is known to have	 a mean of 2145 
	 and	 a standard deviation of 132.

A random sample involves 50 measurements of X.

What is the probability that the mean of such a sample is less than 2175?

	 5	 A random variable X is known to have	 a mean of 16.8 
	 and	 a standard deviation of 3.2.

A random sample involves 64 measurements of X.

What is the probability that the mean of such a sample is more than 17.5?

	 6	 A random variable X is known to have	 a mean of 145 
	 and	 a standard deviation of 20.

A random sample involves 100 measurements of X.

What is the probability that the mean of such a sample lies between 144 and 150?

	 7	 A random variable, X, is such that X ~ N(5, 1).

The random variable Y is the mean of 25 random measurements of X.

a	 What will be the distribution of Y?

b	 Find P(Y ≥ 5.5).

	 8	 A random variable, X, is such that X ~ Bin(50, 0.6).

The random variable Y is the mean of 50 random measurements of X.

What will be the distribution of Y?

Note: Bin (n, p) has mean np and standard deviation npq  where q = (1 - p).
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	 9	 For a particular brand of breakfast cereal the weight of cereal in packets that claim to contain 
500 grams is actually normally distributed with a mean of 508 g and standard deviation 3 g. 

a	 What percentage of packets will contain less than 500 g?

b	 What percentage of packets will contain more than 510 g?

c	 A random sample of 10 packets is selected and the weight of cereal in each packet is measured. 
What is the probability that the mean of these ten weights is 508 grams when rounded to the 
nearest gram?

	10	 A company claims that the weights of its 1 kg bags of tomatoes are normally distributed with mean 
1.015 kg and standard deviation 0.006 kg.

Assuming that the company’s claim is true:

a	 What is the probability of a randomly-chosen bag containing less than 1 kg?

b	 What is the probability of a randomly-chosen bag containing more than 1.02 kg?

c	 If five bags are randomly selected what is the probability that the mean weight of the five bags 
will be between 1.01 kg and 1.02 kg?

	11	 Scientists feel confident that the population of adult male lizards of a particular species have 
lengths that are normally distributed with a mean of 17.4 cm and standard deviation 2.1 cm.

A sample of ten adult male lizards of this species are caught and their lengths measured. 

The mean length of this sample of ten is found to be 19.4 cm.

Comment upon this result.

	12	 A continuous random variable X is uniformly distributed  
on the interval 84 → 90.

a	 Find P(88 < X < 90).

b	 Use the fact that a continuous random variable,  
uniformly distributed between the values a and b,  

has a standard deviation of 
b a−

12
 to determine the 

standard deviation of X.

c	 The random variable Z is the mean of 48 randomly chosen values of X. Find P(Z > 87.5).

	13	 For a large sample of given size the population of sample means  
is normally distributed. If we take a sample of this size and find 
that the mean of the sample lies further than 1.96 standard 
deviations from the mean of this normal distribution we say 
that there is a significant difference at the 5% level.

A continuous random variable X has mean 513 and standard  
deviation 26. Values of X are randomly sampled. For each of the following  
determine, with reasoning, whether there is a significant difference at the 5% level.

a	 First sample taken:	 Sample size 64,	 sample mean 505.

b	 Second sample taken:	 Sample size 100,	 sample mean 510.

84 90

1
6

a b

b a−
1
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Inferring population parameters from 
sample statistics
If we wish to use a sample to estimate the mean of the population from which the sample was drawn 
we could simply assume the population mean to be the same as the sample mean. However, we do have 
a problem with doing this because we would expect there to be some variation in sample means. If we 
used a different sample, drawn from the same population, we would have a different sample mean and 
therefore a different estimate of the population mean. However, from the central limit theorem, we 
know that sample means from large samples will be normally distributed, or approximately normally 
distributed. Hence we can use our understanding of the normal distribution to give a range of values 
that we can, with a particular level of confidence, expect the population mean to lie within.

First let us revisit the standard normal distribution, i.e. Z ~ N(0, 12), with its associated ‘z scores’ and 
establish some important numbers relating to the 90%, 95% and 99% confidence levels (one of which 
we used when considering samples with means that were unusually high or unusually low).

For a 90% confidence interval 

	 Solving	 P(Z < k)  =  0.95 
	 gives	 k  =  1.6449

90% of the scores from a normal distribution lie within  
1.645 standard deviations of the mean.

For a 95% confidence interval 

	 Solving	 P(Z < k)  =  0.975 
	 gives	 k  =  1.9600

95% of the scores from a normal distribution lie within  
1.960 standard deviations of the mean.

For a 99% confidence interval 

	 Solving	 P(Z < k)  =  0.995 
	 gives	 k  =  2.5758

99% of the scores from a normal distribution lie within  
2.576 standard deviations of the mean.

WS

Population 
parameters
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From the central limit theorem we know that the mean of our single sample comes from a distribution 
of sample means that approximate a normal distribution with a mean equal to the mean of the 
population. Hence we can be 90% confident that our sample mean is within 1.645 standard deviations 
of the population mean, (1.645 being the critical score for the 90% confidence interval). Therefore:

We can be 90% confident that the population mean is within  
1.645 standard deviations of the sample mean.

(If A is within 1.645 units of some fixed value B then B is within 1.645 units of A.)

Similarly:

We can be 95% confident that the population mean is within  
1.960 standard deviations of the sample mean.

and

We can be 99% confident that the population mean is within  
2.576 standard deviations of the sample mean.

If σ is the population standard deviation then the standard deviation referred to in each of the three 

previous italicised statements is 
n

σ
.

If we do not know the population standard deviation we can use the standard deviation of our sample 
as an estimate of the population standard deviation. Remember that calculators usually give two 
standard deviation values, σn and σn - 1, or σx and sx , the second of these being a little larger than 
the first. It is this second one, σn - 1 or sx (called the sample standard deviation) that is used as an estimate 
for the population standard deviation as its slightly larger value allows for the fact that the variation 
in the sample slightly underestimates the variation in the population as a whole.

Thus, to infer the mean, µ, and standard deviation, σ, of a population from the mean, x,  and sample 
standard deviation, sx , of a sample:

•	 assume that the standard deviation of the population, σ, is equal to sx (i.e σn - 1), the sample standard 
deviation.

•	 use the fact that our sample mean comes from a normal distribution with mean µ and standard 

deviation 
n

σ
 to say that µ lies in the interval

x k
n

− σ
  ≤  µ  ≤  x k

n
+ σ

	 where k is the appropriate number of standard deviations for the required confidence interval, 

	 i.e., to 3 decimal places,	 k  =  1.645	 for a 90% confidence interval 
		  k  =  1.960	 for a 95% confidence interval 
	 and	 k  =  2.576	 for a 99% confidence interval. 
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EXAMPLE 5

A random sample of 50 ‘top-grade’ ripe plums of a particular species has a mean weight of 
125 grams and a sample standard deviation of 12 grams.

Determine the 95% confidence interval for the mean weight of the population.

Solution
Not knowing the standard deviation of the population we use the sample standard deviation as an 
estimate of the population standard deviation, i.e. 12 grams.

Thus if µ is the population mean, for the 95% confidence interval we use

	 x k
n

− σ
  ≤  µ  ≤  x k

n
+ σ

with x  = 125 grams, k = 1.960, σ = 12 grams and n = 50.

Thus	 121.67 g  ≤  µ  ≤  128.33 g

The 95% confidence interval for the population mean is 121.7 g to 128.3 g.

Note	 •	 It could be argued that any rounding should be such that it does not decrease the interval. 
The final statement of the answer in the previous example would then be stated as

		  121.6 g ≤ µ ≤ 128.4 g.

		  The answers in this text will ignore this technicality and will give answers rounded in the 
usual way.

•	 Some calculators can determine confidence intervals, as the display below suggests.

0.95C-Level

12σ

125

50n

x

   

121.67383Lower

128.32617Upper

125

50n

x

•	 The 95% (or 90% or 99%) confidence interval tells us that if we were to construct 
confidence intervals in this way then we would expect 95% (or 90% or 99%) of them 
to contain the population mean.

•	 If we are told the standard deviation of the population we would use that, not the sample 
standard deviation, in our calculation of confidence intervals for the mean of the population.
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EXAMPLE 6

A sample of thirty-six 20 kg bags of cement has a mean weight of 20.095 kg and sample standard 
deviation 42 grams. Find the 99% confidence interval for the mean weight of the population. 

Solution
Not knowing the standard deviation of the population we use the sample standard deviation as an 
estimate of the population standard deviation, i.e. we use 42 grams.

Thus if µ is the population mean, for the 99% confidence interval we use

	 x k
n

− σ
  ≤  µ  ≤  x k

n
+ σ

with	 x  = 20.095 kg,		  k = 2.576,  
	 σ = 0.042 kg	 and	 n = 36.

Thus	 20.077 kg  ≤   µ  ≤  20.113 kg

The 99% confidence interval for the population  
mean µ is

20.077 kg ≤ µ ≤ 20.113 kg. 

EXAMPLE 7

The lengths of ten adult moths of a certain species were determined and the mean length was 
found to be 5.2 cm, sample standard deviation 0.3 cm. Given that the lengths of the adults of 
this species of moth are normally distributed determine the 95% confidence interval for µ, the 
mean length of this population of adult moths, and explain what your answer means.

Solution
Though our sample size of just ten is small the sample means will be normally distributed because 
the population from which the sample is taken is normally distributed.

Not knowing the standard deviation of the population we will use the sample standard deviation, 
i.e. 0.3 cm.

Thus if µ cm is the population mean, for the 95% confidence interval we use

	 x k
n

− σ
  ≤  µ  ≤  x k

n
+ σ

with	 x  = 5.2 cm,		  k = 1.96,  
	 σ = 0.3 cm	 and	 n = 10. 

Thus	 5.014 cm  ≤   µ  ≤  5.386 cm

The 95% confidence interval for the population mean 
length is

5.01 cm to 5.39 cm.

We can be 95% confident that the mean lengths of 
adult moths of this species lies between 5.01 cm and 5.39 cm (because 95% of the 95% confidence 
intervals constructed in this way would contain the population mean).

x

n
σ





























zInterval 0.042,20.095,36,0.99
" Title " " z Interval"
"CLower " 20.076969
"CUpper " 20.113031
" " 20.095
"ME" 0.01803081
" " 36
" " 0.042

x

n
σ





























zInterval 0.3,5.2,10,0.95
" Title " " z Interval"
"CLower " 5.0140615
"CUpper " 5.3859385
" " 5.2
"ME" 0.18593851
" " 10
" " 0.3
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Exercise 12B

	 1	 If we use a given sample of size n > 30, mean x  and sample standard deviation s, to determine 
confidence intervals for the population mean, which has the smaller width – the 90% confidence 
interval or the 95% confidence interval? 

	 2	 If we use a given sample of size n > 30, mean x  and sample standard deviation s, to determine 
confidence intervals for the population mean, which has the smaller width – the 95% confidence 
interval or the 99% confidence interval? 

	 3	 Two different sized samples, taken from the same population, have the same mean value. The 
population standard deviation is known.

If the sample mean and population standard deviation are used to determine the 95% confidence 
interval for the mean of the population, which sample will give the narrower confidence interval – 
the bigger size sample or the smaller size sample?

	 4	 Find the 90% confidence interval for the mean of the population given that a sample of size 100  
taken from this population had a mean of 573 cm and a sample standard deviation of 48 cm. 
(Give interval boundaries to the nearest centimetre.)

	 5	 Find the 95% confidence interval for the mean of the population given that a sample of size 50 
taken from this population had a mean of 26.14 kg and a sample standard deviation of 3.67 kg. 
(Give interval boundaries to the nearest 0.01 kg.)

	 6	 Find the 99% confidence interval for the mean of the population given that a sample of size 80 
taken from this population had a mean of 17.2 cm and a sample variance of 5.76 cm. 

	 7	 The lengths of ten 12-month-old baby girls were recorded and the mean length was found to 
be 74.6 cm, sample standard deviation 1.4 cm. Given that the lengths of 12-month-old baby 
girls are normally distributed determine the 95% confidence interval for µ, the mean length 
of 12-month-old baby girls. Explain what your confidence interval means.

	 8	 A random sample of 40 three-month-old seedlings of  
a particular plant type had a mean height of 17.8 cm,  
sample standard deviation 2.4 cm.

Determine a 90% confidence interval for the mean height  
of three-month-old seedlings of this plant type and explain  
what this confidence interval means.

	 9	 A random sample of 200 birds of a particular species had  
a mean wing span of length 18.3 cm, sample standard  
deviation 2.7 cm.

Use this information to determine a 95% confidence  
interval for the mean wing span for the entire population  
of birds of this species.

Had the same mean and sample standard deviation come  
from a random sample of 300 birds of this species instead,  
what would the 95% confidence interval be now?
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So do most 95% confidence intervals really contain 
the population mean? Let’s check
The following statement was made a few pages earlier:

The 95% (or 90% or 99%) confidence interval tells us that if we were  
to construct confidence intervals in this way then we would expect 95%  

(or 90% or 99%) of them to contain the population mean.

Let’s check this using a situation for which we know what the population mean is.

If we could roll a die an infinite number of times, and find the mean score obtained we know that in 
theory the mean would be 3.5 and standard deviation 1.7078. Suppose we did not know these figures. 
Would the 95% confidence intervals, constructed from samples that we take, contain the population 
mean as we claim?

Using a computer or calculator spreadsheet simulate  
100 such rolls and determine the mean and the 
standard deviation.

The display on the right shows a sample mean for such 
a simulation as 3.25 and sample standard deviation, sx, 
as 1.7019. 

Thus to estimate the population mean, µ, using the 
95% confidence interval, we use

	 x k
n

− σ
  ≤  µ  ≤  x k

n
+ σ

with x  = 3.25, k = 1.96, σ = 1.7019 and n = 100.

Thus	 2.916  ≤  µ  ≤  3.584 

We can be 95% confident that the population mean lies 
between 2.916 and 3.584, i.e. in the interval 3.25 ± 0.334.

0.95C-Level

1.7019σ

3.25

100n

x

       

2.9164337Lower

3.5835663Upper

3.25

100n

x

The known population mean does indeed lie in the 95% confidence interval obtained from this sample. 

Note:	 The population mean of 3.5 and standard deviation of 1.7078 gives a 95% interval of 
3.5 ± 0.3347, but we would not normally know these figures.

Use a spreadsheet to produce 50 such samples of 100 rolls of a die and see how many of the 
50 produce 95% confidence intervals that do contain 3.5, our known population mean.

A
1
2
3
4
5
6

=int(rand()•6+1)

= 3.25
= 325Σx

= 1343Σx2

= 1.6933694σx

= 1.7019003sx

= 100n

2
5
3
1
1
6

B C

x
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Choosing the sample size
The fact that, with a particular level of confidence, we can say the population mean, µ, lies in the interval

x k
n

− σ
  ≤  µ  ≤  x k

n
+ σ

can be used to determine the required sample size, n, needed to give us a confidence interval of 
a desired width for the particular confidence level.

EXAMPLE 8

A random sample is to be taken from a random variable with population standard deviation of 
5 units.

If we want to be 95% confident that the mean of the sample is within 1.7 units of the population 
mean how large should the sample be?

Solution
Writing the sample mean as x  and the population mean as µ we have, for the 95% confidence interval

	 x
n

− × σ
1.96   ≤  µ  ≤  x

n
+ × σ

1.96

Thus we require	
n

×1.96
5

  =  1.7

Solving gives	 n  =  33.2

We need to be within 1.7 units so we need to round n up. Hence the sample size needs to be 34.

EXAMPLE 9

An earlier sample of 1 litre bottles of a particular type of fruit drink suggests that the amount of 
fruit juice in each litre of the fruit drink is distributed with a mean of 153 millilitres and standard 
deviation 6.4 millilitres.

A new sample is to be carried out for which we want to be 99% confident that the mean of the 
sample is within 2 millilitres of the population mean. How large should the sample be?

Solution
Writing the sample mean as x  and the population mean as µ we have, for the 99% confidence interval

	 x
n

− × σ
2.576   ≤  µ  ≤  x

n
+ × σ

2.576

Thus we require	
n

×2.576
6.4

  =  2

Solving gives	 n  =  67.95

We want to be within 2 millilitres so we need to round n up. Hence the sample size needs to be 68.
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Exercise 12C

	 1	 A random sample is to be taken from a random variable with population standard deviation of 
8 units.

If we want to be 95% confident that the mean of the sample is within 1.5 units of the population 
mean how large should the sample be?

	 2	 A random sample is to be taken from a random variable with population standard deviation of 
18.7 units.

If we want to be 99% confident that the mean of the sample is within 2.5 units of the population 
mean how large should the sample be?

	 3	 A random sample is to be taken from a random variable with a normally distributed population, 
standard deviation 7.3 units.

If we want to be 95% confident that the mean of the sample is within 3 units of the population 
mean how large should the sample be?

	 4	 A random sample of 30 measurements of a random variable is taken in order to have some idea 
of the standard deviation of the variable.

The sample standard deviation of this sample was found to be 8.4 units.

If we assume that this standard deviation is also the standard deviation of the random variable, 
find the sample size needed for a second sample if we want to be 90% confident that the mean 
of this second sample is within 2 units of the population mean.

	 5	 A previous sample involving measuring the lengths of 30 adult snakes of a particular species found 
that the lengths were distributed with a mean of 28.4 cm and sample standard deviation 3.6 cm.

A new sample is to be taken for which the investigators want to be 95% confident that the mean 
length of this second sample is within 0.5 cm of the population mean.

Assuming the standard deviation of the lengths of the population is the same as the sample standard 
deviation of the lengths in the first sample, what should be the size of this second sample?

	 6	 A drink dispenser is programmed to  
dispense quantities with a mean volume 
of 250 mL, standard deviation 3 mL.

With age, dispensers of this type are 
known to start dispensing amounts that 
no longer have a mean volume of 250 mL, 
though the standard deviation tends to 
remain at 3 mL.

A fresh sample of dispensed amounts  
is to be checked to allow an estimate to  
be made of the mean volume dispensed.

If we want to be 95% confident that the 
mean volume being dispensed is within 
1 mL of our sample mean, how many 
‘dispenses’ should we include in our sample? iS

to
ck

.c
om

/
4k

od
ia

k



ISBN 9780170395274MATHEMATICS SPECIALIST  Units 3 & 4304

Miscellaneous exercise twelve

This miscellaneous exercise may include questions involving the work of this chapter, the work 
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section 
at the beginning of this unit.

	 1	 Find an expression for 
dC
dx

 for each of the following cost functions.

a	 C(x) = 300 + 7x	 b	 C(x) = 500 + 4x + x2 

c	 C(x) = 
x
12

3

 - 12x2 + 800x + 1000	 d	 C(x) = x
x

+ −60 4
1000

	 2	 Find an expression for 
dy
dx

 as a function of x given that x3 + 2x2y + y3 = 10.

	 3	 If y4 = x4 - 4xy - 7 find

a	 an expression for 
dy
dx

, 	 b	 the gradient at the point (2, 1).

	 4	 The three slope fields shown below have their associated differential equations included in the 
following list. Choose the correct equation for each slope field.

	
dy
dx

 = 2y	
dy
dx

 = y	
dy
dx

 = x

	
dy
dx

 = 
x
y

−
−

3
2

	
dy
dx

 = (x - 2)(y - 3) 	
dy
dx

 = (x - 3)(y - 2)

y

x

−5

−5 5

5

Slope �eld A
y

x

−5

−5 5

5

Slope �eld B
y

x

−5

−5 5

5

Slope �eld C

	 5	 Clearly showing your use of the technique of expressing an algebraic fraction as partial fractions, 
determine:

x x x
x x

dx∫ + − −
+ −

3 6 4 8
( 1)( 2)

.
3 2

2

	 6	 Find an expression in terms of k (not left as a definite integral) for the exact area between the x-axis 
and the curve y = 3 sin2 x cos x from x = 0 to x = k where

a	 0 < k < 
π
2

	 b	 π
2

 < k < π.
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	 7	 A particle moves such that its velocity, v m/s, is a function of its displacement from some fixed 
point O, x metres, according to the rule v = 3 + 0.1x,  x > 0. 

When timing commenced, i.e. when t = 0, x = 20.

Find	 a	 the acceleration of the particle when x = 2,
b	 x when t = 5. 

	 8	 If 
dA
dt

 = 6e2t and A = 4 when t = 0, find	 a	 A in terms of t,

			   b	 the exact value of A when t = 0.5.

c	 Use 
dA
dt

 to find the approximate change in A when t changes from 0 to 0.01.

	 9	 A savings account is opened with an initial deposit of $10 000. 

The account attracts interest at a rate of 10% per annum compounded continuously.  

Thus if the value of the account is $P then 
dP
dt

 = 0.1P.

Assuming no further deposits are made, 

a	 how long will it take for the initial value of the account to double?

b	 how long will it take for the value of the account to become $40 000?

c	 how long will it take for the value of the account to become $80 000?

	10	 A sample of 64 observations is randomly selected from a population and is found to have a mean 
of 53.24 and a sample standard deviation of 5.12.

a	 Find the range of values, with 53.24 at its centre, in which we can have 90% confidence that 
the mean of the population will lie (i.e. find the 90% confidence interval).

b	 Find the 95% confidence interval for the mean of the population.

c	 Find the 99% confidence interval for the mean of the population.

	11	 The mean lifetime of a random sample of 40 ‘triple A’ batteries of a particular brand is found 
to be 223 hours, sample standard deviation 18 hours.

Find the 95% confidence interval for the mean lifetime of all ‘triple A’ batteries of this brand 
giving the interval boundaries to the nearest 0.1 hour.

What does this confidence interval tell us?

	12	 a	 The displacement, x metres, of an object from an origin O is given by 
x = A cos kt,

where A and k are constants. 

Prove that the object is moving with SHM and that it is initially at an extreme position.

b	 The depth of water in a harbour, above and below the mean depth, is an example of simple 
harmonic motion. In a particular harbour the low tide depth of 3 metres is recorded at 7 a.m. 
one morning and the next high tide is expected to record a depth of 15 metres at 1.20 p.m. 
later that same day.

A particular container ship requires a depth of at least 5 metres for safe entry into the harbour, for 
unloading at the dock side and for leaving. Determine, to the nearest 5 minutes, the times between 
7 a.m. and 9 p.m. that day, between which it is safe for the ship to engage in these activities.
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	13	 If 
dy
dx

 = xex use the incremental formula to determine the approximate change in y when x changes 

from 1.25 to 1.26.

	14	 The diagram, not drawn to scale, shows a lamppost, AB, of height 9 metres, situated on one side 
of a straight road.

B

A
D

E

2 m/s

C
y

9 m

12 m

1.8 m

The road is of width 12 metres and line CD (see diagram) represents a person of height 1.8 metres 
walking at 2 metres/second along the other side of the road from the lamp. The light at B causes 
the person to have a shadow shown as CE.

Find the rate at which the length of the shadow is changing at the instant when AC is of length 
20 metres.

	15	 An aircraft is following a flightpath that will take it directly  
over a searchlight at A (see diagram). 

The speed of the aircraft is 200 m/s and it maintains a 
steady altitude of 800 metres.

At what rate must the searchlight be rotating at the instant 
when the aircraft is 1 km from A, measured horizontally, 
if it is to keep the aircraft in the light beam?

B A
θ

800 m

1 km

200 m/s

iS
to

ck
.c

om
/

St
ar

kb
la

st
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	16	 A processing company processes a particular ore in one-tonne ‘batches’. Previous statistics from 
the company indicate that the amounts of a particular element extracted from the one tonne 
batches are normally distributed with a mean of 78 kg and standard deviation 12 kg. 

a	 What is the probability of more than 100 kg of the particular element being extracted from 
a randomly selected one tonne batch?

b	 What is the probability of between 70 kg and 90 kg of the particular element being extracted 
from a randomly selected one tonne batch?

c	 If 4 separate batches are sampled and the amount of the element extracted from each is noted, 
what is the probability that the mean of these four amounts will be less than 75 kg?

	17	 The shape of the interior of a particular flower vase is the same as that formed by rotating about 
the y-axis the area in the first quadrant that is enclosed between the x-axis, the y-axis, y = x2 - 4 
and y = h (h > 0). With one centimetre to one unit on each axis determine the value of h, to the 
nearest centimetre, if the capacity of the vase is 2.5 L.

If water were poured into this vase at a constant rate of 5 cm3/second, find the rate at which the 
water level is rising when the depth of water in the vase is 6 cm.

1	8	 At 1.30 p.m. a police doctor arrives at a house where a suspicious death has occurred. Upon 
arrival the doctor takes the temperature of the corpse and finds it to be 28.6°C. By 2.30 p.m. 
the temperature of the corpse is 27.7°C.

The house is air-conditioned so the room temperature may be assumed to have been 22°C  
all day. 

According to Newton’s law of cooling, if the temperature of an object exceeds that of its 
surroundings by T °C then the rate of change of T is proportional to T itself. If normal body 
temperature is 37°C estimate the time at which the suspicious death occurred.

	19	 a	 Let us suppose that the standard deviation of h, the time, in hours, of ‘non-stop operation 
before requiring recharging’, of a particular electrical component made by company A is 
80 hours.

The engineers from a space program wish to estimate the mean value of h by sampling 
a number of these components and running them non-stop until recharging is required, 
before deciding whether to use them in their space vehicle.

The engineers want to be 95% confident that the mean value of h for their sample is within 
20 hours of the population mean.

How large should their sample be?

b	 A second company, company B, also makes the component and they claim that for their 
components, h is normally distributed with a mean of 1850 hours and standard deviation 
65 hours.

The space program engineers sample 100 of these company B components and find that for 
their sample the sample standard deviation of h is indeed very close to 65 hours but the mean 
for the sample is 1800 hours.

Comment on this result including in your comment mention of the 95% confidence interval.

	20	 Without the assistance of your calculator, determine
x x x

x x
dx∫ + − −

− −
2 3 24 29

7 6
.

3 2

3
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	21	 In the planning for a fish farming business, mathematical modelling is carried out to assess N, the 
likely number of fish, over a particular minimum size, in each breeding pond, t months after the 
initial 250 fish are placed in the pond.

It is felt that, with no removal of fish, the rate of change of N will be such that

dN
dt

 = 
N N−2
5 15625

2

    (i.e. a logistic model),    for 0 < N < 6250.

a	 Clearly showing your use of the technique of separating the variables, and partial fractions, 

find, in the form 
k
ce at+ −1

,  a formula for N in terms of t. 

b	 Show that your part a answer does give the limiting value for N as 6250.

c	 According to this model what, to the nearest ten, will be the value of N when

i	 t = 6?	 ii	 t = 12?

	22	 In chapter 9, one example determined the antiderivative of sin5 x as:

x x x c− + − +cos
2
3

cos
1
5

cos .3 5

However, as the displays below suggest, one calculator claims that the answer is

− − −






cos

sin
5

4 sin
15

8
15

4 2

x
x x

 

and another claims the answer is

x x x− + −(150 cos 3cos5 25cos3 )
240

.

x dx

x x x

(sin( ))

(sin( ))
5

4 (sin( ))
15

8
15

cos( )

5

4 2

∫ ( )
− − ⋅ −









⋅

  

x dx

x x x

(sin( ))

(150 cos( ) 3 cos(5 ) 25 cos(3 ))
240

5


∫
− ⋅ + ⋅ ⋅ − ⋅ ⋅

Show that, with the exception of the fact that the calculator displays do not show the constant, 
the three expressions are the same.

	23	 The parts of this question give answers that involve inverse trigonometrical functions, e.g. sin-1 x, 

also written as arcsin x. (This inverse function should not be confused with 
x

1
sin

,  which is better 
written as (sin x)-1, or cosec x.)

Determine the following indefinite integrals using the suggested substitution.

a	
x

dx∫ −

1

1
,

2
	 x = sin u	 b	

x
dx∫ −

1

25
,

2
	 x = 5 sin u

c	
x

dx∫ −

1

9 4
,

2
	 x =  u

3
2

sin 	 d	 x dx∫ −1 ,2 	 x = sin u

e	 x dx∫ −4 ,2 	 x = 2 sin u	 f	 x dx∫ −4 ,2 	 x = 2 cos u
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ANSWERS 
UNIT THREE
Exercise 1A  PAGE 3

	 1	 a	 8i	 b	 i2 2 	 c	 i10 	 d	 i3 7
	 2	 a	 -5	 b	 3
	 3	 a	 12	 b	 -5

	 4	 a	 i+
3
2

3
2

, i−
3
2

3
2

	 b	 -2 +  i3 ,  -2 -  i3

		  c	 i+
1
6

11
6

, i−
1
6

11
6

	 d	 -0.8 + 0.4i, -0.8 - 0.4i

	 5	 5 + 6i	 6	 -2	 7	 10 - i
	 8	 9 + 3i	 9	 8 - 2i	 10	 2i
	11	 7 - 6i	 12	 17 + 6i	 13	 2
	14	 -5	 15	 16 + 11i	 16	 7 + 9i
	17	 5	 18	 53i	 19	 -0.8 - 1.4i

	20	 i− −
5
13

12
13

	 21	 i−
7
25

26
25

	 22	 -0.2 + 0.4i

	23	 a	 7 + 2i	 b	 -3 + 4i	 c	 -10 + 19i

		  d	 13 + 13i	 e	 24 - 10i	 f	 i+
7
26

17
26

	24	 a	 4 + 7i	 b	 8

		  c	 65	 d	 i− −
33
65

56
65

	25	 a = -34 and b = 5	 26	 a = 10 and b = 25
	27	 b	 p = -4, q = 13	 c	 d = -6, e = 13
	28	 a	 (2, 3)	 b	 (-3, 0)

	 	 c	 (4, 2)	 d	 − −





37
169

,
55

169

	29	 a = 6 and b = 0.5 or a = 1 and b = 3

Exercise 1B  PAGE 8

	 1	 p = -38	 2	 a = 2, b = 1, c = 5, d = 8
	 3	 a	 -3	 b	 -3
	 4	 a	 8	 b	 8
	 5	 4	 6	 -5	 7	 a = 1, b = 3
	 8	 a	 f (-1) = -16, f (1) = 0.
		  b	 x = 1, x = 1 + 2i, x = 1 - 2i.
		  c	 x = 0, x = 1, x = 1 + 2i, x = 1 - 2i.
	 9	 a	 f (-2) = 0, f (2) = -36, f (-5) = 1140, f (5) = 0.
		  b	 x = -2, x = 5, x = 1 +  i2 ,  x = 1 -  i2 .
	10	 a	 f (1) = 2, f (0.5) = 0.	 b	 x = 0.5, x = -i, x = i.
	11	 x = -1 + i, x = -1 - i, x = 1 - 2i, x = 1 + 2i.

	12	 x = 1, x = 
i+1 3 7

4
,  x = 

i1 3 7
4

.
−

	13	 x = -1, x = 0, x = 
i+3 3

3
,  x = 

−3 3
3

.
i

Miscellaneous exercise one  PAGE 9

	 1	 a	 58	 b	 26	 c	 12 - 5i

		  d	 -24 - 10i	 e	 i−
4
5

7
5

	 f	 i− +
1
5

2
5

	 2	 a	 -1 + i	 b	 8 + 31i	 c	 3 + 4i
		  d	 -7 - 24i	 e	 8 - 31i	 f	 8 - 31i
		  g	 q = -4 + 4i
	 3	 -4 - 4i
	 4	 18
	 5	 a	 6	 b	 8
	 6	 0
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	 7	 a = -1, b = 2, c = -3, d = 6
	 8	 p = q = -11
	 9	 a	 6i - 2j	 b	 +2( 2 )i j 	 c	 d = ±3
		  d	 2	 e	 82°
	10	 b = -a	 c = 2a	 d = 0.5a 

e = -0.5a	 f = 1.5a	 g = -1.5a
	11	 r = p + q	 s = 0.5p + q	 t = p + 2q 

u = -1.5p - q
	12	 x = 2, x = -4 + 2i, x = -4 - 2i.
	13	 a = ± 2	 b = 2	 c = -7 

d = 1	 e = 5	 f = -5

Exercise 2A  PAGE 15

	 1	 a	 5	 b	 13	 c	 13
		  d	 13 	 e	 26  	 f	 5

	 2	 a	
π
4

	 b	 −
π
4

	 c	
π3
4

		  d	 −
π3
4

	 e	
π2
3

	 f	 −
π
3

	 3	 z1 =  i
π

+
π



3 cos

6
sin

6

		  z2 = 3(cos π + i sin π)

		  z3 =  −
π



 + −

π











4 cos
3
4

sin
3
4

i

		  z4 = 2(cos π + i sin π)
		  z5 = 6(cos 1 + i sin 1)

		  z6 =  i
π

+
π



5 cos

3
4

sin
3
4

		  z7 =  −
π



 + −

π











8 cos
5
6

sin
5
6

i

		  z8 =  −
π



 + −

π











5 cos
2

sin
2

i

		  z9 = 6(cos 2 + i sin 2)
		  z10 = 4(cos π + i sin π)

		  z11 =  −
π



 + −

π











5 cos
3
4

sin
3
4

i

		  z12 =  −
π



 + −

π











7 cos
6

sin
6

i

	 4	 z13 =  i
π

+
π



5 2 cos

4
sin

4

		  z14 = 5(cos 2.2143 + i sin 2.2143)
		  z15 =  − + −41(cos ( 2.2455) sin ( 2.2455))i

		  z16 =  −
π



 + −

π











5 2 cos
4

sin
4

i

		  z17 = 13(cos 1.1760 + i sin 1.1760)
		  z18 =  i+5 2(cos1.4289 sin1.4289)
		  z19 =  ( )− + −5 2 cos ( 1.4289) sin ( 1.4289)i
		  z20 =  i+5 2(cos 2.9997 sin 2.9997)

		  z21 =  i
π

+
π



10 cos

6
sin

6

		  z22 =  i
π

+
π



4 cos

2
sin

2

		  z23 = 4(cos 0 + i sin 0)
		  z24 = 4(cos π + i sin π)

		  z25 =  −
π



 + −

π











3 cos
2

sin
2

i

		  z26 = 3(cos 0 + i sin 0)
	 5	 z27 =  i+2 2 , 	 z28 = −2 3  + 2i,
		  z29 = 2 -  i2 3 , 	 z30 = -3 -  i3 3 ,
		  z31 = 5 + 0i, 	 z32 = 0 - i

Exercise 2B  PAGE 17

	 1	 z1 = 
π

3cis
3

	 z2 = 
π

5cis
2
3

		  z3 =  −
π



4 cis

5
6

	 z4 =  −
π



5cis

2

		  z5 = 4 cis 0	 z6 = 
π

5cis
2

		  z7 = 
π

5cis
3
4

	 z8 = −
π



3cis

3
4

	 2	
π

2cis
10

	 3	
π

7cis
5
8

	 4	
π

9cis
6

	 5	 −
π



3cis

6
	 6	 −

π



5cis

2
	 7	

π
4 cis

2
3

	 8	
π

2cis
3

	 9	 2 cis π	 10	 7i

	11	 -5i	 12	 -1	 13	 3

	14	 i+5 2 5 2 	 15	 i− +2 2 3

	16	 i− −2 2 3 	 17	 i− +6 6 3
	18	 25 cis (1.8546)	 19	 13 cis (1.9656)

	20	 ( )5 cis 1.1071 	 21	
π

5cis
2
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	22	 a	 	

		  b	 z  = r1 cis (-α) 
w  = r2 cis (-β)

	23	 2 cis (-30°)	 24	 7 cis (-120°)	 25	 4 cis (-30°)

	26	 10 cis (-160°)	 27	 −
π



2cis

2
	 28	

π
5cis

3
4

	29	 5 cis (-0.5)	 30	
π

5cis
2

Exercise 2C  PAGE 20

	 1	 16 + 11i	 2	 -7 + 4i	 3	 15 cis 80°

	 4	 9 cis (-90°)	 5	 9 cis (-50°)	 6	
π

10cis
7
12

	 7	 −



8cis

π
2

	 8	 2(cos 110° + i sin 110°)

	 9	 − ° + − °6(cos ( 40 ) sin ( 40 ))i 	 10	 1.2 + 0.6i
	11	 1.2 + 0.6i	 12	 4 cis 20°	 13	 5 cis (-30°)

	14	 cis 130°	 15	
π

cis
5

	 16	 2 cis π

	17	
π

+
π



2.5 cos

4
sin

4
i

	18	 0.4 (cos 0 + i sin 0)
	19	 2 cis 40°	 20	 3 cis 100°	 21	 2 cis (-90°)
	22	 2 cis 120°	 23	 cis 160°	 24	 2 cis (-140°)
	25	 cis 120°	 26	 2 cis 80°	 27	 2 cis (-100°)
	28	 a	 12 cis 40°	 b	 6 cis 30°
		  c	 12 cis 70°	 d	 12 cis 70°
		  e	 6 cis 130°	 f	 2 cis 120°

		  g	 − °
1
3

cis ( 10 ) 	 h	 − °
1
6

cis ( 40 )

	29	 a	 −
π



32cis

7
12

	 b	 −
π



32cis

7
12

		  c	
π





1
2

cis
12

	 d	 −
π



2cis

12

		  e	 −
π



8cis

2
3

	 f	 −
π



4 cis

3
4

		  g	 −
π





1
8

cis
2
3

	 h	 −
π





1
4

cis
4

Exercise 2D  PAGE 25

	 1	 D	 2	 A	 3	 E
	 4	 H	 5	 K	 6	 L
	 7	 M	 8	 P
	 9	

	10	

	11	

	12	

	13	

Im
z

w

Re

w

z

Re

Im

x = 5

−5

−5 5

5

y = −4

Re

Im

−5

−5 5

5

Re

Im

−5

−5 5

5
π
3

y = x, x > 03

Re

Im

−5

−5 5

5

π
3

y = − x, x > 03

x + y = 6

Re

Im

−5

−5 5

5
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	14	

	15	

	16	

	17	

	18	

	19	

	20	

	21	

	22	

	23	

x2 + y2 = 36

Re

Im

−5

−5 5

5

x2 + ( y − 4)2 ≤ 9

Re

Im

−5

−5 5

5

(x − 2)2 + ( y − 3)2 = 16

Re

Im

−5

−5 5

5

(x − 2)2 + ( y + 3)2 = 16

Re

Im

−5

−5 5

5

x = 4

Re

Im

−5

−5 5

5

3y = x + 8

Re

Im

−5

−5 5

5

3y = x − 9

Re

Im

−5

−5 5

5

9 ≤ x2 + y2 ≤ 25

Re

Im

−5

−5 5

5

x ≤ y ≤ x , x > 0

Re

Im

−5

−5 5

5
π
6

π
6

1
3

3

y ≥ 2x + 1

Re

Im

−5

−5 5

5
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	24	

		  (Note the use of the dashed line in question 24 
because the question involved < rather than ≤.)

	25	 a	 1	 b	 5	 c	 −3 2 2
		  d	 +3 2 2 	 e	 +3 2 2
	26	 a	 1	 b	 6	 c	 7
		  d	 3	 e	 0.23 rads	 f	 1.06 rads
	27	 Points z = x + iy satisfy the equation 

 (x - 6)2 + ( y + 5)2 = 20, i.e. a circle, centre (6, -5), 
radius 2 5.

	28	 Points z = x + iy satisfy the equation  
(x - 1)2 + ( y + 4)2 = 18, i.e. a circle, centre (1, -4), 
radius 3 2.

Exercise 2E  PAGE 30

	 1	 1 cis 0 (i.e. 1), 
π



1cis

3
,

π



1cis

2
3

, 1 cis π,  −
π



1cis

3
,  

−
π



1cis

2
3

.

	 2	 1 cis 0, 1 cis 45°, 1 cis 90°, 1 cis 135°, 1 cis 180°, 
1 cis (-135°), 1 cis (-90°), 1 cis (-45°).

	 3	 1 cis 0, 
π



1cis

2
7

, 
π



1cis

4
7

,  
π



1cis

6
7

,   −
π



1cis

2
7

,  

−
π



1cis

4
7

,  −
π



1cis

6
7

.

	 4	

	 5	

	 6	

	 7	 a	 3 + 4i	 b	 -7 + 24i	
		  c and d
		

	 8	 k = 32 cis 100°. The other solutions are 2 cis 92°, 
2 cis 164°, 2 cis (-52°), 2 cis (-124°)

	 9	 -4 + 2i, -2 - 4i, 4 - 2i

Exercise 2F  PAGE 34

	 2	 i
π



 +

π



cos

2
3

sin
2
3

	 3	
π



32cis

5
6

	 4	 i−
π



 + −

π











243 cos
3

sin
3

	 5	 cos 2θ = cos2 θ - sin2 θ, sin 2θ = 2 sin θ cos θ
	 6	 cos 3θ = cos3 θ - 3 cos θ sin2 θ,  

sin 3θ = 3 cos2 θ sin θ - sin3 θ,  
cos 3θ = 4 cos3 θ - 3 cos θ

	 7	 cos 5θ = cos5 θ - 10 cos3 θ sin2 θ + 5 cos θ sin4 θ, 
sin 5θ = 5 cos4 θ sin θ - 10 cos2 θ sin3 θ + sin5 θ

	 8	 −
π



8cis

2
	 9	

π



32cis

5
6

	 10	
π



6 cis

2
3

4

	11	 −
π



2cis

9
,

π



2cis

5
9

, −
π



2cis

7
9

	12	
π



2cis

8
,

π



2cis

5
8

, −
π



2cis

7
8

, −
π



2cis

3
8

	13	
π



2cis

3
16

,
π



2cis

11
16

, −
π



2cis

13
16

, −
π



2cis

5
16

	14	
π



2 cis

4
,

π



2 cis

3
4

, −
π



2 cis

3
4

, −
π



2 cis

4

y + x < 2

Re

Im

−5

−5 5

5

Re

Im
π



2cis

5
6

− π



2cis

5
6

π



2cis

2 π



2cis

6

−π



2cis

6
−π



2cis

2

Re

Im
°2cis99

°2cis 27
°2cis171

( )− °2cis 117 ( )− °2cis 45

−3 + 2i

−2 − 3i
3 − 2i

2 + 3i

Re

Im

−4 4

−4

4

−2 − i
1 − 2i

2 + i

−1 + 2i

Re

Im

−4 4

−4

4
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	15	 z1 = 
π



2 cis

3
,  z2 = 

π



2 cis

6
, 2

	16	 a	 r cis (π - θ)	 b	
r

−θ
1

cis ( ) 	

		  c	
r

π − θ
1

cis ( ) 	 d	
r

π − θ
1

cis ( 2 )2

Miscellaneous exercise two  PAGE 36

	 1	 a	 5 - i	 b	 1 - 7i	 c	 18 + i

		  d	 -7 - 24i	 e	 i− −
6
13

17
13

	 f	 i− +
6
25

17
25

	 2	 a	 c	 b	
1
4

c 	 c	 3
4

c

		  d	
5
4

c 	 e	 a + c	 f	 +
1
4

a c

		  g	 +
1
2

a c 	 h	 +
3
2

a c

	 3	 a	 −
π



6cis

2
3

	 b	 i− −4 3 4

	 4	 a	 (0, 2)	 b	 (-5, 0)	 c	 (−2 2, −2 2)

	 5	
π



2 cis

4
,

π



2 cis

3
4

,  2 cis π,  −
π



cis

2

	 7	 a	 f (-3) = -348,  f (3) = 0	

		  b	 x = 3, x =  i+
3
4

7
4

,  x =  i−
3
4

7
4

Exercise 3A  PAGE 46

	 1	 a	 {-1, 1, 3, 5, 7}	 b	 {-2, 0, 2, 4, 6}
		  c	 {-9, -5, -1, 3, 7}
	 2	 a	 {9, 16, 25}	 b	 {3, 52, 679}
		  c	 {729, 4096, 15 625}
	 3	 a	 Domain ¡	 Range ¡	
		  b	 Domain ¡	 Range ¡
		  c	 Domain ¡	 Range ¡	
		  d	 Domain ¡	 Range {y ∈ ¡: y = 10}
		  e	 Domain ¡	 Range {y ∈ ¡: y ≥ -25}
		  f	 Domain {x ∈ ¡: x ≠ 5}	 Range {y ∈ ¡: y ≠ 1}
	 4	 a	 g f (x)	 b	 h f (x)
	 	 c	 fg(x)	 d	 f h (x)
	 	 e	 gh(x)	 f	 hg(x)
		  g	 f f (x)	 h	 hh(x)
	 	 i	 f f f (x)

	 5	 a	 4x - 9	 b	 16x + 5
		  c	 x4 + 2x2 + 2	 d	 8x - 1
		  e	 8x - 11	 f	 2x2 - 1
		  g	 4x2 - 12x + 10	 h	 4x2 + 5
		  i	 16x2 + 8x + 2

	 6	 a	 4x + 15	 b	 9x + 4	 c	
x
x

+
+

3 2
2

		  d	 6x + 7	 e	 6x + 16	 f	 7 + 
x
4

		  g	
x
x

+
+

2 7
2 5

	 h	 4 + 
x
6 	 i	 x

x
+
+

3( 1)
3 1

	 7	 {x ∈ ¡: x ≥ 4}	 8	 {x ∈ ¡: x ≤ 4}
	 9	 {x ∈ ¡: -2 ≤ x ≤ 2}	 10	 {x ∈ ¡: -4 ≤ x ≤ 4}
	11	 {x ∈ ¡: x ≥ 2}	 12	 {x ∈ ¡: x ≥ 3}
	13	 a	 12	 b	 12	 c	 0.5
		  d	 4	 e	 0.25
		  f	 Domain ¡, Range { y ∈ ¡: y ≥ 3}
		  g	 Domain {x ∈ ¡: x ≠ 0}, Range { y ∈ ¡: y ≠ 0}

		  h	 Domain ¡, Range { y ∈ ¡: 0 < y ≤ 
1
3

}

		  i	 Domain {x ∈ ¡: x ≠ 0}, Range { y ∈ ¡: y > 3}
	14	 a	 0	 b	 0	 c	 2
		  d	 21	 e	 3
		  f	 Domain ¡, Range { y ∈ ¡: y ≤ 25}
		  g	 Domain {x ∈ ¡: x ≥ 0}, Range { y ∈ ¡: y ≥ 0}
		  h	 Domain {x ∈ ¡: -5 ≤ x ≤ 5}, Range { y ∈ ¡: 0 ≤ y ≤ 5}
		  i	 Domain {x ∈ ¡: x ≥ 0}, Range { y ∈ ¡: y ≤ 25}
	15	 a	 Domain {x ∈ ¡: x ≠ 1}, Range { y ∈ ¡: y ≠ 0}
		  b	 Domain {x ∈ ¡: x ≠ 3}, Range { y ∈ ¡: y ≠ 2}
	16	 a	 Domain {x ∈ ¡: x ≥ 0}, Range { y ∈ ¡: y ≥ -1}
		  b	 Domain {x ∈ ¡: x ≥ 0.5}, Range { y ∈ ¡: y ≥ 0}
	17	 a	 Domain {x ∈ ¡: x ≠ 0}, Range { y ∈ ¡: y > 0}
		  b	 Domain {x ∈ ¡: x > 0}, Range { y ∈ ¡: y > 0}
	20	 a	 Domain {x ∈ ¡: x ≠ ±3},  

Range { y ∈ ¡: y ≤ −
1
9

} ∪ { y ∈ ¡: y > 0}  

where ∪ means the two sets are united to give 
the complete range.

		  b	 Domain {x ∈ ¡: x ≠ 0}, Range {y ∈ ¡: y > -9}

Exercise 3B  PAGE 54

	 1	 a, b, c, g, h
	 2	 x + 2, Domain ¡, Range ¡
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	 3	
x + 5

2
,  Domain ¡, Range ¡	

	 4	
x − 2

5
,  Domain ¡, Range ¡

	 5	
x
1

 + 4, Domain x ≠ 0, Range y ≠ 4

	 6	
x
1

 - 3, Domain x ≠ 0, Range y ≠ -3

	 7	
x

x
+1 5
2

,  Domain x ≠ 0, Range y ≠ 2.5

	 8	
x −

1
1

 - 2, Domain x ≠ 1, Range y ≠ -2

	 9	
x−

1
3

 + 1, Domain x ≠ 3, Range y ≠ 1

	10	
x −

+
1

4
1
2

,  Domain x ≠ 4, Range y ≠ 0.5

	11	 x2, Domain x ≥ 0, Range y ≥ 0	
	12	 x2 - 1, Domain x ≥ 0, Range y ≥ -1

	13	
x + 3

2
,

2

 Domain x ≥ 0, Range y ≥ 1.5

	14	
x − 5

2
	 15	

x − 1
3

	 16	
x −

2
1

	17	 x	 18	 x	 19	
x −

4
1

 + 5

	20	
x − 7

6
	 21	

x − 7
6

	 22	
+2 13
3

x

	23	 a	 A function	

2

2

y

x

 
			   one-to-one

		  b	 Not a function
		  c	 A function, not one-to-one
	 	 d	 Not a function
		  e	 Not a function
		  f	 A function, 	  
			   one-to-one

	24	 For f (x) restricted to x ≥ 0 then f -1 (x) =  x − 3,   
domain x ≥ 3 and range y ≥ 0.

		  (Or restrict f (x) to x ≤ 0 then f -1 (x) =  x− − 3,   
domain x ≥ 3 and range y ≤ 0.)

	25	 For f (x) restricted to x ≥ -3 then f -1(x) =  x− +3 ,   
domain x ≥ 0 and range y ≥ -3

		  (Or restrict f (x) to x ≤ -3 then f -1(x) =  x− −3 ,   
domain x ≥ 0 and range y ≤ -3)

	26	 For f (x) restricted to x ≥ 3 then f -1(x) = 3 +  x − 2,   
domain x ≥ 2 and range y ≥ 3

		  (Or restrict f (x) to x ≤ 3 then f -1(x) = 3 -  x − 2,   
domain x ≥ 2 and range y ≤ 3)

	27	 For f (x) restricted to 0 ≤ x ≤ 2 then f -1(x) =  x−4 ,2   
domain 0 ≤ x ≤ 2 and range 0 ≤ y ≤ 2

		  (Or restrict f (x) to -2 ≤ x ≤ 0 then f -1(x) =  x− −4 ,2   
domain 0 ≤ x ≤ 2 and range -2 ≤ y ≤ 0.)

Exercise 3C  PAGE 64

	 1	 	

	 2	

	 3	 	

2

2

y

x

y

x

5

−5 5

y x= +1

y

x

10

5

−3 6

y x= −2 2

y

x−3 7

8
y x= + −3 2

y x= − 2
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	 4	

	 5 	 	

	 6	

	 7	 a	 	

		  b	

	 8	 a	

		  b	

	 9	 In the 1st and 4th quadrants (see the diagram below) 
the graph of y = g x( )  will be the same as that of 
y = g(x).

		  However, in the 2nd and 3rd quadrants the graph of  
y =  g x( )  will be those parts of y = g(x) that lie in the 
1st and 4th quadrants, reflected in the y-axis.

y

x

2nd
quadrant

1st
quadrant

3rd
quadrant

4th
quadrant

	10	 a	 The function g(x) = (x + 1)2 has domain ¡ and 
range { y ∈ ¡: y ≥ 0}.

			   The function f (x) = 2 +  x  has domain  
{x ∈ ¡: x ≥ 0} and range { y ∈ ¡: y ≥ 2}.

			   Thus g(x) is defined for all real x and the output 
from g(x) consists of numbers that are all within 
the domain of f (x). Thus f [g(x)] is defined for all 
real x.

			   ¡ �→ g(x) = (x + 1)2  → y ∈ ¡: y ≥ 0  

→ f (x) = 2 +  x  → y ∈ ¡: y ≥ 2

			   Thus f [g(x)] has domain ¡ and range  
{ y ∈ ¡: y ≥ 2}.

y

x

10

5

−2 4

y x( )= − −1 12

y

x

−4

4

−5 7

y f x= ( )

y

x

y x x= + − 3

y x=

y x= − 3

−3 5

3

6

9

y

x

4

−4

−4 4

y f x= ( )

y f ( )

y

x

−4

4

−4 4

x=

y

x

−5

5

−6 6

y f= (x )

−5

y

x

y f ( )x=

−6 6

5
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		  b	 f [g(x)] �=  x+ +2 ( 1)2   

=  x+ +2 1
		  c	

	11	 a	 The function g(x) = (x - 2)2 has domain ¡ and 
range {y ∈ ¡: y ≥ 0}.

			   The function f (x) = 1 -  x  has domain  
{x ∈ ¡: x ≥ 0} and range { y ∈ ¡: y ≤ 1}.

			   Thus g(x) is defined for all real x and the output 
from g(x) consists of numbers that are all within 
the domain of f (x). Thus f [g (x)] is defined for all 
real x.

			   ¡ �→ g(x) = (x - 2)2  → y ∈ ¡: y ≥ 0 

→ f (x) = 1 -  x  → y ∈ ¡: y ≤ 1

			   Thus f [g (x)] has domain ¡ and  
range { y ∈ ¡: y ≤ 1}.

		  b	 f [g (x)] = x− −1 ( 2)2  = x− −1 2 	
		  c	  

	12	 a	 x = 3, x = 7	 b	 x = - 2, x = 6
		  c	 x = 4, x = 8
	13	 Graph not shown here.	
		  a	 x = - 4, x = 1	 b	 x = -6, x = 2
		  c	 x = - 4, x = 0	 d	 x = -3, x = -1

	14	 a, b and c.	
		

		  d	 -4 ≤ x ≤ 5
	15	 x = -7, x = -5	 16	 No solutions
	17	 x = 8	 18	 x = 3, x = 19
	19	 x = 1	 20	 x = -5.5, x = 1.5
	21	 -5 ≤ x ≤ 3	 22	 x ≥ 8
	23	 x ≤ -1	 24	 ¡

	25	 x ≤ 3	 26	 ¡

	27	 >, a = 11, b = -8	 28	 ≤, a = 7
	29	 <, a = 1	 30	 a = -0.5, b = 8, c = 3

Exercise 3D  PAGE 75

	 1	 x = 0	 2	 x = 1
	 3	 x = 3 and x = 0.5	 4	 x = 3
	 5	 Cannot have y = 0.	 6	 Cannot have y = 2
	 7	 Cannot have y = 0.	 8	 Cannot have y = 1
	 9	 As	 x → +∞,	 then y → 0+ 

			   x → –∞,	 then y → 0-

	10	 As	 x → +∞,	 then y → 1+ 

			   x → –∞,	 then y → 1-

	11	 As	 x → +∞,	 then y → 5+ 

			   x → –∞, 	 then y → 5-

	12	 As 	 x → +∞, 	 then y → 3+ 

			   x → –∞, 	 then y → 3-

	13	 As 	 x → 3+, 	 then y → +∞ 
			   x → 3-, 	 then y → –∞
	14	 As 	 x → 1+, 	 then y → –∞ 
			   x → 1-, 	 then y → +∞
	15	 As 	 x → 0+, 	 then y → +∞ 

	 x → 0-, 	 then y → +∞

	16	 a	 y = 
x −

1
( 3)2 	 b	 y = 

x x+ −
1

( 3)( 3)

		  c	 y = 
x −

1
3

y

x

8

−5 5

y f g x
x

=  
= + +

( )
2 1

y

x

3

−5

−4 8

y f g x
x

=  
= − −

( )
1 2

y

x

10

−5 6

y x= + + −2 3x

y x= + 2

y x= − 3
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	18	

	19	

	20	 	

	21	

	22	

	23	

	24	 	

	25	

	26	

	27	

y

x

x 
= 

a

x 
= 

e

c
d





,

1

0
b





,

1

y

x

x 
= 

a

x 
= 

e

x 
= 

i

b c




,

1 g
h





,

1

0
d





,

1

(−3, 0)

y = 1

x 
= 

1

(0, −3)

y

x

x 
= 

−2

y = 2

(0, −2)
(2, 0)

y

x

y = 2 (4, 2)

(0, 2)

y

x

y = 1

(3, 0)

(−3, 2)

y

x

x 
= 
−6

(2, 0)

(6, −2)

(−2, −18)

y

x

x 
= 
−3

(1, 0)

(−1, −1)

y

x
3 9
⎛
⎝
⎜

⎞
⎠
⎟, −

1
x 

= 
−1

x 
= 

1

y

x

x 
= 

2

y =
 x 

− 3

(1, 0)

(4, 0)
(0, −2)

y

x
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	28	

	29	

	30	

	31	

Miscellaneous exercise three  PAGE 79

	 1	 x = -1, x = -3 - 2i, x = -3 + 2i
	 2	 a = -3, b = 1, C has coordinates (-1, -0.25).
	 3	 	

		

		  	

		

	 4	

(3, 9)

(−3, 0)

(−1, 1)
x 

= 
1

y = x + 4

y

x

(2, 1)

(4, 0)

(−1, −1.25)

x 
= 

3

y

x

6 9




,

1

Horizontal
in�ection

(1, 3)

y

x

Horizontal
in�ection

(3, 27)

y = x2 + 2x + 4

x 
= 

2

y

x

y

x

x = −f (x)

y

x

x = f (−x)

y

x

y f x= ( )

y

x

y f x= ( )

(0, a)

(a, 0)

y

x

y x a= −2

y x a= −

0 ≤ x ≤ a
2
3

a
2

, 0
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	 5	 a	 f (x): Domain 2 ≤ x ≤ 4, Range -1 ≤ y ≤ 3
		  b	 f -1 (x): Domain -1 ≤ x ≤ 3, Range 2 ≤ y ≤ 4
		  c	 Sketch of f (x) and f -1(x) shown below.
			 

		  d	 f -1 (x) = 2 +  x + 1  for -1 ≤ x ≤ 3
	 6	 a	 p = q = 0	 b	 p = 3, q = 0
		  c	 p = -2, q = 1	 d	 p = 3, q = -2
		  e	 p = 4, q = -1	 f	 p = -3, q = 1
	 7	 a	 3a - 3b	 b	 -3a + 2b	

		  c	 3
2

a  - 2b	 d	 1
2

a  - 7b

	 8	 a	 1 -  i3 	 b	 −
π



2cis

3

	 9	 +
3

8
1
8

i 	 10	 p = iz, q = -z, w = -iz

	11	 a	 π
2cis

5
12

	 b	
π

2cis
12

	 c	
π

1cis
3

		  d	
π

8cis
3
4

	 e	 − π





1cis

2
	 f	 π

512cis
4

	12	
π

2cis
5
6

,  212 (= 4096)

Exercise 4A  PAGE 86

	 1	 rA(t) = [(5 + 10t)i + (4 - t)j] km,  
rB(t) = [(6 + 2t)i + (8t - 8)j] km

		  rC(t) = [(2 - 4t)i + (3 + 3t)j] km,  
rD(t) = [(19 + 10t)i + (6t - 4)j] km

		  rE(t) = [(20 - 4t)i + (4 + 3t)j] km, t ≥ 1,  
rF(t) = [(12t - 4)i + (7 - 8t)j] km, t ≥ 0.5

	 2	 a	 (10i + 14j) km	 b	 (13i + 18j) km
		  c	 (19i + 26j) km	 d	 5 km/h
		  e	 29  km
	 3	 (7i + 24j) km	 a	 25 km	 b	 13 km

	 4	 a	 185  km	 b	 65  km	 c	 13  km
	 5	 a	 13 km	 b	 17 km

	 6	 a	 rA(t) = (28 - 8t)i + (4t - 5)j,  
rB(t) = 6ti + (24 + 2t)j

		  b	 At 10 a.m. and again at 10:30 a.m.
	 7	 Collision. 1 p.m., (47i + 21j) km.
	 8 	 No collision.
	 9	 Collision. 3 p.m., (3i + 3j km.
	10	 Collision. 2 p.m., (12i + 17j) km.
	11	 No collision.
	12	 a	 Q and R, 10:30 a.m., (37i + 5j) km
		  b	 17 km.

Exercise 4B  PAGE 92

	 1	 r = (2 + 5λ)i + (3 - λ)j	 2	 r = (3 + λ)i + (λ - 2)j	
	 3	 r = 5i + (3 - 2λ)j	 4	 r = 3λi + (5 - 10λ)j

	 5	 r =  + λ
− + λ







2
3 4

	 6	 r =  λ





5
5

	 7	 r = (5i + 3j) + λ(-3i - 4j)	
		  i.e. r = (5 - 3λ)i + (3 - 4λ)j
	 8	 r = (6i + 7j) + λ(-11i - 5j)	
		  i.e. r = (6 - 11λ)i + (7 - 5λ)j

	 9	 r =  −





6
3

 + λ






8
1

	 i.e.	 r =  − + λ
+ λ







6 8
3

	10	 r = 
−







1
3

 + λ −





4
4

		  i.e.	 r =  − λ
− + λ







1 4
3 4

	11	 r = 






1
4

 + λ
−







2
5

		  i.e.	 r =  + λ
− λ







1 2
4 5

	12	 r = 






5
0

 + λ −
−







6
4

		  i.e.	 r =  − λ
− λ







5 6
4

	13	 a	 2i - 8j	 b	 17  units	 c	 2 : 1
	14	 a	 r = (5 + 7λ)i + (2λ - 1)j
		  b	 x = 5 + 7λ, y = 2λ - 1	
		  c	 7y = 2x - 17

	15	 a	 r =  − λ
− + λ







2 3
1 4

	 b	 x = 2 - 3λ, y = -1 + 4λ

		  c	 4x + 3y = 5

	16	 a	 r =  λ
− λ







7
3 8

	 b	 x = 7λ, y = 3 - 8λ

		  c	 8x + 7y = 21

	17	 a	 r =  − λ
− + λ







2 3
5 2

	 b	 2x + 3y + 11 = 0

y

x−1 1 2 3 4

1

−1

2

3

4
(3, 4)

y = f −1(x)

y = f (x)

(4, 3)

(3, 0)

(0, 3)

(−1, 2)

(2, −1)
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	18	 a	 −





1
3

	 b	
−







3
9

	 c	 3 10

		  d	 3 : 1	 e	 3 : -1	 f	 3 : 1
	19	 r = (7 - 2λ)i + (6λ - 2)j. B and C lie on the line, 

D and E do not.

	20	 r =  − λ
− + λ







4
9 2

.  H and I lie on the line, G does not.

	21	 a = -9, b = 21, c = -17, d = -12, e = 11, f = 15
	22	 r = (5 + λ)i - (6 + λ)j

	23	 r =  + λ
− λ







6 3
5 4

	 24	 5x + 3y = 46

	25	 6i, 12j	 26	 -3i, -7

	27	 r = (2 + 3λ)i + (3 - 7λ)j, 
2
7

, 
37
3

	28	 8, 19	 29	 7, 
4
3

	30	 Set (1). The other two both give the Cartesian 
equation 2y = x + 4 but (1) gives 2y = x + 5.

	32	 r = 






4
3

+ µ −





2
3

	 33	 77°

Exercise 4C  PAGE 97

	 1	 -i + 11j	 2	






  2
–1

	 3	






–3
  5

	 4	 Paths of particles do not cross in the subsequent motion.
(If A was moving with the given velocity prior to t = 0 
then, when t = -3 particle A was at 7i - 6j and particle 
B reaches that point when t = 4.)

	 5	 In the subsequent motion the paths of the particles  
do meet with both particles reaching the point with 
position vector 25i + 10j when t = 6. A collision is 
involved.

	 6	 In the subsequent motion the paths of the particles do 
cross with particle A reaching the point with position 
vector 15i + 12j when t = 7, particle B being there 
when t = 4. A collision is not involved.

Exercise 4D  PAGE 100

	 1	 r . (3i + 4j) = 18
	 2	 r . (5i - j) = -12
	 3	 Points A, B, E and F lie on the line, C and D do not.
	 4	 u = 2, v = 10, w = 11, x = 8, y = 0, z = -4
	 5	 a	 r . (5i + 2j) = 7	 b	 5x + 2y = 7
	 6	 a	 r . (2i + 5j) = -1	 b	 2x + 5y = -1
	 8	 8x + 5y = 7

Exercise 4E  PAGE 105

	 1	 a	 y = 2x - 8	 b	 y = 
x
1

		  c	 y2 = 4x	 d	 y = (x2 + 1)2, x ≥ 0

	 2	 a	 y = 10 - 2x	 b	 y = 
x +

1
1

		  c	 y = x2 + 2x + 5	 d	 (x - 2)2 + 
y −





1
2

2

 = 1

	 3	 Parametric equations:	
x
y

= θ
= θ







2cos
3sin

		  Cartesian equation:	 9x2 + 4y2 = 36

	 4	 Parametric equations:	
x
y
= − θ
= θ







3sec
2tan

		  Cartesian equation:	 4x2 - 9y2 = 36
	 5	 B, D, E.
	 6	 a	 r  = 25	
		  b	 A lies outside, B lies on, C lies inside, D lies on.
	 7	 x2 + y2 = 652. a = 39, b = -60.

	 8	 + − =7 4 4 5.r i j  A lies on.

	 9	 a	 − + 5r i j  = 9	 b	 + −3 4r i j  = 10

		  c	 + −12 3r i j  = 2 3 	 d	 + +13 2r i j  = 4

	10	 a	 x2 + y2 - 4x - 6y = 12	 b	 x2 + y2 + 8x - 4y = -13
		  c	 x2 + y2 - 8x + 6y = 24
	11	 a	 5, 6i + 3j	 b	 6, 2i - 3j	 c	 3, 3i - 4j	
		  d	 20, 0i + 0j	 e	 1.25, 0i + 0j	 f	 7, 2i - 3j	
		  g	 5, 3i + 9j	 h	 11, -10i + j
	12	 13
	13 	 r = (2 + 3λ)i + (-5 + 7λ)j
	14	 10. The circles have just one point in common 

because the distance between the centres equals the 
sum of the radii.

	15	 2 26.  The circles have no points in common because 
the distance between the centres exceeds the sum of 
the radii.

	16	






–3
 12

,  






4
 9

	 17	 -2i + 6j

Exercise 4F  PAGE 109

	 1	 5  km at 10:36 a.m.	 2	 2 5  m, 2.25
	 3	 Approximately 1.8 metres. The snake probably 

catches the mouse.
	 4	 5 13  cm, 5	 5	 3 13  km
	 6	 17  m	 7	 3 29  units
	 8	 5 units	 9	 4 2  units
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Miscellaneous exercise four  PAGE 111

	 2	 a	 y =  x + 3 	 b	 y =  x − 3 	
		  c	 y =  x −3 6 	 d	 y =  x +2 4
	 3	 a	 5, (7, -1)	 b	 6, (7, 1)
		  c	 3 2,  (0, 0)	 d	 5 3,  (1, -8)
	 	 e	 10, (-1, 7)	 f	 15, (-5, 7)
	 4	 a	

		  b	

		  c	

		

		  d	

	 5	 a	 a = 3, b = 5, c = -2	 b	
5
3

,  1 + 2i, 1 - 2i

	 6	 a	 0.8	 b	 0.5
		  c	 {x ∈¡: x < 4}	 d	 { y ∈¡: y < 1}

		  e	 f -1(x) = 4 - 
x−

1
(1 )

,2  domain {x ∈¡: x < 1},  

range { y ∈¡: y < 4}.

	 7	 a	 i+3 	 b	 −
π



2cis

2
3

		  c	 −
π



4 cis

2
,  -4i	 d	 π



cis

5
6

,   i− +
3

2
1
2

	 8	 a	 Line cuts circle in two places,  
position vectors 20i + 30j and 40i + 34j.

		  b	 Line neither touches not cuts the circle.
		  c	 Line is a tangent to the circle,  

point of contact -2i + 4j.

Exercise 5A  PAGE 120

	 1	 a	

z

x

y 	 b	 	

		  c	

	 2	 a	 5i + 14j + 2k	 b	 -i - 2j + 4k
		  c	 7i + 20j + 5k	 d	 10i + 28j + 4k
		  e	 51	 f	 51
		  g	 7	 h	 15

5

−10

−5

−5 105

y

x

5

−10

−5

−5 105

y

x

5

−10

−5

−5 105

y

x

5

−10

−5

−5 105

y

x

y

x

z

x

z

y
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	 3	 a	














1
4
7

	 b	
−

−















3
4
1

	 c	














0
8

10
	 d	















2
8

14

		  e	 10	 f	 10	 g	 26 	 h	 66
	 4	 a	 < >2, 2, – 3 	 b	 < >3, 0, – 3  
		  c	 < >1, 10, – 6 	 d	 < >0, 6, – 3
		  e	 7	 f	 42
		  g	 17	 h	 17
	 5	 a	 i - j + 5k	 b	 -8i - 3j
		  c	 7i + 4j - 5k	 d	 -7i - 4j + 5k

	 6	 a	














7
1
4

	 b	 −














6
1

 4
	 c	 57

	 7	 a	 7	 b	 15	 c	 8
		  d	 85.6° (to 1 dp)
	 8	 101°	 9	 80°	 10 	 73°

	11	 a	 +
1
7

(2 – 3 6 )i j k 	 b	 +
5
7

(2 – 3 6 )i j k

		  c	 +
7
5

(3 4 )i k 	 d	 31°

	12	 a	 Parallel	 b	 Neither
		  c	 Neither	 d	 Perpendicular
		  e	 Perpendicular	 f	 Neither
		  g	 Perpendicular
	13	 21 N
	14	 3i - 8k

	15	 a = 














  5
  2
–1

,  b = 














  2
–1
  3

	16	 p = 2, q = -4, r = 6
	17	 a	 -2i + 9k	 b	 4j + 7k	 c	 93  m	 d	 4.5

	19	














1
6
2

	20	 5i - 4j + 3k
	21	 8i + 4j - 6k
	23	 To 1 dp: 57.7°, 36.7°, 74.5°
	24	 d = a - b + 2c, e = a - 2b + c, f = -2a - b + c

	25	 a	
→ 
DC = 10i, 

→ 
DB = 10i + 4k, 

→ 
DI = 3j + k

		  b	 83°
	26	 To 1 dp:	 a	 60.8°	 b	 73.0°

	

	27	 a	  
→ 
AB  = 















6
2
1

,  
→ 
BC  = 















–1
–2
  3

,   
→ 
AC  = 















5
0
4

		  c	 41
		  d	 To nearest degree: ∠A = 34°, ∠B = ∠C = 73°

Exercise 5B  PAGE 126

	 2	 a × b = 6i - j + 9k	 3	 c × d = -i - 4j + 5k
	 4	 p × q = 6j + 9k	 5	 i × j = k
	 6	 a	 a × b = 2j + 4k,  × = 2 5a b
		  b	 × = 2 5a b

	 7	 + +
1
3

( )i j k   − + +[or
1
3

( )]i j k

	 8	 + +
1
17

(2 2 3 )i j k   − + +[or
1
17

(2 2 3 )]i j k

Exercise 5C  PAGE 134

	 1	 a	 r = 3i + 2j - k + λ(2i - j + 2k)
		  b	 x = 3 + 2λ, y = 2 - λ, z = -1 + 2λ
	 2	 a	 r = 4i + 2j + 3k + λ(i + j + 2k)
		  b	 x = 4 + λ, y = 2 + λ, z = 3 + 2λ
	 3	 r . (3i - j+ 5k) = 19

	 4	 r .














5
1
3

 = 2

	 5	 r = 2i + 3j - 2k + λ(2i + j) + µ(3i - 4j + 6k)

	 6	 r = 














–3
  2
–1

 + λ














  2
  0
–3

 + µ














  1
–3
  2

	 7	 a = -7, b = 4
	 8	 3x + 2y - z = 21
	 9	 r . (2i - 3j + 7k) = 5 

	11	 Point of intersection has position vector 














–2
  2
  4

.

	12	 Point of intersection has position vector  
-4i + 13j + 13k.

	13	 b	 3i + 6j - 7k, 90°
	15	 Collision occurs when t = 7, at point with position 

vector 














  25
–50
  30

.
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	16	 Can be written in many ways.  

One possibility is r = 














1
2
0

 + λ














1
0
1

 + µ














  1
–3
–5

.

		  Cartesian equation: 	 x + 2y - z = 5

		  Scalar product form: 	 r . 














  1
  2
–1

 = 5

	17	 9i - 8j + 15k
	18	 3.25
	19	 (720i + 600j - 6k) km/h
	20	 b	 The planes are 9 units apart.
	21	 Minimum separation distance is 7 metres and it occurs 

when t = 10.

Exercise 5D  PAGE 138

	 1	 Centre (0, 0, 0), 	 radius 16
	 2	 Centre (0, 0, 0), 	 radius 10
	 3	 Centre (1, 1, 1), 	 radius 25
	 4	 Centre (2, -3, 4),	 radius 18
	 5	 Centre (3, -1, 2), 	 radius  10 	
	 6	 Centre (-4, 1, 0), 	 radius 5
	 7	 Centre (0, 4, 0), 	 radius 5 2 	
	 8	 Centre (1, -3, 0), 	 radius 5
	 9	 Centre (0, 3, -1),	 radius 11
	10	 Centre (-4, 1, -1), 	 radius 5
	11	 Outside	 12	 On
	13	 Outside	 14	 Inside
	15	 Outside	 16	 On
	17	 Inside	 18	 On

	19	 a = 4, b = 6, c = 4	 20	














2
6
3

 and 














  6
–4
  7

	21	 10i - j and 6i - 2j + 9k	

	22	 7i - j + k	 23	














  4
–2
  5

Exercise 5E  PAGE 141

	 1	
2 42

7
	 2	

195
15

	 3	
3 26

26

Miscellaneous exercise five  PAGE 142

	 1	 a	 f (3) = 7	 b	 f (-3) = -11	 c	 g (3) = 7
		  d	 g (-3) = 7	 e	 f (5) = 13	 f	 g (-5) = 13
		  g	 Graph of y = f (x), i.e. y = 3x - 2
			   		

			   Graph of y =  f x( ),  i.e. y =  x −3 2
			 

	 2	 a	 P has coordinates (5, -1).
		  b	 The circle has a radius of 5 units.
		  c	 The vector equation of the circle is  − −(5 )r i j  = 5
	 3	 a	 7, (3, -2)	 b	 11, (2, 7)
		  c	 4, (3, -2)	 d	 2 5, (-1, -7)
		  e	 5, (4, 2)	 f	 10, (-3, 7)
	 4	 75°
	 5	 a	 { y ∈ ¡: y ≥ 0}	 b	 { y ∈ ¡: y ≥ 3}
		  c	 { y ∈ ¡: y ≥ 0}	 d	 { y ∈ ¡: y ≥ 0}
		  e	 { y ∈ ¡: y ≥ 3}	 f	 { y ∈ ¡: y ≥ 0}
	 6	 a < 26

	 7	 f  g (x) = 
x −
3

2 1
,  Domain {x ∈ ¡: x ≠ 0.5},  

Range { y ∈ ¡: y ≠ 0}

		  g  f (x) = 
x
6

 - 1, Domain {x ∈ ¡: x ≠ 0}, 

Range { y ∈ ¡: y ≠ -1}

	 8	 f  g (x) =  x + 4,2  Domain ¡, Range { y ∈ ¡: y ≥ 2}
		  g  f (x) = x + 4, Domain {x ∈ ¡: x ≥ -3}, 

Range { y ∈ ¡: y ≥ 1}

	

−10 −5 5 10

y

x

−10

−5

5

10

−10 −5 5 10

y

x

−10

−5

5

10
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	 9	 a	 −
π



8cis

6
	 b	 8 3cis 0 	 c	

π



8cis

2
	

		  d	 64 cis 0	 e	 π



1cis

3

	10	 a	 1	 b	 7	 c	 4 2  - 3
		  d	 +4 2 3 	 e	 +4 2 3

	11	 a	 π



6cis

5
6

	 b	 −
π



6cis

2
3

	 c	 π



6cis

6
	

		  d	 π



1.5cis

2
	 e	 −

π



3cis

2
3

	 f	 π



2cis

3
	

		  g	 −
π



3cis

5
6

	 h	 −
π



6cis

6
	 i	 −

π



6cis

6

		  j	 −
π



72cis

3

	12	

	13	
π





5
2

cis
2
3

,
4

4  
π





3
2

cis
2
3

4

4

	14	 a	

	 	 b	

	 	 c	

	15	 9j + k
	16	 a	 The lines are parallel.	 b	 The lines are skew.
		  c	 The lines intersect.	 d	 The lines are parallel.

	17	 13, 52 m
	19	 ~56 m, (-192i + 216j + 16k) m/s

Exercise 6A  PAGE 155

	 1	 x = 3, y = -2, z = 5	 2	 x = 4, y = 7, z = -2
	 3	 x = -1, y = 5, z = 1	 4	 x = 1, y = 4, z = -3
	 5	 x = 3, y = 4, z = 6	 6	 x = 1, y = -2, z = -3

	 7	
−











3 2 10
1 4 8

	 8	 −









1 5 12
2 3 2

	 9	
















1 4 3 18
3 1 2 11
5 2 1 12

	 10	 −
















2 0 3 14
4 1 1 0
2 1 6 26

	11	
− −

















3 2 0 8
1 0 2 8
0 2 1 1

	 12	
−

−

















1 3 5 2
2 1 7 37
1 0 1 3

	13	 x = 7, y = 9	 14	 x = 5, y = -2	
	15	 x = 3, y = 1, z = 2	 16	 x = 4, y = 3, z = -1
	17	 x = 7, y = 0, z = -2	 18	 x = 3, y = -1, z = -2
	19	 x = 5, y = 1, z = -8	 20	 x = 3, y = 1, z = 3
	21	 x = 2, y = -3, z = 4	 22	 x = 3, y = 1, z = -2
	23	 x = -5, y = 11, z = 0	 24	 w = 1, x = -3, y = 2, z = 1
	25	 5x + 3y = 270, x + 2y = 110, x = 30, y = 40
	26	 5p + 10q + 4r = 160, 2p + q + 4r = 94, p + 2q + 2r = 56
		  4 P tablets, 6 Q tablets and 20 R tablets.
	27	 a	 5x + 3y + 8z = 6100, x + 5y + z = 1800,  

4x + 2y + z = 2100	
		  b	 x = 300, y = 200, z = 500

Exercise 6B  PAGE 165

	 1	 0	 2	 2	 3	 -0.5
	 4	 -3	 5	 1.5	 6	 k ≠ 2
	 7	 2	 8	 -1	 9	 3
	10	 -5	 11	 3	 12	 6
	13	 0	 14	 -0.5	 15	 -2
	16	 0	 17	 0
	18	 Infinite solutions for all values of k. Thus k can take 

any value.
	19	 -1	 20	 3
	21	 a	 p = 1.5, q = 10	 b	 p = 1.5, q ≠ 10
		  c	 p ≠ 1.5, no restriction on q.
	22	 a	 p = 6, q = 9	 b	 p = 6, q ≠ 9
		  c	 p ≠ 6, no restriction on q.

− π



3cis

5
6

−π



3cis

6

π



3cis

2

Re

Im

5

Re

Im

5

5

Re

Im

5

5

Re

Im

5

π
3
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	23	 p = 9, q = 1	 24	 p = -1, q = 5
	25	 p ≠ -1	 26	 p ≠ 5
	27	 Infinite solutions
	28	 a	 k ≠ 0.5, no restriction on m	
		  b	 k = 0.5, m ≠ -1	 c	 k = 0.5, m = -1
	29	 a	 no solution	 b	 infinite solutions
		  c	 unique solution: x = 3, y = -1, z = 4
	30	 a	 k ≠ 2, no restriction on m

		  b	 k = 2, m ≠ −
4
3

	 c	 k = 2, m = −
4
3

Miscellaneous exercise six  PAGE 167

	 2	 a	 -8 < a < 2	 b	 -8 or 2
	 3	 a	 P1 (0, a), P2 (0, b)	 b	 a > b
		  c	 P4 (a, 0), P6 (2b, 0)

		  d	 P3 (2a - 2b, 2b - a), P5 
a b b a+ −





2 2
3

,
2

3

		  e	 A, E, G	 f	 C
		  g	 B, F	 h	 D
	 4	

	 5	 a	 − π
10cis

5
6

	 b	 i− +3 2 3 2

	 7	 a	 z =  −
π



2 cis

4
	 b	 128i

	 8	 5i + 4.5j - k
	 9	 a	

	 	 b	

			   z w+  is the reflection of (z + w) in the real axis.
			   But, from the diagram, z w+  is a reflection of 

(z + w) in the real axis.

			   Hence z w+  = z  + w.
		  c	 Justification not shown here. Compare your 

answer to those of others in your class.
	10	 16 cis 160°, 2 cis 130°, 2 cis (-50°), 2 cis (-140°)
	11	 a	 Domain {x ∈ ¡: x > 3}, Range ( y ∈ ¡: y > 4}.

		  b	 f -1(x) = 
x −

1
( 4)2  + 3, Domain {x ∈ ¡: x > 4}, 

Range ( y ∈ ¡: y > 3}.
	12	 cos 4θ = cos4 θ - 6cos2 θ sin2 θ + sin4 θ,  

sin 4θ = 4 cos3 θ sin θ - 4 cos θ sin3 θ
	13	 The planes are 8 units apart.
	14	 The shortest distance from the line to the origin  

is 
26
2

 units.

	15	 10

Exercise 7A  PAGE 175

	 1	 a	 j m	 b	 (54i + 3j) m/s

	 	 c	 15 13 m/s	 d	 36i m/s2

	 2	 a	 10 m/s	 b	 12 m

	 3	 a	 5 	 b	 t

t t

−

− +

5 1

5 2 12

	 4	 a	 -0.25i + 2j	 b	 0.25i
	 	 c	 2.5i + 5j
	 5	 a	 7	 b	 2.5
	 6	 a	 2i + ej	 b	 0.1ej
	 	 c	 20i + 10ej
	 7	 a	 15 m	 b	 (8i + 6j) m/s
	 	 c	 10 m/s	 d	 37°

	 8	 a	 4 13 m/s	 b	 (18i + 4j) m/s2

		  c	 176	 d	 15.3°

Re

Im

−3

−3

5

8

Im

Re

z

w

z

w

Re

Im w

z z + w

z z + 

w

w
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	 9	 a	 10  m/s	 b	 146  m/s	
		  c	 (2i + 12j) m/s2	 d	 (17i + 124j - 9k) m
	10	 a	 8	 b	 3	 c	 1.5
	11	 (3i + 4j + 6k) m, 2j m/s, 2k m/s2

	12	 a	 [2i + (2t - 8)j] m/s
		  b	 [(2t + 1)i + (t2 - 8t + 20)j] m	

		  c	 74 m

		  d	 2 5 m/s
		  e	 4, 4 m
		  f	 4y = x2 - 18x + 97
	13	 a	 2	
		  b	 Does not cross the y-axis.
	14	 [-2πi + π2j + (eπ - π - 1)k] m

	15	 a	
π
6

		  b	 (6 cos 3ti - 6 sin 3tj) m/s, (-18 sin 3ti - 18 cos 3tj) m/s2

	16	 8 m

Exercise 7B  PAGE 179

	 1	 velocity = (u + at)i m/s,  

position vector =  ut at+





1
2

2 i  m

	 2	 [14ti + (35t - 4.9t2)j] m, 87.5 m, y =  x x−
5
2

1
40

2

	 3	 a	 -10j m/s2	
		  b	 +(40 40 3 )i j  m/s	
		  c		  t t t+[40 (40 3 – 5 ) ]2i j  m
		  d	 8 3  s	
		  e	 320 3  m
	 4	 a	 [42t cos θi + (42t sin θ - 4.9t2)j] m
		  b	 20.9°, 69.1°
	 5	 a	 [u cos θ° i + (u sin θ° - gt)j] m/s

		  b	 ut ut tθ° + θ°











cos sin –
1
2

g 2i j  m

		  c	 u
g

θ°2 sin
 seconds

		  d	 u
g

θ°sin 22

 metres

		  e	 45
	 6	 a	 v(t) = -sin (0.5t)i + cos (0.5t)j,  

a(t) = -0.5 cos (0.5t)i - 0.5 sin (0.5t)j
		  b	 1
		  c	 0, velocity always perpendicular to acceleration.
		  d	 0.25

		  e	 With k > 0, the acceleration is always directed 
towards (0, 0), the centre of the circle.

	 7	 a	 t t−
π



 +

π



5sin

2
5cos

2
i j

		  b	 5i
		  c	

		  d	 (5i - 5j) m.  This is the vector from r(0) to r(3).
				�    It is the displacement vector  

for t = 0 to t = 3.
			   5 2  m.	� This is the magnitude of the 

displacement from t = 0 to t = 3.
			 

π15
2

. 	� This is the distance travelled from  
t = 0 to t = 3,

				    i.e. three quarters of the circumference.
	 8	 a	

		  b	 9x2 + 4y2 = 36
		  c	 1.20 rads
		  d	 Acceleration is always towards (0, 0). k = 

π
36

2

	 9	 t t t t+
49
20

(10 3 – )
49
20

(10 – 3 )i j

	10	 a	 (t - sin t)i + (1 - cos t)j	
		  b	 2 m
		  c	 i	 r = 0i + 0j,	 v = 0i + 0j
			   ii	 r = (0.5π - 1)i + j,	 v = i + j
			   iii	 r = πi + 2j,	 v = 2i + 0j
			   iv	 r = (1.5π + 1)i + j,	 v = i - j

Miscellaneous exercise seven  PAGE 182

	 1	
π

2cis
5
6

	 2	 i− +3 2 3 2

	 3	 f -1(x) = 
x

x
x ÷









  4

      3
	

for
for
for

	
x

x
x

≤
< <

≥

    0
0       9

   9

t = 3t = 1

t = 0

3

−2

−3

2
t = 9t = 3

t = 0
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	 4	 All of them.
	 5	 f -1 (x) = (x - 3)2 - 1, Domain {x ∈ ¡: x ≥ 3},  

Range {y ∈ ¡: y ≥ -1}.
	 6	 a	 p = 2i + 3j - 2k	
		  b	 q = -2i + 4j + 3k	
		  c	 85° (to nearest degree)
		  d	 61° (to nearest degree)	
		  e	 42° (to nearest degree)

	 7	 i j k+ −2
3

2
3

1
3

	 8	 −
−















2
10
13

	 9	 Domain {x ∈ ¡: 0 ≤ x ≤ 0.64},  
Range {y ∈ ¡: 0 ≤ y ≤ 2}.

	10	 (6i + 8j) m/s, 10 m/s, 2j m/s2

	11	 (Graph not shown here – check with a graphic 
calculator display.) -7 ≤ x ≤ 7

	12	 a	 2a	 b	 2ib	 c	 a2 + b2

		  d	
a b
a b

i
ab

a b
−
+

+
+

22 2

2 2 2 2

	13	
−













3
2
1

	14	 f  g(x) = x - 9, Domain {x ∈ ¡: x ≥ 9},  
Range { y ∈ ¡: y ≥ 0}.

		  g  f (x) =  x − 9,2  Domain {x ∈ ¡:  x  ≥ 3},  
Range { y ∈ ¡: y ≥ 0}.

	15	 f  g(x) = 9 - x, Domain {x ∈ ¡: x ≤ 9},  
Range { y ∈ ¡: y ≥ 0}.

		  g  f (x) =  x−9 ,2  Domain {x ∈ ¡: -3 ≤ x ≤ 3},  
Range { y ∈ ¡: 0 ≤ y ≤ 3}.

	16	 a	  

			   (Note the use of the dashed line to imply 
the line itself is not included.)

		  b	

		  c	

		  d	

	17	 Points z = x + iy satisfy the equation 

x y



 + 



 = + 

1
3

 – 
4
3

8
9

,
2 2

		  i.e. a circle, centre 

–

1
3

,  
4
3

 radius 
2 2

3
.

	18	 Many possible answers, for example  −














1
17

0
1
4

,  

−















1
9

1
4
8

,  but all must be of the form

		
a b c

a
b
c+ +















1
2 2 2

 with -8a + 4b + c = 0.

Im

Re

5

5

Im

Re

5

5

Im

Re

6

−6

6−6

Im

Re

5

1

−5

52−5

π
4
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	19	 a	 1	 b	 16	 c	 17	
		  d	 9	 e	 0.082	 f	 0.708
	20	 L1 and L2 do not intersect.
	21	 a = 3, b = 5, c = 3, A (3, 1), B 


5,

5
3

.

	22	 r =  −














5
1
1

	23	 a = 9, b = -4, c = 7, d = 12, e = 9, f = -10
	24	 -a + 2b - 3c
	25	 rF = i + 3j - 2k, c = 0, d = 9, e = 4
	26	 a	 1.07 radians	
		  b	 3i + 3j - 2k
		  c 	 r . (i + 2j - 2k) = 13
	28	 8 cos4 θ - 8 cos2 θ + 1
	29	 -b + ai, -a - bi, b - ai
	30	 Full method should be shown, leading to	
		  a	 x = 3, y = 0, z = 4	 b	 x = 3, y = 1, z = -1
	31	 4x2 - y2 = 16 (For x ≥ 2.)
	32	 (-40i - 16j - 12k) m/s, 670 m
	33	 a	 i	 q = 0	 ii	 q ≠ 0
		  b	 x = 2q + 0.5, y = 0.5, z = -q

		  c	 x = 1, y = 
3
8

,  z = −
1
8

	34	 a	 2i + (3π - 1)j	
		  b	 3 m/s, [4i + (0.75π - 1)j] m
	36	 The shortest distance from the line to the given point 

is 3 units.

	37	 a	 ut ut
gtθ + θ















cos sin –

2

2
i j  m

		  b	 34.9° or 76.9°
	38	 Student’s conclusion is incorrect. The last equation, 

0x + 0y + 0z = 0, is true for all values of x, y and z, 
perhaps suggesting infinite solutions. However, 
looking to the other lines we still have three other 
equations involving three unknowns so a unique 
solution may still be possible. Indeed from these we 
obtain x = 1, y = -1 and z = 3 (and of course these 
values also fit 0x + 0y + 0z = 0). The conclusion the 
student should have made is that the system has a 
unique solution of x = 1, y = -1 and z = 3.

	39	 a	 [30i + (24 - 10t)j] m/s	 b	 [30ti + (24t - 5t2)j] m
		  c	 2.4 s	 d	 4.5 s
	 	 e	 28.8 m	 f	 6.75
	41	 −6 6
	42	 If looking for x, y and z values that satisfy all of the 

equations, the first equation, x + 3y - z = 3, and 
second equation, -x - 3y + z = 3 (i.e. x + 3y - z = -3) 
are contradictory. Hence no solution. The two 
equations represent distinct parallel planes, hence 
no points in common.

	43	 a	 p = -4, q = -1
	 	 b	 p = -4, q ≠ -1	
		  c	 m = -1, n = 2, p = -2, q = 5
	44	 No. Closest distance to light is  42  m which is 

greater than 6 m.
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ANSWERS 
UNIT FOUR
Exercise 8A  PAGE 199

	 1	
y
x

−
+
+

8
2

	 2	
x y

x
− +

+
6 4

1
	

	 3	
xy

y x
+
−

2(1 3 )
3( )2 2 	 4	

x y
y x

+
−

6 5
2( )

2

3 	

	 5	
x y

y x
+ −

−
2 2 3
2(5 )

	 6	
x y

y x
+ −

−
2 2 1
2(3 )

	

	 7	
x

y
−9 2
2

	 8	
x

y−
2

9 2

	 9	
y x
y x

−
−

9 2
2 9

	 10	
y x
y x

+ −
− −

9 1 2
2 9 1

	

	11	
x
y

cos
sin

	 12	
x y y
x x y

−
+

2( cos 5 )
10 sin2

	13	 8	 14	 0.125
	15	 -1.2	 16	 -3.2

	17	 y = x	 18	
489
212

	19	 2xy + x4y	 20	 (1, 1.5), (1, -3)
	21	 (1, -3), (3, -3)

	22	
dy
dx

x
y

=
+

−
2 1

1 3
.2  At (1, 0), 

dy
dx

= 3.

		
d y
dx

y y x
y

=
− + +

−
2(1 3 ) 6 (2 1)

(1 3 )
.

2

2

2 2 2

2 3  At (1, 0), 
d y
dx

2

2 = 2.

	23	 6y =  x + π −4 3 4 3

	24	
dy
dx

x
y

=
−

sin
2 3

, 
d y
dx

y x x
y

=
− −

−
(2 3) cos 2sin

(2 3)

2

2

2 2

3

	25	
dy
dx

x
y

=
+ 1

cos
.  At  −

π



2,

6
,  

dy
dx

= −
2 3

3
.

		
d y
dx

y x y
y

=
+ +cos ( 1) sin
cos

.
2

2

2 2

3   

At  −
π



2,

6
,  

d y
dx

=
10 3

9
.

2

2

	26	






3
2

,
3 3

2
 and 







–
3

2
,  –

3 3
2

Exercise 8B  PAGE 201

	 1	 a	 6 cos 2t	 b	 -10 sin 5t	 c	
t
t

−
5sin 5
3cos 2

	 2	 a	 2 sin t cos t	 b	 -3 sin 3t	 c	
t
t

−
3sin 3
sin 2

	 3	
t2

3
	 4	

t
3
2

	 5	
t

t
+2( 1)

15 2 	

	 6	
t

−
+
1

6( 1)3 	 7	
t

t
− 1

	 8	 t
t

−
+

2( 1)
( 1)

2

2 	

	 9	 -1.5	 10	 -36
	11	 (14, -16), (2, 16)

	12	 a	
t
t

cos 2
cos

	 b	 (2, 3),  
1
3

		  c	 π
4

,  
π3
4

,  
π5
4

,  
π7
4

	13	 a	
t
t

−
+
2

2 1

2

2 	 b	 t
t +
10

(2 1)

3

2 3
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Exercise 8C  PAGE 206

	 1	 200	 2	 1.5	 3	 2
	 4	 a	 0.5	 b	 36
	 5	 0.15	 6	 0.25	 7	 0.36

	 8	 -8	 9	 0.25 cm2/s	 10	
1
2

 cm2/s

	11	 Decreasing at 0.075 cm/s	
	12	 0.16 cm2/s	 13	 6 cm2/s	
	14	 60 3 cm2/min
	15	 0.4 πr2 cm3/s	 a	 10π cm3/s	 b	 10 cm
	16	 a	 12 cm2/s	 b	 30 cm3/s
	17	 a	 80 cm/min	 b	 40 cm/min
		  c	 16 cm/min
	18	 a	 3r2 cm3/s	 b	 4.8r cm2/s
	19	 a	 1.6 cm/s	 b	 0.8 cm/s
	20	 a	 4x(2x2 - 3) m/s2	 b	 5 m/s, 40 m/s2

	21	 2 3 cm2/s
22	 a	 i	 4 cm/s	 ii	 1 cm/s
		  b	 22 mm/s

	23	 a	
π

1
32

 m/min	 b	
π

1
4

 m/min

	24	 1090
	25	 a	 π cm2/s	 b	 2.5π cm3/s
	26	 a	 4.8π cm2/s	 b	 14π cm3/s

	27	
25
6

 cm/s	 28	 27 mm/min

	29	 a	 shortening at 0.6 m/s	 b	 2 m/s
	30	 a	 lengthening at 1 m/s	 b	 3 m/s

	31	 −
1

2 3
 cm/s	 32	

180
13

 m/s (≈ 13.8 m/s)	

	33	 4 m/s	 34	
π89

2
 m/s (≈ 139.8 m/s)

Exercise 8D  PAGE 212

	 1	 0.7, f (5.01) - f (5) = 0.701 501

	 2	 0.015,  f fπ
+





π



9

0.01 –
9

 = 0.0146 (to 4 decimal 

places)

	 3	 0.011 25,  f fπ
+





π



3

0.001 –
3

 = 0.011 265 9  

(to 7 decimal places)

	 4	
x

10

		  a	 $2 per unit	 b	 $1 per unit
		  c	 $0.50 per unit

	 5	 750 - 30x + 
x3

10

2

		  a	 $120 per tonne	 b	 $30 per tonne
		  c	 $750 per tonne
	 6	 $10 per unit. It will cost approximately $10 to produce 

the 11th item.
	 7	 a	 12 cm2	 b	 15 cm3

Exercise 8E  PAGE 213

	 3	 a	 x x(1 + ln x)	 b	 2x2x(1 + ln x)

		  c	
x x x x x

x

x −(cos sin ln )cos

		  d	
x x

−
+ −

3

(3 1)(3 1)3

Miscellaneous exercise eight  PAGE 214

	 1	 a	
x−

8
(3 2 )2 	 b	 6 sin2 (2x + 1) cos (2x + 1)

		  c	
xy

x y
−

+
5 6

3( )2 2 	 d	
t

t +
4

2 3

3

	 2	 4y = -3x + 25

	 3	 a	 2y3	 b	
y y

y
−
+

2 (5 )
(2 5)

3 3

3 3

	 4	 a	
40
3

 m/sec ↑, 
4 3

9
 m/s2 ↑.

		  b	 40 m/sec ↑, 4 3  m/s2 ↑.

Exercise 9A  PAGE 219

	 1	 5(x2 - 3)6 + c	 2	 –(1 - 2x)4(1 + 8x) + c

	 3	 x x c+ +
2
63

(3 1) (18 – 1)6 	 4	 x c+
1
4

(2 – 1)2 6

	 5	 x c+ +
1
3

(3 1)2 6 	 6	 x x c+ +
1
7

( – 2) (3 1)6

	 7	 –(4x + 3)(3 - x)4 + c	 8	 x x c− + +
1
42

(5 – 2 ) (12 5)6

	 9	 x x c+ +
1
4

(2 3) (8 – 3)4 	 10	 x x c+ − +
4
15

(3 1) (9 2)
3
2

	11	 x c+ +2 3 52 	 12	 x x c( )+ − +– 1 1 2

	13	 x c+
2
3

sin 26 	 14	 x c− +
9
8

cos 38

	15	 -3 cos (x2 + 4) + c	 16	 x x c+ + +
1

84
(2 1) (24 19)6



ISBN 9780170395274MATHEMATICS SPECIALIST  Units 3 & 4334

Exercise 9B  PAGE 220

	 1	 x x c− +
1
2

1
3

cos32 	 2	 2x + c

	 3	 x c− +
1
8

cos8

	 4	 +
1
2

sin 2x c   x x c+ +



or

1
2

(cos sin )2

	 5	 x x c+ +
2
5

2
3

5
2

3
2 	 6	 -2 cos (x2) + c

	 7	 -4 cos (x2 - 3) + c	 8	 x c+ +
16
3

(1 3 )
3
2

	 9	 x x c+ − +
2
9

(1 3 ) (9 2)
3
2 	 10	 x c+

1
10

sin 25

	11	 x x c+ +
1
28

(2 7) (12 – 7)6

	12	 x c+ +
1
2

(2 7)6 	 13	 x3 - 2x + c	

	14	 x c+
1

12
(3 – 2)2 8 	 15	 sin x -  x c+

1
2

cos 2

	16	 x x c+ +
1

54
(3 – 2) (12 1)8

	17	 x c+
1
2

2 	 18	 x c+ +6 1 2

	19	 x x c+ +2( – 1) 1 2 	 20	 x x c+ + +
1
9

( 1)2 9

	21	 -12 cos (x2 + 3) + c	 22	 x x c− + +
3

28
( 5) (8 37)

4
3

	23	 x c+ +
1
3

( 5)6 	 24	
x

c
−

+
(2 1)

3

6

	25	 x x c+ +
1
42

(2 – 1) (12 1)6

	26	
x

c− +
cos 6

24

4

	 27	 x c− +6 32

	28	
x

c− +
cos 4

8
	 or 

x
c+

sin 2
4

2

	29	 x x x c+ + +
1

168
(2 – 1) (84 12 1)6 2

Exercise 9C  PAGE 222

	 1	 160	 2	 113.6
	 3	 125	 4	 2

	 5	 9.28	 6	 12
2
3

	 7	 8 square units	 8	 72.9 square units

Exercise 9D  PAGE 225

	 1	 x x+
1

18
sin 9

1
2

sin + c

	 2	 x x−
1

12
sin 6

1
16

sin 8  + c

	 3	 x
1
5

sin5  + c	 4	 x
3
2

sin4  + c

	 5	 -cos x +  x
1
3

cos3  + c	 6	 sin x -  x
1
3

sin3  + c

	 7	 sin x -  x x+
2
3

sin
1
5

sin3 5  + c	

	 8	
x x

+
2

sin 2
4

 + c	 9	
x x

−
2

sin 2
4

 + c

	10	 3x - 2 sin 2x +  x
1
4

sin 4  + c

	11	 x + c	 12	 x
1
2

sin 2  + c

	13	 -cos x +  x
x x

+ +
1
3

cos
sin 2

4 2
3  + c	

	14	 x
−

cos 2
2

 + c (or sin2 x + c or -cos2 x + c)

	15	 x x− +
1
3

cos
1
5

cos3 5  + c	 16	 −x x1
3

sin 1
5

sin3 5 + c

	17	 x
1
3

tan 3 – x + c	 18	 tan x + c

	19	 tan x - x + c	 20	 x
1
5

tan5  + c
	21	 2π2 square units
	22	 a	 r = (3 + 2t - sin 2t)i + (1 - t + tan t)j

		  b	 π



 = +

π



 + π



4

2
2

2 –
4

r i j

Exercise 9E  PAGE 231

	 1	 x c+7 ln 	 2	 x x c− +4 ln3

	 3	 4 ln (x2 + 6) + c	 4	 x c− +
1
2

ln cos 2

	 5	 x x c+ +2ln 	 6	 x x c− + +2ln 2

	 7	 x x c− +2 3ln 	 8	
x

x c+ − +
2

3
4

ln 2 3

	 9	
x

x x c+ − + +
2

2ln 3
2

	 10	 x x c+ + +3ln 2ln 1

	11	 x x c+ + − +3ln 2 ln 3

	12	 x x c− + + +3ln 1 ln( 6)2 	

	13	 x x x c+ + + − +5ln 1 ln 12
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	14	 x x
x

c+ + − +
−

+3ln 1 2ln 1
4

1

	15	 x x
x

c+ + − +
−

+2ln 2 1 2ln 3
5

3

Exercise 9F  PAGE 233

	 1	
π32

5
 units3	 2	

π9
5

 units3	 3	
π15

2
 units3

	 4	
π109

3
 units3

	 5	 a	
π
2

 units3	 b	
π
6

 units3

	 6	
π78

5
 units3	 7	 18π units3	 8	 2π units3	

	 9	
π
2

2

 units3	 10	
π2

15
 units3	 11	

π24
5

 units3

	12	 4π2 units3	 13	
4
3

πr3	 14	
1
3

πr2h	

	15	 2π units3	 16	
π7

15
 units3	 17	 108π cm3

	18	
π7
2

 units3	 19	
π
16

2

 m3, 
π
16

2

 m3

	20	 160π units3

	21	 xy dx
a

b

∫π2 	 a	 π15
2

 units3	 b	
π199

5
 units3

	22	 xy dy
a

b

∫π2 	 a	 2π units3	 b	
π7
3

 units3

Miscellaneous exercise nine  PAGE 239

	 1	 6(2x + 1)2	 2	 -12 sin 3x + 12 cos 4x	

	 3	
x x x x

x
−sin (4 cos sin )3

2 	 4	
x x

x
+ +

+
2 sin 2cos

(1 cos )2

	 5	
x
x+

2cos 2
(1 sin 2 )2 	 6	

x y
x y

−
+

6 5
5 6 2

	 7	
t

t
−

−
12

6 5

2

	 8	
y y x
x x y

−
+

cos cos
sin sin

	 9	 a = 1, b = 6,  x x c− + + +ln 1 6 ln 1

	10	 a	 x c+
1
2

sin 8

		  b	 x c+ +
1
6

(3 )2 6

		  c	 x x c+ − +
3

28
( 3) (41 12 )

4
3

		  d	 x c+
1

12
sin 26

		  e	 x x c− +
1
2

1
2

sin

		  f	
x x

c− +2sin
2

2
3

sin
2

3

		  g	 x x c− +
1
6

cos 2
1
2

cos 23 	

		  h	 -4 cos3 x + c
		  i	 -4 cos3 x + 6 cos x + c
	11	 a	 y = 1.75x - 0.5	 b	 9y + 4x = 35
	12	 (π ln 4) units3 	 13	 24 cm2/s

	15	 -0.5 + ln 3	 16	
π
4

5
 cm/sec

	17	 a	 13
3

 m/s	 b	
13
3

 m/s	 c	
5
3

 m/s

Exercise 10A  PAGE 246

	 1	 y = 4x2 - 5x + c	 2	 y =  x c+4
3
2

	 3	 4y2 = 2x2 - x + c	 4	
y

x
c= − +

3
2

52

	 5	 7y2 = 
x

c− +
1

	 6	 2 cos 2y = 
x

c+
5

	 7	 y2 - 3y = 4x2 + x + c	 8	 2y2 - 5y = x2 - x3 + c

	 9	 sin y = 
x

−
1

 + c	 10	 (y2 + 1)6 = 3x2 + c

	11	 y = 3x2 + 1	 12	 y2 = 
x

−
13
3

5
3

	13	 2y + sin y = x2 + 3x + π - 3	
	14	 y2 + 3y = x4 + 4x2 + 5
	15	 When s = 3, v = 4 7
	16	 a	 a = 1

		  b	 b =  +3 3,  gradient −
+

1

2 3 3
.

	17	 a	 When t = 20 the volume is 30 cm3.
		  b	 Pumping ceases when t = 48.

Exercise 10B  PAGE 248

	 1	 a	 448	 b	 180 804
	 2	 a	 17 452	 b	 2 590 064
	 3	 a	 81 873	 b	 60 653
	 4	 Approximately 680 grams.
	 5	 Approximately 7.36 kg.
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	 6	 ~1733 years
	 7	 a	 0.5 kg	 b	 0.25 kg	 c	 0.397 kg
	 8	 98.6%	 9	 ~22%
	10	 Approximately 4200 years.
	11	 Approximately 117 years.
	12	 b	� Easier to divide into 72 mentally as it is an integer 

with many factors.
	13	 12.9 minutes, i.e. approximately 13 minutes.  

Compare your answer regarding the forensic 
possibilities of this idea with that of others in your class.

Exercise 10C  PAGE 252

	 1	 a	 0.885
		  b	 Approximately 18.122 million.
	 2	 Approximately 53 500.
	 3	 Various ways of writing the answer, two of which are 

shown below.

		  y = 
e

e e

x

x x+
=

+ −
150

1 0.5
300

1 2

0.6

0.6 0.6

	 4	 a	 According to the model, the limiting value of L  
is 200.

			   This means that when fully grown the length of 
the animal is 2 metres (or as near as makes no 
difference.)

		  b	 Various ways of writing the answer, three of which 
are shown below.

			   L = 
e
e

t

t+
10 200

149 51

0.4

0.4

				    = 
e t+ −

10 200
51 149 0.4

				    ≈ 
e t+ −

200
1 2.9216

,0.4

			   the last of these being in the 
K
Ce at+ −1

 form.

		  c	 Approximately 189.8 cm

	 5	 a	 P = 
e t+ −

2500
1 14.625 0.2

		  b	 2500
		  c	 Approximately 839
	 6	 Approximately 17 175

Exercise 10D  PAGE 255

	 1	
dy
dx

 = 1, Graph F.	 2	
dy
dx

 + 2 = 0, Graph J.

	 3	
dy
dx

 = 4 - 2x, Graph D.	 4	
dy
dx

 = x(x - 3), Graph I.

	 5	
dy
dx

 = (x + 1)(3 - x), Graph E.	

	 6	
dy
dx

 =  x ,  Graph G.

	 7	
dy
dx

 = 2x, Graph H.

	 8	
dy
dx

x
=

2
,  Graph C.

	 9	

Miscellaneous exercise ten  PAGE 260

	 1	
dy
dx

 = y - x, slope field B.

		
dy
dx

x
y

= ,  slope field C.	

		
dy
dx

 = y -1, slope field A.

	 3	 δy ≈ 0.055
	 4	 a	 2 cos x	 b	 2 sin x cos x	

		  c	 cos (sin x) . cos x	 d	
x−

19
(5 3 )2 	

		  e	 6(2x + 3)2	 f	
x y

x y
−

+
3cos 2

2 3 2

		  g	
x y

x x y
−
−

2
(ln 6 )

2

	 h	
y y

xy x
− +

+ −
(5 3 )(1 2 )
3(2 2)

	 5	 2y2 = e2x + 17

	 6	 y =  x− −
11
3

10
3

  [at the point (1, -7)]  

and  y =  x− +
4
3

10
3

  [at the point (1, 2)].

−2 −1 1 2

2

1

−1

−2

y

x
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	 7	 6π units3

	 8	 a	
x

c
−

+
(3 5)

48

2 8

		  b	
x x

c
+ −

+
(8 5)( 5)

72

8

 

		  c	 x c− +8 32

		  d	 x x c− + +
4
75

(5 2) (15 4)
3
2

		  e	 -4 cos (x2 - 5) + c

		  f	 e
c

x+
+

(1 )
5

5

		  g	 x x c− + +
8
3

3( 6) 	

		  h	 x
x

c−
+
+

+
5 4

2( 2)2

	 9	 πr2 cm3/s	 a	 100π cm3/s	 b	 16 cm
	10	 0.006 rad/s

	11	
π

27
16

 cm/s

	13	 a	 ~76.6 million tonnes	 b	 ~17.9 years

Exercise 11A  PAGE 267

	 1	 a	 24 m/s2	 b	 130 m
	 2	 0.3 m/s
	 3	 a	 -1 m/s	 b	 0 m/s2

	 4	 a	 4 m/s2	 b	 7 m

	 5	 a	 4.5 m/s	 b	 +
π

−






5
4
3

3
4

 m

	 6	 12 m/s2

	 7	 8 m/s
	 8	 a	 0.5	 b	 0.1e2

	 9	 a	
t +

1
(2 3)2  m/s, 

t
−

+
4

(2 3)3  m/s2

		  b	 0.4 m, 0.04 m/s, -0.032 m/s2

	10	 7, 41 m/s
	11	 a	 24 m/s	 b	 8, 64 m
	 	 c	 40 m	 d	 13 m
	12	 -10 m/s
	13	 a	 2 m/s	 b	 (4 cos 2t) m/s2

	 	 c	 4 m/s2	 d	 (1 - cos 2t) m
	 	 e	 2 m

	14	 a	 (9x + 6) m/s2	 b	 14 m/s, 42 m/s2

	15	 0.5 ln (8.5) metres

Exercise 11B  PAGE 275

	 1	 a	 5 m, π seconds	 b	 4 m, 0.4π seconds
		  c	 2 m, 0.5π seconds
	 2	 a	 π seconds	 b	 2π seconds
		  c	 0.4π seconds
	 3	 a	 x = sin 0.5t	 b	 x = -sin 0.5t
		  c	 x = 3 sin 2t	 d	 x = -0.5 sin πt
	 4	 a	 x = 2 cos 2t	 b	 x = 1.5 cos 4t
		  c	 x = 0.5 cos 4πt
	 5	 a	 x = ±2.5 sin 2t	 b	 2.5 m/s
	 6	 a	 34  m, 0.4π s	 b	 58  m, π s
	 7	 b	 20 seconds, 4 m	 c	 2.35 m
	 8	 b	 6 seconds, 2 m	 c	 (4 -  3 ) m
	 9	 b	 π seconds, 3 m	 c	 2.76 m

	10	 a	 x =  tπ +
π



4 sin 5

6
	 b	 4π m/s

	11	 a	 x =  t +
π



2sin 5

4
	 b	 10 m/s

		  c	 50 m/s2

	12	 a	
3 3
10

  m	 b	 3 3
10

 m

		  c	 i	 π
12

	 ii	
π5

12
	 iii	

π7
12

	13	 a	 −
3 3

2
 m	 b	 −

π3
2

 m/s

		  c	 π3
2

 m/s	 d	
2
3

	14	 a	 0.96 seconds
		  b	 0.19 seconds
		  c	 0.42 seconds
		  d	 0.84 seconds, 2.30 seconds
	15	 0.72 seconds
	16	 a	 x = 2 sin 2t	 b	 x = 4 cos 2t

	17	 a	 2 cm	 b	 π
4

 seconds

		  c	 π
16

 seconds	 d	 16 cm/s	

		  e	 π
48

 seconds

	18	 a	 4 m	 b	 2
	 	 c	 14.98 m
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	19	 b	 2 seconds, 4 m	 c	 3 m
		  d	 7 m
	20	 b	 π seconds, 3 m	 c	 5 m
		  d	 2 m
	21	 a	 0.21 m	 b	 0.27 m
	22	 π seconds, 25 m

	23	
π2
3

 seconds, 0.65 m

Miscellaneous exercise eleven  PAGE 279

	 1	 a	 6xy	 b	
y x

x y
− +

+
15 4 8cos 2

4 5 4

	 2	 Approx 34.7 years
	 3	 a	 0 m/s	 b	 (3 sin 2t) m/s2

		  c	
π
4

	 d	 (1.5t - 0.75 sin 2t) m

		  e	 π −2 3 3
8

 m

	 4	 a	 6x(3x2 - 2) m/s2	 b	 1 m/s, 6 m/s2

	 5	 y3 = x2 - 3
	 6	 0.04 rad/s, 1.6 m/s

	 7	 128π units3		  8	
2
3

 units2	

	 9	 a	
28
3

 units2	 b	
π824

15
 units3

		  c	 24π units3 	

	10	 10 m/s

	11	 a	
π
2

 seconds, 0, 0 m	 b	
π2
3

 seconds, 5, 0 m	

		  c	 π seconds, 2, 0 m	 d	 π2
5

 seconds, 1, 1 m

	12	 c = 5, d = 6, k1 = 2, k2 = 0.5 Time period for A is 
π seconds and for B is 4π seconds.

Exercise 12A  PAGE 293

	 1	 The sample means will be approximately normally 
distributed with a mean of 3.5 and a standard 

deviation of 0.24 (i.e.
1.71

50
).

		  If instead a sample size of 150 were used the 
distribution would still be approximately normal with 
a mean of 3.5 but with a smaller standard deviation 

than before, now 0.14 (i.e.
1.71
150

).

	 2	 The sample means will be approximately normally 
distributed with a mean of 2.375 and a standard 

deviation of 0.09 (i.e.
0.696

60
).

		  If instead a sample size of 100 were used the 
distribution would still be approximately normal with 
a mean of 2.375 but with a smaller standard deviation 

than before, now 0.07 (i.e.
0.696

100
).

	 3	 The 100 sample means will be approximately 
normally distributed with a mean of 7 and a standard 

deviation of 0.40 (i.e.
2.415

36
).

		  If instead a sample size of 120 were involved the 
sample means would still be approximately normally 
distributed with mean of 7 but with a smaller standard 

deviation than before, now 0.22 (i.e.
2.415

120
).

	 4	 0.946	 5	 0.040	 6	 0.685
	 7	 a	 Y will be normally distributed with mean 5 and 

standard deviation 0.2 i.e. Y ~ N(5, 0.22).
		  b	 0.006
	 8	 Y ~ N(30, 0.24), i.e. normally distributed with mean 

30 and standard deviation  0.24.
	 9	 a	 0.4%	 b	 25%	 c	 0.402
	10	 a	 0.006	 b	 0.202	 c	 0.938
	11	 We would expect the mean length of samples of ten 

adult male lizards of this species to be normally 
distributed with mean 17.4 and standard deviation 

2.1
10

 cm, i.e a standard deviation of approximately 

0.664 cm. Thus a sample mean of 19.4 cm is just over 
three standard deviations above the mean. Whilst not 
impossible this is very unlikely. We would expect less 
than 0.13% of such samples to have a mean length 
this high. Hence, whilst it is possible that the sample 
of ten could be a ‘freakish’ sample we would be wise to 
consider other possible reasons for the surprising 
sample mean. Was the sample really a random sample? 
Perhaps the lizards were caught in a region where 
larger than normal lizards of this species were found. 
Perhaps the scientists’ confidence in the assumption 
of a normal distribution or in the given population 
mean and standard deviation was misplaced. Were all 
of the lizards in the sample really adult males of this 
species? Etc.

	12	 a	 1
3

	 b	 3 	 c	 0.023
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	13	 a	 Sample means are normally distributed with mean 

513, standard deviation 
26
8

.

			   1.96 standard deviations either side of 513 gives 
interval of 506.63 → 519.37.

			   505 is not in this interval.
			   Significant difference at the 5% level.
		  b	 Sample means are normally distributed with 

mean 513, standard deviation 
26
10

.

			   1.96 standard deviations either side of 513 
gives interval of 507.90 → 518.10

			   510 is in this interval.
			   There is not a significant difference at the 

5% level.

Exercise 12B  PAGE 300

	 1	 The 90% confidence interval has the smaller width. 
(If you want to be more confident of catching the 
population mean you need a bigger net.)

	 2	 The 95% confidence interval has the smaller width.
	 3	 The bigger size sample will give the narrower 95% 

confidence interval.
	 4	 565 cm ≤ µ ≤ 581 cm
	 5	 25.12 kg ≤ µ ≤ 27.16 kg
	 6	 16.51 cm ≤ µ ≤ 17.89 cm
	 7	 Note that we can assume that the sample mean is 

from a normal distribution of sample means because, 
though the sample is small, the population the sample 
is taken from is normally distributed. The 95% 
confidence interval is 73.73 cm ≤ µ ≤ 75.47 cm.

		  We can be 95% confident that the mean length of 
12 month old baby girls lies between 73.73 cm and 
75.47 cm (because 95% of the 95% confidence 
intervals constructed in this way will contain the 
population mean).

	 8	 17.18 cm ≤ µ ≤ 18.42 cm
		  We can be 90% confident that the mean length of 

three month old seedlings of the particular plant type 
will lie between 17.18 cm and 18.42 cm (because 90% 
of the 90% confidence intervals constructed in this 
way will contain the population mean).

	 9	 17.93 cm ≤ µ ≤ 18.67 cm, 17.99 cm ≤ µ ≤ 18.61 cm

Exercise 12C  PAGE 303

	 1	 110	 2	 372
	 3	 23	 (Okay to have a sample less than 30 as sample is 

taken from a normally distributed variable so sample 
means will be normally distributed.)

	 4	 48	 5	 200	 6	 35

Miscellaneous exercise twelve  PAGE 304

	 1	 a	 7	 b	 4 + 2x

		  c	
x
4

2

 - 24x + 800	 d	
x x

+
2 1000

2

	 2	
x x y

x y
−

+
+

(3 4 )
2 32 2

	 3	 a	
x y
x y

−
+

3

3 	 b	
7
3

	 4	 Slope field A, y′ = y. Slope field B, y′ = x.  
Slope field C, y′ = (x - 3)(y - 2).

	 5	 x x x c+ + + − +3 ln 1 ln 22

	 6	 a	 sin3 k units2	 b	 (2 - sin3 k) units2

	 7	 a	 0.32 m/s2	 b	 e −50 30
	 8	 a	 3e2t + 1	 b	 3e + 1	 c	 0.06
	 9	 a	 6.93 years	 b	 13.86 years	 c	 20.79 years
	10	 a	 52.19 ≤ population mean ≤ 54.29
		  b	 51.99 ≤ population mean ≤ 54.49
		  c	 51.59 ≤ population mean ≤ 54.89
	11	 217.4 hours to 228.6 hours
		  We can be 95% confident that the mean life time of 

the population of triple A batteries of this brand will 
lie between 217.4 hours and 228.6 hours (because 
95% of such 95% confidence intervals will contain 
the population mean).

	12	 8.40 a.m. to 6 p.m.	 13	 0.044

	14	 0.4 m/s	 15	
4
41

 rad/sec

	16	 a	 0.0334	 b	 0.5889	 c	 0.3085

	17	 36 cm, 
π
1

2
 cm/s

	18	 About 5 minutes to 8 that morning. (The mathematics 
suggests 7.54 a.m.)
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	19	 a	 62 (or more).
		  b	 If we use the standard deviation of the population 

as 65 we could be 95% confident that the 
population mean lies in the interval 1787 hours to 
1813 hours (i.e. 1800 ± 13). The claimed mean of 
1850 hours is well outside this range and casts very 
serious doubt about the legitimacy of the claimed 
mean value.

	20	 x x x x c+ + + + − − +2 ln 1 3ln 2 ln 3

	21	 a	 N = 
e t+ −

6250
1 24 0.4

		  b	 As t → ∞, e-0.4t → 0 and so N → 6250.
		  c	 i	 1970	 ii	 5220
	23	 a	 sin-1 x + c

		  b	
x

c



 +−sin

5
1

		  c	
x

c



 +−1

2
sin

2
3

1 	

		  d	 x x x c+ − +−1
2

sin
1
2

11 2

		  e	
x

x x c



 + − +−2sin

2
1
2

41 2 	

		  f	 x
x

x
c− − 



 +−

2
4 2cos

2
2 1
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INDEX
A

abbreviated form for cos θ + i sin θ 16
absolute value functions 56–67

extension activity 77
absolute values ix, 56–67

extension activity 77
solving equations involving 58–61
solving inequalities involving 62–4

of x as  x2  57
addition, complex numbers xvi, xviii
addition, vectors xii, xviii
algebraic expressions x
algebraic fractions 5
amplitude (simple harmonic motion) 269
angle between two lines 118–19
angle between vectors xv
antidifferentiation xxi, 191, 193
argand diagrams xvii–xviii, 13–14

cube roots of one 27–8
and regions in the complex plane 22–6

argument of a complex number 13
addition and subtraction 18

augmented matrix approach 150–3, 158–61, 163

C

Cartesian equations 105–6
of a circle 102–3
of a curve 101
of a straight line 89–90
of the plane 129

Cartesian form of a complex number 14
central limit theorem 289
chain rule 200, 202
change of variable method 217–21

and definite integrals 221–2
circles

equations of xviii
vector equations 101–4, 105–6

circular motion with constant angular speed 180
cis θ 16–17
closest approach 107–10
co-domain 39
coefficient matrix 150

coefficients ix, 149
collision see interception/collision
column matrix xiii
combining functions 40–1
completing the square xi
complex conjugate of z xvii, 17–18
complex numbers xvi–xviii, 3–4

de Moivre’s theorem 31–35
nth root of a non zero complex number 28–31
in polar form 13–35
multiplying and dividing 18–21

complex plane xvii
locus of points 22
regions in 22–6

composite functions x, 42–8
confidence intervals 296–301

and sample size 302
conjugate of a complex number xvii, 17–18
cross product see vector product
cube roots of one 27–8
cubic functions x

D

De Moivre’s theorem 31–5
definite integrals 193

and change of variable method 221–2
derivatives xix–xx, xxi
determinant xxiii, 124
difference of two squares x
differential equations 243–59, 270

Euler’s method for finding approximate graphical solutions 
258–9

finding relationships between x and y without integrating 254–9

of the form 
dA
dt

 = kA, or  x  = kx 247–9

general solution 244
logistic model for growth 250–3
particular solution 244–5
slope fields 254–7

differentiation xix–xx, 191
implicitly defined functions 195–9
logarithmic 213
parametrically defined functions 200–1
rates of change 202–12
techniques and applications 195–213
vector functions 171–3
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direction fields 254
displacement equation, x = a sin(kt + α) 270–1
displacement vectors xiv
distance from a point to a line

in two dimensions 109–10
in three dimensions 140–1

distribution of sample means 284–5, 289
dividing

complex numbers xvii
complex numbers expressed in polar form 18, 19, 20–1

domain ix, 39, 41
functions of the form f  g(x) 43–8
inverse functions 49
natural 39, 43

dot product xv

E

elementary row operations 150
ellipses, vector equations 105
elliptical motion 181
equation of a circle xviii, 101–4
equation of the plane 128–30, 158

given three points that lie in the plane 131–2
Euler’s method 258–9
expanding algebraic expressions x
explicitly defined functions 195

F

factor theorem 6
factorising algebraic expressions x
fractions (algebraic)

improper 5, 69
partial 229–30
proper 5

function of a function x
functions ix–x, 39–78

absolute value 56–7, 77
combining 40–1
composite x, 42–8
graphical relationship between a function and its inverse 51
horizontal line test 40
inverse 49–55
many-to-one 39, 40, 51
one-to-one 39, 40, 51
rational 69–76, 78
using the output from one function as the input of another 

x, 42–3
vertical line test 40

G

Gaussian elimination 151
gradient xix
gradient fields 254
gradient formula xix, xx
gradient function xix, xx, xxi
graphs

sketching xx

y = 
f x

1
( )

 67–9

y = 
f x
g x

( )
( )

 for f (x) and g(x) polynomials 69–76

H

horizontal line test 40
horizontal and vertical components (vectors) xiii
hyperbolas, vector equations 105

I

implicitly defined functions 195
differentiation 195–8

improper algebraic fractions 5, 69
inconsistent equations 157
incremental formula 211, 258
infinitely many solutions

(systems of linear equations) 159–60, 163–6
instantaneous rate of change xix
integration xxi, 191, 193

by parts 238
by substitution (change of variable) 217–21
definite integrals and change of variable 221–2
numerical 236–7
techniques and applications 217–38
to give logarithmic functions 227–9
using partial fractions 229–31
using trigonometric identities 223–6
vector functions 174–7
volumes of revolution 232–5

interception/collision
three dimensions 133, 135–6
x–y plane 83, 84–7

inverse functions 49–50
conditions for the inverse to exist as a function 51–5
graphical relationship between a function and its inverse 51
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L

limit of a sum 193
linear equations, systems of 147–66
linear functions x
linear inequalities xi
locus of points in a complex plane 22
logarithmic differentiation 213
logarithmic functions, integration to give 227–9
logistic equation 250
logistic model for growth 250–3

M

magnitude of a complex number 13
magnitude of a vector xiii
many-to-one functions 39, 40, 51
marginal rates of change 211–12
matrices xxii–xxiii
matrix of coefficients 150
mean 283
mean of sample means 285, 289
modulus of a complex number 13, 14

multiplication/division 18
modulus of a vector xiii
motion

circular, with constant angular speed 180
elliptical 181
point on the rim of a rolling wheel 181
particle projected from a point on a horizontal plane 178, 179–80
projectile up an inclined plane 181
rectilinear, with constant acceleration 179

multiplying
complex numbers xvi–xvii
complex numbers in polar form 18, 19, 20–1
geometrical interpretation 19

N

natural domain ix, 39, 43
90% confidence interval 296, 297
95% confidence interval 296, 297, 301
99% confidence interval 296, 297
no solutions (systems of linear equations) 157–8, 160–1, 163–6
normal distribution 283, 289, 290
nth root of a non zero complex number 28–31
number viii
numerical integration 236–7

O

one-to-many relationships 39, 51
one-to-one functions 39, 40, 51
order of the differential equation 244
order of the polynomial x
ordered pair (complex numbers) xvii, 14
ordered pair (vectors) xiii

P

parallel vectors xii
parallelogram law xii
parametric equations 90, 101, 105, 127
parametrically defined functions, differentiation 200–1
partial fractions 229–30
period (simple harmonic motion) 271
point of intersection of two straight lines 95–7
polar form of a complex number 13–35

abbreviated form for cos θ + i sin θ 16–17
complex conjugates 17–18
multiplying and dividing 18, 19, 20–1

polynomial functions ix–x
population 283
population mean 283, 289

and confidence intervals 296–301
and sample mean 296, 297
estimating and sample size 302–3

population parameters 283
inferring from sample statistics 296–300

population standard deviation 297
position vectors xiv
primitives xxi
principal argument of a complex number 13–14
projectile up an inclined plane 181
projection of a onto b (vectors) xv
proper algebraic fractions 5
Pythagorean identities xxii

Q

quadratic functions x
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R

random sample 284
range ix, 39, 41

functions of the form f  g(x) 43–8
inverse functions 49

rates of change
instantaneous xix
marginal 211–2
related 202–10
small changes 211

rational functions 69–76, 78
real valued functions 39
reciprocal trigonometric functions xxii
rectangular form a complex number 14
rectilinear motion 265–9

with constant acceleration 179
regions in the complex plane 22–6
related rates 202–210
relative velocity xiv, 108
remainder theorem 6
resolved part of a in the direction of b xv
resultant xii
rotation about the x-axis 232, 233–5
rotation about the y-axis 232, 234, 235
row echelon form 150, 151

S

sample means
distribution of 284–5, 289
increasing the number of samples 285–6
increasing the sample size 286–7
and population mean 296, 297
significant difference at the 5% level 292
that are unusually high or unusually low 292–3

sample size
and central limit theorem 289–91
and confidence intervals 302–3
choosing 302–3
increasing 286–7

sample standard deviation 297
sample statistic 283

inferring population parameters from 296–300
sampling 283–4
scalar multiples xii, xiii
scalar product xv, 95, 124, 140
scalar product and vector equation of a plane 128–9
scalar product form of the equation of a straight line in the x–y 

plane 98–100
scalars xi
separating the variables 245, 247

simple harmonic motion (SHM) 269–78
displacement equation x = a sin(kt + α) 270, 271
solving the differential equation  x  = –k2x 270

time period 
k
π2

 271

Simpson’s rule 236
sketching graphs xx

y = 
f x

1
( )

 67–9

y = 
f x
g x

( )
( )

 for f (x) and g(x) polynomials 69–76

skew lines 118–9
slope fields 254–7
small changes formula 211, 258
solving equations xi

involving absolute values 58–61
solving inequalities, involving absolute values 62–4
spheres, vector equations 137–9
standard deviation of sample means 285, 289
standard error of the mean 285
standard normal distribution 292, 296
statistics 191
substitution, integration by 217–21
subtraction, complex numbers xvi
systems of linear equations 147–66

having infinitely many solutions 159–60, 163–6
having no solutions 157–8, 160–1, 163–6
having a unique solution 157, 161–2, 163–4, 166
solving with/without an augmented matrix 149–56, 160–4

T

three dimensional vectors 115–41
time period (simple harmonic motion) 271
trapezium rule 236
trapezoidal rule 236
trigonometric identities xxii, 192

in integration 223–6

U

unique solution (system of linear equations) 157, 161–2, 163–4, 166
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V

vector addition xii, xviii
vector calculus 171–81

differentiating vector functions 171–3
integrating vector functions 174
types of motion 178–81

vector equation of a line in the x–y plane 88–95
closest approach 107–8
distance from a point to a line 109–10
interception/collision 83, 84–7
point of intersection of two straight lines 95–7
scalar product form 98–100

vector equation of a line (three dimensions) 126–7, 134–6
vector equation of the plane 128–30, 134–6
vector equations

of circles in the x–y plane 101–4, 105–6
of curves in the x–y plane 101, 105
of ellipses 105
of hyperbolas 105
of spheres 137–9

vector functions 171
differentiating 171–3
integrating 174

vector normal to a plane 124
vector product 124–6, 141
vector subtraction xiii
vector triangle xii
vectors in two dimensions xi–xv

horizontal and vertical components xiii
vectors in three dimensions 115–41

angle between two lines 118–9
distance from a point to a line 140–1
interception/collision 133, 135–6
vector equation of a line 126–7, 134–6
vector equation of a plane 128–32, 134–6
vector equation of a sphere 137–9

velocity of A relative to B xiv
vertical line test 40
volumes of revolution 232–5

Z

‘z’ scores 292, 296
zero vector xiii
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